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PREFACE TO THE SECOND ENGLISH EDITION 


The content and treatment in this edition remain in accordance with what was said in 


the preface to the first edition (see below). My chief care in revising and augmenting has 
been to comply with this principle, 
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Despite the lapse of thirty years, the previous edition has, with very slight exceptions, 
not gone out of date. Its material has been only fairly slightly supplemented and modified. 
About ten new sections have been added. 

In recent decades, fluid mechanics has undergone extremely rapid development, and 
there has acedrdingly been a great increase in the literature of the subject. The 
development has been mainly in applications, however, and in an increasing complexity of 
the problems accessible to theoretical calculation (with or without computers). These 
include, in particular, various problems of instability and its development, including non- 
linear regimes. All such topics are beyond the scope of our book; in particular, stability 
problems are discussed, as previously, mainly in terms of results. 

There is also no treatment of non-linear waves in dispersive media, which is by now a 
significant branch of mathematical physics. The purely hydrodynamic subject of this 
theory consists in waves with large amplitude on the surface of a liquid. Its principal 
physical applications are in plasma physics, non-linear optics, various problems of 
electrodynamics, and so on, and in that respect they belong in other volumes of the Course. 


h h 
There have been important changes in our understanding of the mechanism whereby 


turbulence occurs. Although a consistent theory of turbulence is still a thing of the future, 
there is reason to suppose that the right path has finally been found. The basic ideas now 
available and the results obtained are discussed in three sections (§§30—32) written jointly 
with M. I. Rabinovich, to whom I am deeply grateful for this valuable assistance. A new 
area in continuum mechanics over the last few decades is that of liquid crystals. This 
combines features of the mechanics of liquid and elastic media. Its principles are discussed 
in the new edition of Theory of Elasticity. 

This book has a special place among those I had occasion to write jointly with L. D. 
Landau. He gave it a part of his soul. That branch of theoretical physics, new to him at the 
time, caught his fancy, and in a very typical way he set about thinking through it ab initio 
and deriving its basic results. This led to a number of original papers which appeared in 
various journals, but several of his conclusions or ideas were not published elsewhere than 
in the book, and in some instances even his priority was not established till later. In the new 
edition, I have added an appropriate reference to his authorship in all such cases that are 
known to me. 

In the revision of this book, as in other vo 
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umes of the Co e 
advice of many friends and colleagues. I areal like to mention in particular numerous 
discussions with G. I. Barenblatt, L. P. Pitaevskii, Ya. G. Sinai, and Ya. B. Zel’dovich. 
Several useful comments came from A. A. Andronov, S. I. Anisimov, V. A. Belokon’, A. L. 
Fabrikant, V. P. Krainov, A. G. Kulikovskii, M. A. Liberman, R. V. Polovin, and A. V. 
Timofeev. To all of them I express my sincere gratitude. 


Institute of Physical Problems E. M. Lirsuitz 
August 1984 
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PREFACE TO THE FIRST ENGLISH EDITION 


The present book deals with fluid mechanics, i.e. the theory of the motion of liquids and 
gases. 

The nature of the book is largely determined by the fact that it describes fluid mechanics 
as a branch of theoretical physics, and it is therefore markedly different from other 
textbooks on the same subject. We have tried to develop as fully as possible all matters of 
physical interest, and to do so in such a way as to give the clearest possible picture of the 
phenomena and their interrelation. Accordingly, we discuss neither approximate methods 
of calculation in fluid mechanics, nor empirical theories devoid of physical significance. On 
the other hand, accounts are given of some topics not usually found in textbooks on the 
subject: the theory of heat transfer and diffusion in fluids; acoustics; the theory of 
combustion; the dynamics of superfluids; and relativistic fluid dynamics. 

In a field which has been so extensively studied as fluid mechanics it was inevitable that 
important new results should have appeared during the several years since the last Russian 
edition was published. Unfortunately, our preoccupation with other matters has 
prevented us from including these results in the English edition. We have merely added 
one further chapter, on the general theory of fluctuations in fluid dynamics. 

We should like to express our sincere thanks to Dr Sykes and Dr Reid for their excellent 
translation of the book, and to Pergamon Press for their ready agreement to our wishes in 
various matters relating to its publication. 


Moscow 1958 LANDAU 


L. D. 
E. M. LiFsHITZ 


EVGENII MIKHAILOVICH LIFSHITZ (1915—1985)t 


Soviet physics suffered a heavy loss on 29 October 1985 with the death of the outstanding 
theoretical physicist Academician Evgeniïř Mikhailovich Lifshitz. 

Lifshitz was born on 21 February 1915 in Khar’kov. In 1933 he graduated from the 
Khar’kov Polytechnic Institute. He worked at the Khar’kov Physicotechnical Institute 
from 1933 to 1938 and at the Institute of Physical Problems of the USSR Academy of 
Sciences in Moscow from 1939 until his death. He was elected an associate member of the 
USSR Academy of Sciences in 1966 and a full member in 1979. 

Lifshitz’s scientific activity began very early. He was among L. D. Landau’s first 
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students and at 19 he co-authored with him a paper on the theory of pair production in 


collisions. This paper, which has not lost its significance to this day, outlined many 
methodological features of modern relativistically invariant techniques of quantum field 
theory. It includes, in particular, a consistent allowance for retardation. 

Modern ferromagnetism theory is based on the “Landau-Lifshitz” equation, which 
describes the dynamics of the magnetic moment in a ferromagnet. A 1935 article on this 
subject is one of the best known papers on the physics of magnetic phenomena. The 
derivation of the equation is accompanied by development of a theory of ferromagnetic 
resonance and of the domain structure of ferromagnets. 

In a 1937 paper on the Boltzmann kinetic equation for electrons in a ma agnetic field, E. 
M. Lifshitz developed a drift approximation extensively used much later, in the 50s, in 
plasma theory. 

A paper published in 1939 on deuteron dissociation in collisions remains a brilliant 
example of the use of quasi-classical methods in quantum mechanics. 

A most important step towards the development of a theory of second-order phase 
transitions, following the work by L. D. Landau, was a paper by Lifshitz dealing with the 
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change of the symmetry of a crystal, of its space group, in transitions of this type (1941). 


Many years later the results of this paper came into extensive use, and the terms “Lifshitz 
criterion” and “Lifshitz point,” coined on its basis have become indispensable com- 
ponents of modern statistical physics. 

A decisive role in the detection of an important physical phenomenon, second sound in 
superfluid helium, was played by a 1944 paper by E. M. Lifshitz. It is shown in it that 
second sound is effectively excited by a heater having an alternating temperature. This was 
precisely the method used to observe second sound in experiment two years later. 

A new approach to the theory of molecular-interaction forces between condensed 
bodies was developed by Lifshitz in 1954—1959. It is based on the profound physical idea 
that these forces are manifestations of stresses due to quantum and thermal fluctuations of 
an electromagnetic field in a medium. This idea was pursued to develop a very elegant and 
general theory in which the interaction forces are expressed in terms of electrodynamic 
material properties such as the complex dielectric permittivity. This theory of E. M. 


t By A. F. Andreev, A. S. Borovik-Romanov, V. L. Ginzburg, L. P. Gor’kov, I. E. Dzyaloshinskiř, Ya. B. 
Zeľdovich, M. I. Kaganov, L. P. Pitaevskiř, E. L. Fefnberg, and I. M. Khalatnikov; published in Russian in 
Uspekhi fizicheskikh nauk 148, 549-550, 1986. This translation is by J. G. Adashko (first published in Soviet 
Physics Uspekhi 29, 294-295, 1986), and is reprinted by kind permission of the American Institute of Physics. 
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xii E. M. Lifshitz 


Lifshitz stimulated many studies and was confirmed by experiment. It gained him the M. 
V. Lomonosov Prize in 1958. 

E. M. Lifshitz made a fundamental contribution in one of the most important 
branches of modern physics, the theory of gravitation. His research into this field started 
with a classical 1946 paper on the stability of cosmological solutions of Einstein’s theory 
of gravitation. The perturbations were divided into distinctive classes—scalar, with 
variation of density, vector, describing vortical motion, and finally tensor, describing 
gravitational waves. This classification is still of decisive significance in the analysis of the 
origin of the universe. From there, E. M. Lifshitz tackled the exceedingly difficult question 
of the general character of the singularities of this theory. Many years of labor led in 1972 
to a complete solution of this problem in papers written jointly with V. A. Belinskii and I. 
M. Khalatnikov, which earned their authors the 1974 L. D. Landau Prize. The singularity 
was found to have a complicated oscillatory character and could be illustratively 
represented as contraction of space in two directions with simultaneous expansion in the 
third. The contraction and expansion alternate in time according to a definite law. These 
results elicited a tremendous response from specialists, altered radically our ideas 
concerning relativistic collapse, and raised a host of physical and mathematical problems 
that still await solution. 

His life-long occupation was the famous Landau and Lifshitz Course of Theoretical 
Physics, to which he devoted about 50 years. (The first edition of Statistical Physics was 
written in 1937. A new edition of Theory of Elasticity went to press shortly before his last 
illness.) The greater part of the Course was written by Lifshitz together with his teacher 
and friend L. D. Landau. After the automobile accident that made Landau unable to 
work, Lifshitz completed the edition jointly with Landau’s students. He later continued to 
revise the previously written volumes in the light of the latest advances in science. Even in 
the hospital, he discussed with visiting friends the topics that should be subsequently 
included in the Course. 

The Course of Theoretical Physics became world famous. It was translated in its entirety 
into six languages. Individual volumes were published in 10 more languages. In 1972 L. D. 
Landau and E. M. Lifshitz were awarded the Lenin Prize for the volumes published by 
then. 

The Course of Theoretical Physics remains a monument to E. M. Lifshitz as a scientist 
and a pedagogue. It has educated many generations of physicists, is being studied, and will 
continue to teach students in future generations. 

A versatile physicist, E. M. Lifshitz dealt also with applications. He was awarded the 
USSR State Prize in 1954. 

A tremendous amount of E.M. Lifshitz’s labor and energy was devoted to Soviet 
scientific periodicals. From 1946 to 1949 and from 1955 to his death he was deputy editor- 
in-chief of the Journal of Experimental and Theoretical Physics. His extreme devotion to 
science, adherence to principles, and meticulousness greatly helped to make this journal 
one of the best scientific periodicals in the world. 

E. M. Lifshitz accomplished much in his life. He will remain in our memory as a 
remarkable physicist and human being. His name will live forever in the history of Soviet 
physics. 


NOTATION 


density 

pressure 

temperature 

entropy per unit mass 

internal energy per unit mass 

€+ p/p heat function (enthalpy) 

c,/C, ratio of specific heats at constant pressure and constant volume 
dynamic viscosity 

n/p kinematic viscosity 

thermal conductivity 

x/pc, thermometric conductivity 

Reynolds number 

velocity of sound 

ratio of fluid velocity to velocity of sound (Mach number) 
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Vector and tensor (three-dimensional) suffixes are denoted by Latin letters i, k, l, .... 
Summation over repeated (“dummy”) suffixes is everywhere implied. The unit tensor is 6;,: 
References to other volumes in the Course of Theoretical Physics: 


Fields = Vol. 2 (The Classical Theory of Fields, fourth English edition, 1975). 

QM = Vol. 3 (Quantum Mechanics, third English edition, 1977). 

SP 1 = Vol. 5 (Statistical Physics, Part 1, third English edition, 1980). 

ECM = Vol. 8 (Electrodynamics of Continuous Media, second English edition, 1984). 


ASAN 


PK = Vol. 10 (Physical Kinetics, English edition, 1981). 
All are published by Pergamon Press. 
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CHAPTER I 


IDEAL FLUIDS 


§1. The equation of continuity 


Fluid dynamics concerns itself with the study of the motion of fluids (liquids and gases). 
Since the phenomena considered in fluid dynamics are macroscopic, a fluid is regarded asa 


continuous medium. This means that any small volume element in the fluid is always 
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supposed so large that it still contains a very great number of molecules. Accordingly, when 
we speak of infinitely small elements of volume, we shall always mean those which are 
“physically” infinitely small, i.e. very small compared with the volume of the body under 
consideration, but large compared with the distances between the molecules. The 
expressions fluid particle and point in a fluid are to be understood in a similar sense. If, for 
example, we speak of the displacement of some fluid particle, we mean not the 
displacement of an individual molecule, but that of a volume element containing many 
molecules, though still regarded as a point. 

The mathematical description of the state of a moving fluid is effected by means of 
functions which give the distribution of the fluid velocity v = v(x, y, z, t) and of any two 
thermodynamic quantities pertaining to the fluid, for instance the pressure p(x, y, z, t) and 
the density p(x, y, z, t). All the thermodynamic quantities are determined by the values of 
any two of them, together with the equation of state; hence, if we are given five quantities, 
namely the three components of the velocity v, the pressure p and the density p, the state of 
the moving fluid is completely determined. 


All these quantities are, in general, functions of the coordinates x, y, z and of the time t. 


We emphasize that v(x, y, z, t) is the velocity of the fluid at a given point (x, y, z) in spac 
and at a given time t, i.e. it refers to fixed points in space and not to specific particles of the 
fluid; in the course of time, the latter move about in space. The same remarks apply to 
p and p. 

We shall now derive the fundamental equations of fluid dynamics. Let us begin with the 
equation which expresses the conservation of matter. We consider some volume Vo of 
space. The mass of fluid in this volume is Jp dV, where p is the fluid density, and the 
integration is taken over the volume Vy. The mass of fluid flowing in unit time through an 
element df of the surface bounding this volume is pv - df; the magnitude of the vector df is 
equal to the area of the surface element, and its direction is along the normal. By 
convention, we take df along the outward normal. Then pv-df is positive if the fluid is 
flowing out of the volume, and negative if the flow is into the volume. The total mass of 
fluid flowing out of the volume V, in unit time is therefore 


$ov-at 


where the integration is taken over the whole of the closed surface surrounding the volume 
in question. 


2 Ideal Fluids §2 


Next, the decrease per unit time in the mass of fluid in the volume V, can be written 


dV. 
ar}? 
Equating the two expressions, we have 
2 ares vedf. (1.1) 
ôt J J 


The surface integral can be transformed by Green’s formula to a volume integral: 


per-at= |aivionar, 
OP sai dV =0 
art iv (pv) = 0. 


Since this equation must hold for any volume, the integrand must vanish, Le. 
Op/dt + div (pv) = 0. (1.2) 


This is the equation of continuity. Expanding the expression div (pv), we can also write (1.2) 
as 


Thus 


6p/ét+ p div v + v- grad p = 0. (1.3) 
The vector 


j=pv (1.4) 


is called the mass flux density. Its direction is that of the motion of the fluid, while its 
magnitude equals the mass of fluid flowing in unit time through unit area perpendicular to 
the velocity. 


§2. Euler’s equation 


Let us consider some volume in the fluid. The total force acting on this volume is equal to 


the integral 
— f pdf 


of the pressure, taken over the surface bounding the volume. Transforming it to a volume 
integral, we have 


r p 
— pat = — | wrad pay. 


Hence we see that the fluid surrounding any volume element d V exerts on that element a 
force — dV grad p. In other words, we can say that a force — grad p acts on unit volume of 
the fluid. 


We can now write down the 
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1ation of motion of a volu 


anaw yaw as 
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equating the force — grad p to the product of the mass për un 
acceleration dv/dt: 

pdv/dt = — grad p. (2.1) 


§2 Euler’s equation 3 


The derivative dv/dt which appears here denotes not the rate of change of the fluid 
velocity at a fixed point in space, but the rate of change of the velocity of a given fluid 
particle as it moves about in space. This derivative has to be expressed in terms of 
quantities referring to points fixed in space. To do so, we notice that the change dv in the 
velocity of the given fluid particle during the time dt is composed of two parts, namely the 
change during dt in the velocity at a point fixed in space, and the difference between 
the velocities (at the same instant) at two points dr apart, where dr is the distance moved 
by the given fluid particle during the time dt. The first part is (0v/0t)dt, where the derivative 
Ov/dt is taken for constant x, y, z, i.e. at the given point in space. The second part is 

OV v 
dx + ay + d = (dr -grad)v. 
Thus 
dv = (v/ðt)dt + (dr - grad)v, 


or, dividing both sides by dt,t 
dv dv 


— = — +(v-grad)v. (2.2) 
dt ot A o 7 X a 
Substituting this in (2.1), we find 
a + (v -grad)v = — aad p. (2.3) 
ôt p 


This is the required equation of motion of the fuid; it was first obtained by L. Euler in 1755. 
It is called Euler's equation and is one of the fundamental equations of fluid dynamics. 

If the fluid is in a gravitational field, an additional force pg, where g is the acceleration 
due to gravity, acts on any unit volume. This force must be added to the right-hand side of 
equation (2.1), so that equation (2.3) takes the form 


OV _ Bradp 
at + (v - grad)v = F +g. (2.4) 


In deriving the equations of motion we have taken no account of processes of energy 
dissipation, which may occur in a moving fluid in consequence of internal friction 
(viscosity) in the fluid and heat exchange between different parts of it. The whole of the 
discussion in this and subsequent sections of this chapter therefore holds good only for 
motions of fluids in which thermal conductivity and viscosity are unimportant; such fluids 
are said to be ideal. 

The absence of heat exchange between different parts of the fluid (and also, of course, 
between the fluid and bodies adjoining it) means that the motion is adiabatic throughout 
the fluid. Thus the motion of an ideal fluid must necessarily be supposed adiabatic. 

In adiabatic motion the entropy of any particle of fluid remains constant as that particle 
moves about in space. Denoting by s the entropy per unit mass, we can express the 
condition for adiabatic motion as 


ds/dt = 0, (2.5) 


t The derivative d/dt thus defined is called the substantial time derivative, to emphasize its connection with the 
moving substance. 


4 Ideal Fluids §2 


where the total derivative with respect to time denotes, as in (2.1), the rate of change of 
entropy for a given fluid particle as it moves about. This condition can also be written 


Os/Ot+v-grads = 0. (2.6) 


This is the general equation describing adiabatic motion of an ideal fluid. Using (1.2), we 
can write it as an “equation of continuity” for entropy: 


CA 
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The product psv is the entropy flux density. 

The adiabatic equation usually takes a much simpler form. If, as usually happens, the 
entropy is constant throughout the volume of the fluid at some initial instant, it retains 
everywhere the same constant value at all times and for any subsequent motion of the fluid. 
In this case we can write the adiabatic equation simply as 


= constant, (2.8) 


and we shall usually do so in what follows. Such a motion is said to be isentropic. 
We may use the fact that the motion is isentropic to put the equation of motion (2.3)ina 
somewhat different form. To do so, we employ the familiar thermodynamic relation 


dw = T7ds+ Vdp, 


where w is the heat function per unit mass of fluid (enthalpy), V = 1/p is the specific 
volume, and T is the temperature. Since s = constant, we have simply 


and so (grad p)/p = grad w. Equation (2.3) can therefore be written in the form 
Ov/Ot + (v-grad)v = — grad w. (2.9) 


It is useful to notice one further form of Euler’s equation, in which it involves only the 
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velocity. Using a formula well known in vector analysis, 


4 grad v? = vxcurl v + (v - grad)v, 
we can write (2.9) in the form 
év/6t — vxcurly = — grad (w +4v°). (2.10) 


If we take the curl of both sides of this equation, we obtain 


2 (curl v) = curl (vxcurl v), (2.11) 


which 
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ch ves only the velocity. 
The causation: of motion have to be supplemented by the boundary conditions that 
must be satisfied at the surfaces bounding the fluid. For an ideal fluid, the boundary 
condition is simply that the fluid cannot penetrate a solid surface. This means that the 
component of the fluid velocity normal to the bounding surface must vanish if that surface 
is at rest: 

v, = 0. (2.12) 
In the general case of a moving surface, v, must be equal to the corresponding component 
of the velocity of the surface. 


§3 Hydrostatics 5 


Ata boundary between two immiscible fluids, the condition is that the pressure and the 
velocity component normal to the surface of separation must be the same for the two 
fluids, and each of these velocity components must be equal to the corresponding 
component of the velocity of the surface. 

As has been said at the beginning of §1, the state of a moving fluid is determined by five 
quantities: the three components of the velocity v and, for example, the pressure p and the 
density p. Accordingly, a complete system of equations of fluid dynamics should be five in 
number. For an ideai fiuid these are Euier’s equations, the equation of continuity, and the 
adiabatic equation. 


PROBLEM 


Write down the equations for one-dimensional motion of an ideal fluid in terms of the variables a, t, where a 
(called a Lagrangian variable+) is the x coordinate of a fluid particle at some instant t = tp. 


SOLUTION. In these variables the coordinate x of any fluid particle at any instant is regarded as a function of t 
and its coordinate a at the initial instant: x = x(a, t). Thecondition of conservation of mass during the motion of a 
fluid element (the equation of continuity) is accordingly written p dx = pọ da, or 


where p(a) is a given initial density distribution. The velocity of a fluid particle is, by definition, v = (6x/ét),, and 
the derivative (dv/dt), gives the rate of change of the velocity of the particle during its motion. Euler’s equation 


becomes 
Ga! 
at a Po õa i 


(ds/dt), = 0. 


and the adiabatic equation is 


§3. Hydrostatics 
For a fluid at rest in a uniform gravitational field, Euler’s equation (2.4) takes the form 


grad p = pg. (3.1) 


This equation describes the mechanical equilibrium of the fluid. (If there is no external 
force, the equation of equilibrium is simply grad p = 0, i.e. p = constant; the pressure is the 
same at every point in the fluid.) 

Equation (3.1) can be integrated immediately if the density of the fluid may be supposed 
constant throughout its volume, i.e. if there is no significant compression of the fluid under 
the action of the external force. Taking the z-axis vertically upward, we have 


dp/ox = dp/dy=0,  dp/dz = —pg. 


p = —pgz+constant. 


If the fluid at rest has a free surface at height h, to which an external pressure po, the same at 
every point, is applied, this surface must be the horizontal plane z = h. From the condition 
P = Do for z = h, we find that the constant is py + pgh, so that 


m all z4 A 
P = Po + pg(n — z). (3.2) 


+ Although such variables are usually called Lagrangian, the equations of motion in these coordinates were 
first obtained by Euler, at the same time as equations (2.3). 
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For large masses of liquid, and for a gas, the density p cannot in general be supposed 
constant; this applies especially to gases (for example, the atmosphere). Let us suppose that 
the fluid is not only in mechanical equilibrium but also in thermal equilibrium. Then the 
temperature is the same at every point, and equation (3.1) may be integrated as follows. We 
use the familiar thermodynamic relation 


d® = —sdT+ Vdp, 


where ©® is the thermodynamic potential (Gibbs free energy) per unit mass. For constant 
temperature 


d® = Vdp = dp/p. 


Hence we see that the expression (grad p)/p can be written in this case as grad ®, so that the 
equation of equilibrium (3.1) takes the form 


grad ® = g. 
For a constant vector g directed along the negative z-axis we have 


g = — grad (g2). 
Thus 


grad (® + gz) = 0 
whence we find that throughout the fluid 


® + gz = constant; (3.3) 


gz is the potential energy of unit mass of fiuid in the gravitational field. The condition (3.3) 
is known from statistical physics to be the condition for thermodynamic equilibrium of a 
system in an external field. 

We may mention here another simple consequence of equation (3.1). If a fluid (such as 
the atmosphere) is in mechanical equilibrium in a gravitational field, the pressure in it can 
be a function only of the altitude z (since, if the pressure were different at different points 
with the same altitude, motion would result). It then follows from (3.1) that the density 


iors (3.4) 


is also a function of z only. The pressure and density together determine the temperature, 
which is therefore again a function of z only. Thus, in mechanical equilibrium in a 
gravitational field, the pressure, density and temperature distributions depend only on the 
altitude. If, for example, the temperature is different at different points with the same 
altitude, then mechanical equilibrium is impossible. 


Bie alle we A +L ro 
Finally, let us derive the cquation of equilibrium for a very large mass of fluid, whose 


separate parts are held together by gravitational attraction—a star. Let ¢ be the 
Newtonian gravitational potential of the field due to the fluid. It satisfies the differential 
equation 

Ad = 4nGp, (3.5) 
where G is the Newtonian constant of gravitation. The gravitational acceleration is 


— grad ġ, and the force on a mass p is — p grad ġ. The condition of equilibrium is 
therefore 


grad p = — pgrad@. 


§4 The condition that convection be absent 7 


Dividing both sides by p, taking the divergence of both sides, and using equation (3.5), we 
obtain 


div (eraa p) = —4nGp. (3.6) 


It must be emphasized that the present discussion concerns only mechanical equilibrium; 
equation (3.6) does not presuppose the existence of complete thermal equilibrium. 


If the bodv is not rotating. it will he enherical when in amnlihrinm and the dencity and 
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pressure distributions will be spherically symmetrical. Equation (3.6) in spherical polar 
coordinates then takes the form 


1 d /r*dp 
Ed szg) = — 4nGp. (3.7) 


§4. The condition that convection be absent 


A fluid can be in mechanical equilibrium (i.e. exhibit no macroscopic motion) without 
being in thermal equilibrium. Equation (3.1), the condition for mechanical equilibrium, 
can be satisfied even if the temperature is not constant throughout the fluid. However, the 
question then arises of the stability of such an equilibrium. It is found that the equilibrium 
is stable only when a certain condition is fulfilled. Otherwise, the equilibrium is unstable, 
and this leads to the appearance in the fluid of currents which tend to mix the fluid in sucha 
way as to equalize the temperature. This motion is called convection. Thus the condition 
for a mechanical equilibrium to be stable is the condition that convection be absent. It can 
be derived as follows. 

Let us consider a fluid element at height z, having a specific volume V (p, s), where p and s 
are the equilibrium pressure and entropy at height z. Suppose that this fluid element 
undergoes an adiabatic upward displacement through a small interval ¢; its specific volume 
then becomes V(p’,s), where p' is the pressure at height z + é. For the equilibrium to be 
stabie, it is necessary (though not in generai sufficient) that the resulting force on the 
element should tend to return it to its original position. This means that the element must 
be heavier than the fluid which it “displaces” in its new position. The specific volume of the 
latter is V(p’,s’), where s' is the equilibrium entropy at height z+ č. Thus we have the 
stability condition 

V(p’,s’)— V(p’,s) > 0. 


Expanding this difference in powers of s’—s = éds/dz, we obtain 
oV\ ds 
ee SD. 4.1 
( ds ) dz 7 41) 
The formulae of thermodynamics give 


E- 


ôV \ ds 
BE >0. (4.2) 
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The majority of substances expand on heating, i.e. (OV/0T), > 0. The condition that 
convection be absent then becomes 


ds/dz > 0, (4.3) 


i.e. the entropy must increase with height. 
From this we easily find the condition that must be satisfied by the temperature gradient 
dT/dz. Expanding the derivative ds/dz, we have 


ds _ (ôs) dT , (28) dp _cpdT_(0¥) dp, o 
dz \@T/,dz \ép/;dz Tdz \OT/,dz° ` 


Finally, substituting from (3.4) dp/dz = —g/V, we obtain 
—dT/dz < gBT/c,, (4.4) 


where $ = (1/V) (ô V/T), is the thermal expansion coefficient. For a column of gas in 
equilibrium which can be taken as a thermodynamically perfect gas, BT = 1 and (4.4) 
becomes 


—dT/dz < g/c,. (4.5) 


Convection occurs if these conditions are not satisfied, i.e. if the temperature decreases 
upwards with a gradient whose magnitude exceeds the value given by (4.4) and (4.5).f 


§5. Bernoulli’s equation 


The equations of fluid dynamics are much simplified in the case of steady flow. By steady 
flow we mean one in which the velocity is constant in time at any point occupied by fluid. In 
other words, vis a function of the coordinates only, so that dv/ét = 0. Equation (2.10) then 
reduces to 


4 grad v? — vxcurly = — grad w. (5.1) 
streamlines. These are lines such 
streamline at any point gives the direction of the velocity at that point; 
by the following system of differential A 


ges 


Us V, De 
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(5.2) 


In steady flow the streamlines do not vary with time, and coincide with the paths of the 
fluid particles. In non-steady flow this coincidence no longer occurs: the tangents to the 
streamlines give the directions of the velocities of fluid particles at various points in space 
at a given instant, whereas the tangents to the paths give the directions of the velocities of 
given fluid particles at various times. 

We form the scalar product of equation (5.1) with the unit vector tangent to the 
streamline at each point; this unit vector is denoted by 1. The projection of the gradient on 
any direction is, as we know, the derivative in that direction. Hence the projection of grad w 
is Ow/ol. The vector vXcurl v is perpendicular to v, and its projection on the direction of 1 is 
therefore zero. 


+ For water at 20°C, the right-hand side of (4.4) is about one degree per 6.7 km; for air, the right-hand side of 
(4.5) is about one degree per 100 m. 


§6 The energy flux 9 


Thus we obtain from equation (5.1) 


ð 
al zu? +w) = 0. 
It follows from this that }v? + w is constant along a streamline: 

4v? +w = constant. (5.3) 


in general the constant takes different vaiues for different streamlines. Equation (5.3) is 
called Bernoulli’s equation.t 

If the flow takes place in a gravitational field, the acceleration g due to gravity must be 
added to the right-hand side of equation (5.1). Let us take the direction of gravity as the z- 
axis, with z increasing upwards. Then the cosine of the angle between the directions of g 
and I is equal to the derivative —dz/dl, so that the projection of g on 1 is 


—gdz/dl. 
Accordingly, we now have 


ô 
al 4v? +w+gz) =0. 
Thus Bernoulli’s equation states that along a streamline 


4v? +w +gz = constant. (5.4) 


§6. The energy flux 


Let us choose some volume element fixed in space, and find how the energy of the fluid 
contained in this volume element varies with time. The energy of unit volume of fluid is 


łpv? + pe, 


where the first term is the kinetic energy and the second the internal energy, £ being the 


mass. The change in this energy is given by the partial derivative 


tmtaran 


internal energy per unit mass. 
7) 
1 42 
= (zpv" + pe). 
ôt 


To calculate this quantity, we write 


fa ion 1 20P OV 
ay eer) = 20 ae ar’ 


or, using the equation of continuity (1.2) and the equation of motion (2.3), 
gerr) = — 30° div (pv) — v» grad p — pv-(v- grad)v. 


In the last term we replace v- (v- grad)v by $v - grad v’, and grad p by p grad w — pT grad s 
(using the thermodynamic relation dw = Tds + (1/p)dp), obtaining 


ð 
gern’) = —4v? div (pv)— pv- grad (4v? + w) + p7v- grads. 


t It was derived for an incompressible fluid (§10) by D. Bernoulli in 1738. 
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In order to transform the derivative 0(pe)/dt, we use the thermodynamic relation 
de = Tds — pd V = Tds + (p/p?) dp. 


Since £+ p/p = £+ pV is simply the heat function w per unit mass, we find 
d(pe) = edp + pde = wdp + pTds, 


and so 


O(pe) _ wl Os _ l 
at wa ar Ot a = —wdiv(pv)— p7v- grads. 


Here we have also used the general adiabatic equation (2.6). 
Combining the above results, we find the change in the energy to be 


£ (apo? + pe) = — (jv? + w) div (pv) — pv- grad ($v? + w), 


or, finally, 


ð 
ger” + pe) = —div [pv(żv? +w)]. (6.1) 


In order to see the meaning of this equation, let us integrate it over some volume: 
D TEE 

= | pv’ + pe)dV = — on Lovr" + w)] dV, 

or, converting the volume integral on the right into a surface integral, 


> feor +pe)dV = — dovde? +w)-df. (6.2) 


The left-hand side is the rate of change of the energy of the fluid in some given volume. 
The right-hand side is therefore the amount of energy flowing out of this volume in unit 
time. Hence we see that the expression 


pv(av? +w) (6.3) 


may be called the energy flux density vector. Its magnitude is the amount of energy passing 
in unit time through unit area perpendicular to the direction of the velocity. 

The expression (6.3) shows that any unit mass of fluid carries with it during its motion an 
nem AW wt anaro uo il Thea tanec thatthe heat hieenaAnd to anneare hara Sean HAT the 
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internal energy £, has a simple physical significance. Putting w = € + p/p, we can write the 


flux of energy through a closed surface in the form 
-Gov +e£)-df— dov «df. 


The first term is the energy (kinetic and internal) transported through the surface in unit 
time by the mass of fluid. The second term is the work done by pressure forces on the fluid 
within the surface. 


§7 The momentum flux 1} 
§7. The momentum flux 


We shall now give a similar series of arguments for the momentum of the fluid. The 
momentum of unit volume is pv. Let us determine its rate of change, 0(pv)/0t. We shall use 
tensor notation. We have 


ô Ov; dp 
aP) = PZ +3, 
Using the equation of continuity (1.2) in the form 
op 2 9 (pr) 
at Ox,” 
and Euler’s equation (2.3) in the form 
Ou; = ôv; 1 Op 
ot €x, Op x,’ 
we obtain 
ð E dv; Op — 0(pu,) 
TT 3x Ox, 
õp ð 
Tax Jx, Pree) 
We write the first term on the right in the form 
êp _ 5 OP. 
ax; dx,’ 
and finally obtain 
ô oll 
—(pv) = ——~ 71 
where the tensor II; is defined as 
Mi = poi, + pvi,- (7.2) 


This tensor is clearly symmetrical. 
To see the meaning of the tensor I ,,, we integrate equation (7.1) over some volume: 


at [ov V Se [Fa y. 


The integral on the right is transformed into a surface integral by Green’s formula: 


a f m 


5 | pvdV = -b Nadh, (7.3) 


The left-hand side is the rate of change of the ith component of the momentum 
contained in the volume considered. The surface integral on the right is therefore the 


t The rule for transforming an integral over a closed surface into one over the volume bounded by that surface 
can be formulated as follows: the surface element df; must be replaced by the operator dV -3/ôx;, which is to be 
applied to the whole of the integrand. 
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amount of momentum flowing out through the bounding surface in unit time. 
Consequently, IT ,,df, is the ith component of the momentum flowing through the surface 
element df. If we write df, in the form n, df, where d/is the area of the surface element, and 
n is a unit vector along the outward normal, we find that FIn, is the flux of the ith 
component of momentum through unit surface area. We may notice that, according to 
(7.2), IL knk = pn; + pvjv,n,. This expression can be written in vector form 


pnt py(y¥-n). (7.4) 


ThusTI ,, is the ith component of the amount of momentum flowing in unit time through 
unit area perpendicular to the x,-axis. The tensor I ;, is called the momentum flux density 
tensor. The energy fiux is determined by a vector, energy being a scalar; the momentum 
flux, however, is determined by a tensor of rank two, the momentum itself being a vector. 

The vector (7.4) gives the momentum flux in the direction of n, i.e. through a surface 
perpendicular to n. In particular, taking the unit vector n to be directed parallel to the fluid 
velocity, we find that only the longitudinal component of momentum is transported in this 
direction, and its flux density is p + pv’. In a direction perpendicular to the velocity, only 
the transverse component (relative to v) of momentum is transported, its flux density being 
just p. 


§8. The conservation of circulation 


The integral 


r = yal 


taken along some closed contour, is called the velocity circulation round that contour. 
Let us consider a closed contour drawn in the fluid at some instant. We suppose it to bea 
“fluid contour”, ie. composed of the fluid particles that lie on it. In the course of time these 
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particles move about and the contour moves with them. Let us investigate what happens 
to the velocity circulation. In other words, let us calculate the time derivative 


d 
Sh - di. 


We have written here the total derivative with respect to time, since we are seeking the 
change in the circulation round a “fluid contour” as it moves about, and not round a 
contour fixed in space. 

To avoid confusion, we shall temporarily denote differentiation with respect to the 
coordinates by the symbol ô, retaining the symbol d for differentiation with respect to time. 
Next, we notice that an element di of the length of the contour can be written as the 
difference ôr between the position vectors r of the points at the ends of the element. Thus 
we write the velocity circulation as $v - or. In differentiating this integral with respect to 
time, it must be borne in mind that not only the velocity but also the contour itself (i.e. its 
shape) changes. Hence, on taking the time differentiation under the integral sign, we must 
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§8 The conservation of circulation 13 
Since the velocity v is just the time derivative of the position vector r, we have 
dor dr 


Wage ae 


= v -ôv = 6(40’). 


The integral of a total differential along a closed contour, however, is zero. The second 
integral therefore vanishes, leaving 


d f 3 (dy 3 
—Qv-or = ° Or. 
dt p de 
It now remains to substitute for the acceleration dv/dt its expression from (2.9): 


dv/dt = — grad w. 


Using Stokes’ formula, we then have 


dv dv\ . 
go = $ curl (St dt = 0, 


since curl grad w = 0. Thus, going back to our previous notation, we findt 


d 
agra = 0, 


dy «dl = constant. (8.1) 


or 


We have therefore reached the conclusion that, in an ideal fluid, the velocity circulation 
round a closed “fluid” contour is constant in time (Kelvin’s theorem (1869) or the law of 
conservation of circulation). 

It should be emphasized that this result has been obtained by using Fuler’s equation in 
the form (2.9), and therefore involves the assumption that the flow is isentropic. The 
theorem does not hold for flows which are not isentropic. } 

By applying Kelvin’s theorem to an infinitesimal closed contour ôC and transforming 
the integral according to Stokes’ theorem, we get 


by «dl = | curly-df = ôf -curl v = constant, (8.2) 


where df is a fluid surface element spanning the contour OC. The vector curl v is often called 
the vorticity of the fluid flow at a given point. The constancy of the product (8.2) can be 
intuitively interpreted as meaning that the vorticity moves with the fluid. 


PROBLEM 


Show that, in flow which is not isentropic, any moving particle carries with it a constant value of the product 
(1/p) grad s -curl v (H. Ertel 1942). 


f This-resuit remains valid in a uniform gravitational field, since in that case curl g = 0. 
ł Mathematically, it is necessary that there should be a one-to-one relation between p and p (which for 


isentropic flow is s(p, p) = constant); then — (1/p) grad pcan be written as the gradient of some function, a result 
which is needed in deriving Kelvin’s theorem. 
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SOLUTION. When the flow is not isentropic, the right-hand side of Euler’s equation (2.3) cannot be replaced by 
— grad w, and (2.11) becomes 


Ow/dt = curl (vx@) + (1/p?) grad pxgrad p, 
where for brevity œ = curl v. We multiply scalarly by grad s; since s = s(p, p), grad sis a linear function of grad p 


and grad p, and grad s- (grad pXgrad p) = 0. The expression on the right-hand side can then be transformed as 
follows: 


grad s:0w/dt = grad s -curl (vxw) 
= —div [grad sx(vxw)] 


—div [v(w «grad s)] +div [w(v- grad s)] 
— (w° grad s) div v — v- grad (w ° grad s) + w+ grad (v- grads). 
From (2.6), v-grads = — @s/dt, and therefore 


ô 
5, (Brads) + v grad (@- grad s) + (œ ' grad s) div v = 0. 


The first two terms can be combined as d(% - grad s)/dt, where d/dt = 0/dt + v- grad; in the last term, we put from 
(1.3) pdiv y = —dp/dt. The result is 

d (; -grad :) a 

dt p z 


which gives the required conservation law. 


§9. Potential flow 


From the law of conservation of circulation we can derive an important result. Let us at 
first suppose that the flow is steady, and consider a streamline of which we know that curl v 


ig zarn at onma noint Wa draw an arhitraru inf 1 1 
is Zero at some point. We draw an arbitrary infinitely small closed contour to encircle the 


streamline at that point. In the course of time, this contour moves with the fluid, but always 
encircles the same streamline. Since the product (8.2) must remain constant, it follows that 
curly must be zero at every point on the streamline. 

Thus we reach the conclusion that, if at any point on a streamline the vorticity is zero, the 
same is true at all other points on that streamline. If the flow is not steady, the same result 
hoids, except that instead of a streamline we must consider the path described in the course 
of time by some particular fluid particle; t we recall that in non-steady flow these paths do 
not in general coincide with the streamlines. 

At first sight it might seem possible to base on this result the following argument. Let us 
consider steady flow past some body. Let the incident flow be uniform at infinity; its 
velocity v is a constant, so that curl v =0 on all streamlines. Hence we conclude that curl v 
is zero along the whole of every streamline, i.e. in all space. 

A flow for which curl v = 0 in all space is called a potential flow or irrotational flow, as 
opposed to rotational flow, in which the curl of the velocity is not everywhere zero. Thus we 
should conclude that steady flow past any body, with a uniform incident flow at infinity, 
mirct ha antantial Anw 
must be potential flow. 

Similarly, from the law of conservation of circulation, we might argue as follows. Let us 
suppose that at some instant we have potential flow throughout the volume of the fluid. 
Then the velocity circulation round any closed contour in the fluid is zero.t By Kelvin’s 


+ To avoid misunderstanding, we may mention here that this result has no meaning in turbulent flow. We may 
also remark that a non-zero vorticity may occur on a streamline after the passage of a shock wave. We shall see 
that this is because the flow is no longer isentropic (§114). 

ł Here we suppose for simplicity that the fluid occupies a simply-connected region of space. The same final 


result would be obtained for a multiply-connected region, but restrictions on the choice of contours would have 
to be made in the derivation. 
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theorem, we could then conclude that this will hold at any future instant, i.e. we should find 
that, if there is potential flow at some instant, then there is potential flow at all subsequent 
instants (in particular, any flow for which the fluid is initially at rest must be a potential 
flow). This is in accordance with the fact that, if curlv = 0, equation (2.11) is satisfied 
identically. 

In fact, however, all these conclusions are of only very limited validity. The reason is that 
the proof given above that curl v = Oall along a streamline is, strictly speaking, invalid for 
a line which lies in the surface of a solid body past which the flow takes place, since the 
presence of this surface makes it impossible to draw a closed contour in the fluid encircling 
such a streamline. The equations of motion of an ideal fluid therefore admit solutions for 
which separation occurs at the surface of the body: the streamlines, having followed the 
surface for some distance, become separated from it at some point and continue into the 
fluid. The resulting flow pattern is characterized by the presence of a “surface of tangential 
discontinuity” proceeding from the body; on this surface the fluid velocity, which is 
everywhere tangential to the surface, has a discontinuity. In other words, at this surface one 
layer of fluid “slides” on another. Figure 1 shows a surface of discontinuity which separates 
moving fluid from a region of stationary fluid behind the body. From a mathematical point 
of view, the discontinuity in the tangential velocity component corresponds to a surface on 
which the curl of the velocity is non-zero. 


fo 


FIG. i 


When such discontinuous flows are included, the solution of the equations of motion for 
an ideal fluid is not unique: besides continuous flow, they admit also an infinite number of 
solutions possessing surfaces of tangential discontinuity starting from any prescribed line 
on the surface of the body past which the flow takes place. It should be emphasized, 
however, that none of these discontinuous solutions is physically significant, since 
tangential discontinuities are absolutely unstable, and therefore the flow would in fact 
become turbulent (see Chapter II). 

The actual physical problem of flow past a given body has, of course, a unique solution. 
The reason is that ideal fluids do not really exist; any actual fluid has a certain viscosity, 
however small. This viscosity may have practically no effect on the motion of most of the 
fluid, but, no matter how small it is, it will be important in a thin layer of fluid adjoining the 
body. The properties of the flow in this boundary layer decide the choice of one out of the 
infinity of solutions of the equations of motion for an ideal fluid. It is found that, in the 
general case of flow past bodies of arbitrary form, solutions with separation must be 
taken, which in turn will result in turbulence. 

In spite of what we have said above, the study of the solutions of the equations of motion 
for continuous steady potential flow past bodies is in some cases meaningful. Although, in 
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the general case of flow past bodies of arbitrary form, the actual flow pattern bears almost 
no relation to the pattern of potential flow, for bodies of certain special (“streamlined”— 
§46) shapes the flow may differ very little from potential flow; more precisely, it will be 
potential flow except in a thin layer of fluid at the surface of the body and in a relatively 
narrow “wake” behind the body. 

Another important case of potential flow occurs for small oscillations of a body 
immersed in fluid. It is easy to show that, if the amplitude a of the oscillations is small 
compared with the linear dimension l of the body (a< l), the flow past the body will be 
potential flow. To show this, we estimate the order of magnitude of the various terms in 
Euler’s equation 

Ov/ot + (v - grad)v = — grad w. 


The velocity v changes markedly (by an amount of the same order as the velocity u of the 
osciliating body) over a distance of the order of the dimension / of the body. Hence the 
derivatives of v with respect to the coordinates are of the order of u/l. The order of 
magnitude of v itself (at fairly small distances from the body) is determined by the 
magnitude of u. Thus we have (v- grad)v ~ u?/l. The derivative dv/dt is of the order of wu, 
where œ% is the frequency of the oscillations. Since œ ~ u/a, we have dv/ét = u?/a. It now 
follows from the inequality a < I that the term (v- grad)vis small compared with dv/ét and 
can be neglected, so that the equation of motion of the fluid becomes ôv/ôt = — grad w. 
Taking the curl of both sides, we obtain ô(curl yv)/ôt = 0, whence curl vy = constant. In 
oscillatory motion, however, the time average of the velocity is zero, and therefore curl v 
= constant implies that curl v = 0. Thus the motion of a fluid executing small oscillations 

is potential flow to a first approximation. 

We shall now obtain some general properties of potential flow. We first recall that the 
derivation of the law of conservation of circulation, and therefore all its consequences, 
were based on the assumption that the flow is isentropic. If the flow is not isentropic, the 
law does not hold, and therefore, even if we have potential flow at some instant, the 
vorticity willin general be non-zero at subsequent instants. Thus only isentropic flow can 
in fact be potential fiow. 

In potential flow, the velocity circulation along any closed contour is zero: 


py al = f curlv-df = 0. (9.1) 


It follows from this that, in particular, closed streamlines cannot exist in potential flow.t 
For, since the direction of a streamline is at every point the direction of the velocity, the 
circulation along such a line can never be zero. 

In rotational flow the velocity circulation is not in general zero. In this case there may be 
closed streamlines, but it must be emphasized that the presence of closed streamlines is not 
a necessary property of rotationai fiow. 

Like any vector field having zero curl, the velocity in potential flow can be expressed as 
the gradient of some scalar. This scalar is called the velocity potential; we shall denote it by 
ġ: 

v= gradġ. > (9.2) 


+ This result, like (9.1), may not be valid for motion in a multiply-connected region of space. In potential flow 
in such a region, the velocity circulation may be non-zero if the closed contour round which it is taken cannot be 
contracted to a point without crossing the boundaries of the region. 
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Writing Euler’s equation in the form (2.10) 
dv/Ot +4 gradu? — v x curly = — gradw 


and substituting v = grad ġ, we have 


eraa( SÉ +4074 w) =0, 
ôt 
whence 
6$/ét +40? +w = f (t), (9.3) 


where f (t) is an arbitrary function of time. This equation is a first integral of the equations 
of potential fiow. The function f (t) in equation (9.3) can be put equal to zero without loss 
of generality, because the potential is not uniquely defined: since the velocity is the space 


Pee : ; 
derivative of @, we can add to ¢ any function of the time. 


For steady flow we have (taking the potential ¢ to be independent of time) 6¢/dt = 0, 
f(t) = constant, and (9.3) becomes Bernoulli’s equation: 


4v? +w = constant. (9.4) 


It must be emphasized here that there is an important difference between the Bernoulli’s 
equation for potential flow and that for other flows. In the general case, the “constant” on 
the right-hand side is a constant along any given streamline, but is different for different 
streamlines. In potential flow, however, it is constant throughout the fluid. This enhances 
the importance of Bernoulli’s equation in the study of potential flow. 


§10. Incompressible fluids 


In a great many cases of the flow of liquids (and also of gases), their density may be 
supposed invariable, i.e. constant throughout the volume of the fluid and throughout its 
motion. In other words, there is no noticeable compression or expansion of the fluid in 
such cases. We then speak of incompressible flow. 

The general equations of fluid dynamics are much simplified for an incompressible fluid. 
Euler’s equation, it is true, is unchanged if we put p = constant, except that p can be taken 
under the gradient operator in equation (2.4): 


an (v: grad)v = — grad (2) +g. (10.1) 
The equation of continuity, on the other hand, takes for constant p the simple form 


div v = 0. (10.2) 


Since the density is no longer an unknown function as it was in the general case, the 
fundamental system of equations in fluid dynamics for an incompressible fluid can be 
taken to be equations involving the velocity only. These may be the equation of continuity 
(10.2) and equation (2.11): 


(curl v) = curl(vxcurl v). (10.3) 


| 


Bernoulli’s equation too can be written in a simpler form for an incompressible fluid. 
Equation (10.1) differs from the general Euler’s equation (2.9) in that it has grad (p/p) in 
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place of grad w. Hence we can write down Bernoulli's equation immediately by simply 
replacing the heat function in (5.4) by p/p: 


307 + p/p + gz = constant. (10.4) 


For an incompressible fluid, we can also write p/p in place of w in the expression (6.3) for 
the energy flux, which then becomes 
_P\ 


Ti 


pY (20° + a (10.5) 


For we have, from a well-known thermodynamic relation, the expression de = Tds — pd V 
for the change in internal energy; for s = constant and V = 1/p = constant, de = 0, 
i.e. e = constant. Since constant terms in the energy do not matter, we can omit € in 
w = £+ p/p. 

The equations are particularly simple for potential flow of an incompressible fluid. 
Equation (10.3) is satisfied identically if curl v = 0. Equation (10.2), with the substitution 
v = grad ¢, becomes 


Ag =0, (10.6) 


i.e. Laplace’s equationt for the potential ¢. This equation must be supplemented by 
boundary conditions at the surfaces where the fluid meets solid bodies. At fixed solid 
surfaces, the fluid velocity component v, normal to the surface must be zero, whilst for 
moving surfaces it must be equal to the normal component of the velocity of the surface (a 
given function of time). The velocity v,, however, is equal to the normal derivative of the 
potential @: v, = 6g/én. Thus the generai boundary conditions are that 6@/6n is a given 
function of coordinates and time at the boundaries. 

For potential flow, the velocity is related to the pressure by equation (9.3). In an 
incompressible fluid, we can replace w in this equation by p/p: 


Op/ét +40? + p/p = f (0. (10.7) 


We may notice here the following important property of potential flow of an 
incompressible fluid. Suppose that some solid body is moving through the fluid. If the 
result is potential flow, it depends at any instant only on the velocity of the moving body at 
that instant, and not, for example, on its acceleration. For equation (10.6) does not 
explicitly contain the time, which enters the solution only through the boundary 
conditions, and these contain only the velocity of the moving body. 

From Bernoulli’s equation, 4v? + p/p = constant, we see that, in steady flow of an 
incompressible fluid (not in a gravitational field), the greatest pressure occurs at points 
where the velocity is zero. Such a point usually occurs on the surface of a body past which 
the fluid is moving (at the point O in Fig. 2), and is called a stagnation point. If u is the 
velocity of the incident current (i.e. the fiuid velocity at infinity), and pọ the pressure at 
infinity, the pressure at the stagnation point is 


Pmax = Po + 3pu’. (10.8) 


If the velocity distribution in a moving fluid depends on only two coordinates (x and y, 
say), and the velocity is everywhere parallel to the xy-plane, the flow is said to be two- 


t The velocity potential was first introduced by Euler, who obtained an equation of the form (10.6) for it; this 
form later became known as Laplace’s equation. 
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dimensional or plane flow. To solve problems of two-dimensional flow of an incompressible 
fluid, it is sometimes convenient to express the velocity in terms of what is called the stream 
function. From the equation of continuity div y = dv,/éx + dv,/dy = 0 we see that the 
velocity components can be written as the derivatives 


v, = dy /dy, v, = — 6y/dx (10.9) 


of some function w(x, y), called the stream function. The equation of continuity is then 
satisfied automatically. The equation that must be satisfied by the stream function is 
obtained by substituting (10.9) in equation (10.3). We then obtain 


ô ôy ô 


ow ô 
a ex oy 


If we know the stream function we can immediately determine the form of the streamlines 
for steady flow. For the differential equation of the streamlines (in two-dimensional flow) 
is dx/v, = dy/v, or v, dx —v,dy = 0; it expresses the fact that the direction of the tangent 
to a streamline is the direction of the velocity. Substituting (10.9), we have 

% ax + ay =dy = 0, 
whence y = constant. Thus the streamlines are the family of curves obtained by putting 
the stream function (x, y) equal to an arbitrary constant. 

If we draw a curve between two points A and B in the xy-plane, the mass flux Q across 
this curve is given by the difference in the values of the stream function at these two points, 
regardless of the shape of the curve. For, if v, is the component of the velocity normal to the 
curve at any point, we have 


B B B 
i ae Serene 
a A A 
or 
Q = p(Wsa — Wa). (10.11) 


There are powerful methods of solving problems of two-dimensional potential flow of 
an incompressible fluid past bodies of various profiles, involving the application of the 
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theory of functions of a complex variable.} The basis of these methods is as follows. The 
potential and the stream function are related to the velocity components był 


v, = 0/Ox = dW/dy, v, = O/dy = — OW/Ox. 


These relations between the derivatives of @ and y, however, are the same, mathematically, 
as the well-known Cauchy—Riemann conditions for a complex expression 


w= oti (10.12) 


to be an analytic function of the complex argument z = x+iy. This means that the 
function w(z) has at every point a well-defined derivative 

dw dd dy 

esa S es pee 7 10.13 

dz ax * ax Pemi ( ) 
The function w is called the complex potential, and dw/dz the complex velocity. The 
modulus and argument of the latter give the magnitude v of the velocity and the angle 8 
between the direction of the velocity and that of the x-axis: 


dw/dz = ve~”. (10.14) 


At a solid surface past which the flow takes place, the velocity must be along the tangent. 
That is, the profile contour of the surface must be a streamline, i.e. y = constant along it; 
the constant may be taken as zero, and then the problem of flow past a given contour 
reduces to the determination of an analytic function w(z) which takes real values on the 
contour. The statement of the problem is more involved when the fluid has a free surface; 
an example is found in Problem 9. 

The integral of an analytic function round any closed contour C is well known to be 
equal to 2zi times the sum of the residues of the function at its simple poles inside C; hence 


bw dz = 2ni È A,, 
k 


where A, are the residues of the complex velocity. We also have 


bw dz= te — iv,) (dx + idy) 


= toad +v,dy)+ ip ody —v,dx). 
The real part of this expression is just the velocity circulation I round the contour C. The 
imaginary part, multiplied by p, is the mass flux across C; if there are no sources of fluid 
within the contour, this flux is zero and we then have simply 


T= 2i Ý A; (10.15) 
k 


all the residues A, are in this case purely imaginary. 


t A more detailed account of these methods and their numerous applications may be found in many books 
which treat fluid dynamics from a more mathematical standpoint. Here, we shall describe only the basic idea. 

t The existence of the stream function depends, however, only on the flow’s being two-dimensional, not 
necessarily a potential flow. 
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Finally, let us consider the conditions under which the fluid may be regarded as 
incompressible. When the pressure changes adiabatically by Ap, the density changes by 

= (6p/dp),Ap. According to Bernoulli’s equation, however, Ap is of the order of pv? in 
steady flow. We shall show in §64 that the derivative (@p/ép), is the square of the velocity c 
of sound in the fluid, so that Ap ~ pv?/c?. The fluid may be regarded as incompressible if 
Ap/p < 1. We see that a necessary condition for this is that the fluid velocity be small 
compared with that of sound: 


vae. (10.16) 


However, this condition is sufficient only in steady flow. In non-steady flow, a further 
condition must be fulfilled. Let t and / be a time and a length of the order of the times and 
distances over which the fluid velocity undergoes significant changes. If the terms dv/0t 
and (1/p) grad p in Euler’s equation are comparable, we find, in order of magnitude, v/t 
~ Ap/ip or Ap ~ Ipv/t, and the corresponding change in p is Ap ~ Ipv/tc?. Now 
comparing the terms ép/dt and pdivv in the equation of continuity, we find that the 
derivative dp/dt may be neglected (i.e. we may suppose p constant) if Ap/t < pv/I, or 


t> l/c. (10.17) 


If the conditions (10.16) and (10.17) are both fulfilled, the fluid may be regarded as 
incompressible. The condition (10.17) has an obvious meaning: the time l/c taken by a 
sound signal to traverse the distance | must be small compared with the time t during 
which the flow changes appreciably, so that the propagation of interactions in the fluid 
may be regarded as instantaneous. 


PROBLEMS 


PROBLEM 1. Determine the shape of the surface of an incompressible fluid subject to a gravitational field, 
contained in a cylindrical vessel which rotates about its (vertical) axis with a constant angular velocity Q. 


SOLUTION. Let us take the axis of the cylinder as the z-axis. Then v, = — yQ,v, = x9, v, = 0. The equation of 
continuity is satisfied identically, and Euler’s equation (10.1) gives 
1é 14 16 
xQ? = op seat sal Gee =0. 
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The general integral of these equations is 
p/p = 40?(x? + y?)— gz + constant. 
At the free surface p = constant, so that the surface is a paraboloid: 
z= 90? (x? + y?)/g, 
the origin being taken at the lowest point of the surface. 
PROBLEM 2. A sphere, with radius R, moves with velocity u in an incompressible ideal fluid. Determine the 
potential flow of the fluid past the sphere. 


SOLUTION. The fluid velocity must vanish at infinity. The solutions of Laplace’s equation Ad =0 
which vanish at infinity are well known to be 1/r and the derivatives, of various orders, of 1/r with respect to the 
coordinates (the origin is taken at the centre of the sphere). On account of the complete symmetry of the sphere, 
only one constant vector, the velocity u, can appear in the solution, and, on account of the linearity of both 


I aplace’ s equation and the boundary condition, $ must involve sa linearly, The only sca lar which can be formed 
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from u and the derivatives of 1/r is the scalar product u- grad(1/r). We therefore seek @ in the form 
$ = A-grad(1/r) = —(A-n)/r’, 


where n is a unit vector in the direction of r. The constant A is determined from the condition that the normal 
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components of the velocities v and u must be equal at the surface at the sphere, i.e. v-n = u-n for r = R. This 
condition gives A = 4uR?, so that 


R? R? 
= Ssa n, LS 5 a a a 
The pressure distribution is given by equation (10.7): 


P = Po —2pv" — p0o/ét, 


where nic th 
an 


where py ist calculate the derivative da/0t, we mus 


o 
. 10 the Cerivalve dp of, 
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e y. To cal 
we have taken at the centre of the sphere) moves with velocity w. Hence 


o 


0p/0t = (0¢/du)- ù —u- grad ¢. 
The pressure distribution over the surface of the sphere is given by the formula 
P = Po tk pu? (9 cos? 6—5)+4pRn-du/de, 


where 0 is the angle between n and u. 


PROBLEM 3. The same as Problem 2, but for an infinite cylinder moving perpendicular to its axis.t 


SOLUTION. The flow is independent of the axial coordinate, so that we have to solve Laplace’s equation in two 
dimensions. The solutions which vanish at infinity are the first and higher derivatives of log r with respect to the 
coordinates, where r is the radius vector perpendicular to the axis of the cylinder. We seek a solution in the form 


od = A-gradlogr = A-n/r, 


and from the boundary conditions we obtain A = — R’u, so that 
R? R? 
ees ae v= — [2a(u:n)—u]. 
r 


The pressure at the surface of the cylinder is given by 
P = Po +}4pu? (4cos? 0 — 3) + pRa-du/de. 
PROBLEM 4. Determine the potential flow of an incompressible ideal fluid in an ellipsoidal vessel rotating 
about a principal axis with angular velocity Q, and determine the total angular momentum of the fluid. 


SOLUTION. We take Cartesian coordinates x, y, z along the axes of the ellipsoid at a given instant, the z-axis 
being the axis of rotation. The velocity of points in the vessel wall is 


u= Qxr, 
so that the boundary condition v, = 0@/dn = u, is 
0/dn = Q(xn, — yn,), 


or, using the equation of the ellipsoid x?/a? + y?/b? + z7/c? = 1, 
fal 0 0 1 1 
e Oe 200 =00(5-4). 
a? 0x 


b? ôy e dz b? a 
The solution of Laplace’s equation which satisfies this boundary condition is 
E N (1) 
a+b? 


M = p | (xv, — yo, dV. 


+ The solution of the more general problems of potential flow past an ellipsoid and an elliptical cylinder may 
be found in: N. E. Kochin, I. A. Kibeľ and N. V. Roze, Theoretical Hydromechanics (Teoreticheskaya 
gidromekhanika), Part 1, chapter VII, Moscow 1963; H. Lamb, Hydrodynamics, 6th ed., §§ 103-116, Cambridge 
1932. 
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Integrating over the volume V of the ellipsoid, we have 


2 2\2 
M= QpV (a? —b ye 
5 a+b? 

Formula (1) gives the absolute motion of the fluid relative to the instantaneous position of the axes x, y, z which 
are fixed to the rotating vessel. The motion relative to the vessel (i.e. relative to a rotating system of coordinates 
x, y, 2) is found by subtracting the velocity Qxr from the absolute velocity; denoting the relative velocity of the 
fluid by v’, we have 


, po- 222 ; 20b? LA 
v=. =—y, v= -~ X, v, =0. 
dx Teb” OT Pb 
The paths of the relative motion are found by integrating the equations x = v ,, y = v’,, and are the ellipses 
x?/a* + y?/b? = constant, which are similar to the boundary ellipse. 


PROBLEM 5. Determine the flow near a stagnation point (Fig. 2). 


nart of the surface of the hadu near the stagnation naint may he regarded acs nlane Let yu 
Part Cr ine SUriace Or ine COCY Near tne Stagnauon poini May of Tega>raes as pane. Let 


take it as the xy-plane. Expanding ¢ for x, y, z small, we have as far as the second-order terms 
$ = ax + by + cz + Ax? + By? +Cz? + Dxy + Eyz+ F2x; 


a constant term in @ is immaterial. The constant coefficients are determined so that ¢ satisfies the equation Ag 
= 0 and the boundary conditions v, = 0¢/éz = 0 for z = 0 and all x, y, 6@/0x = ðġ/ðy = O for x =y=z=0 
(the stagnation point). This gives a = b = c = 0;C = — A—B, E = F = 0. The term Dxy can always be removed 
by an appropriate rotation of the x and y axes. We then have 


@ = Ax? + By? — (A+ B)z?. (1) 


If the flow is axially symmetrical about the z-axis (symmetrical flow past a solid of revolution), we must have 
A = B, so that 


$ = A(x? + y? — 22°). 


The velocity components are v, = 24x, v, = 2Ay,v, = — 4Az. The streamlines are given by equations (5.2), from 
which we find x?z = c,, y?z = c3, i.e. the streamlines are cubical hyperbolae. 

If the flow is uniform in the y-direction (e.g. flow in the z-direction past a cylinder with its axis in the y- 
direction), we must have B = 0 in (1), so that 


$ = A(x? —z?). 
The streamlines are the hyperbolae xz = constant. 


PROBLEM 6. Determine the potential flow near an angle formed by two intersecting planes. 


SOLUTION. Let us take polar coordinates r, 0 in the cross-sectional plane (perpendicular to the line of 
intersection), with the origin at the vertex of the angle; 0 is measured from one of the arms of the angle. Let the 
angle be « radians; for æ < x the flow takes place within the angle, for « > x outside it. The boundary con- 
dition that the normal velocity component vanish means that 0@/00 = 0 for 9 = 0 and 0 = a. The solution of 
Laplace’s equation satisfying these conditions can be writtent 


ġ = Ar"cos nð, n= n/a, 
so that 
v, = nAr"' cosnð, ve = —nAr" ‘sin nd. 


Forn < 1 (flow outsidean angle; Fig. 3), v, becomes infinite as 1/r'~” at the origin. Forn > 1 (flow inside an angle; 
Fig. 4), v becomes zero for r = 0. 

The stream function, which gives the form of the streamlines, is Y = Ar“sin nô. The expressions obtained for ġ 
and w are the real and imaginary parts of the complex potential w = Az". 


PROBLEM 7. A spherical hole with radius a is suddenly formed in an incompressible fluid filling all space. 
Determine the time taken for the hole to be filled with fluid (Besant 1859; Rayleigh 1917). 


+ We take the solution which involves the lowest positive power of r, since r is small. 

ł If the boundary planes are supposed infinite, Problems 5 and 6 involve degeneracy, in that the values of the 
constants A and Bin the solutions are indeterminate. In actual cases of flow past finite bodies, they are determined 
by the general conditions of the problem. 
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SOLUTION. The flow after the formation of the hole will be spherically symmetrical, the velocity at every point 
being directed to the centre of the hole. For the radial velocity v, = v < 0 we have Euler’s equation in spherical 
polar coordinates: 


a e LA (1) 


The equation of continuity gives 
ry = F(t), (2) 


where F (t) is an arbitrary function of time; this equation expresses the fact that, since the fluid is incompressible, 
the volume flowing through any spherical surface is independent of the radius of that surface. 


\ , 
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Substituting v from (2) in (1), we have 


F'(tQ) ðr 1 op 
= t— = ——— 


+ 5 
r? ôr pôr 
Integrating this equation over r from the instantaneous radius R = R(t) < a of the hole to infinity, we obtain 


F'(t 
R p 
where V = dR(t)/dt is the rate of change of the radius of the hole, and po is the pressure at infinity; the fluid 
velocity at infinity is zero, and so is the pressure at the surface of the hole. From equation (2) for points on the 
surface of the hole we find 


F(t) = R? V (t), 
and, substituting this expression for F (t) in (3), we obtain the equation 
3V? d? p 
= Epos. oko. 4 
2 7 daR p i 
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The variables are separable; integrating with the boundary condition V = 0 for R = a (the fluid being initially at 


rest), we have 
yok. _ | (f= 
dt 3p 


Hence we have for the required total time for the hole to be filled 


2 [3p åR 
i a] JUa/Ry - 1) 


This integral reduces to a beta function, and we have finally 


3a? pn T (5/6 
= [6o 0/6) _ 0.9154 Je. 
2Po T(1/3) Po 
PROBLEM 8. A sphere immersed in an incompressible fluid expands according to a given law R = R(t). 
Determine the fluid pressure at the surface of the sphere. 


SOLUTION. Let the required pressure be P(t). Calculations exactly similar to those of Problem 7, except that 
the pressure at r = R is P(t) and not zero, give instead of (3) the equation 


RQ) * p p 
and accordingly instead of (4) the equation 
Poa ht). OP ae 
p 2 dR 


Bearing in mind the fact that V = dR/dt, we can write the expression for P(t) in the form 


d? (R? dR \? 
Pt) = po +49] (SF) i 


PROBLEM 9. Determine the form of a jet emerging from an infinitely long slit in a plane wall. 


SOLUTION. Let the wall be along the x-axis in the xy-plane, and the aperture be the segment —4a < x < ła of 
that axis, the fluid occupying the half-plane y > 0. Far from the wall (y — 00) the fluid velocity is zero, and the 


nrecslire is P, gav 

At the free surface of the jet (BC and B’C’ in Fig. 5a) the pressure p = 0, while the velocity takes the constant 
value v, = V (2po/p), by Bernoulli’s equation. The wall lines are streamlines, and continue into the free boundary 
of the jet. Let y be zero on the line ABC; then, on the line 4’B’C’, y = —Q/p, where Q = pa, v, is the rate at which 
the fluid emerges in the jet (a,, v, being the jet width and velocity at infinity). The potential ¢ varies from — œ to 
+ œ both along ABC and along A’B'C’, let ¢ be zero at Band B’. Then, in the plane of the complex variable w, the 
region of flow is an infinite strip of width Q/p (Fig. 5b). (The points in Fig. 5b, c, d are named to correspond with 
those in Fig. Sa.) 

We introduce a new complex variable, the logarithm of the complex velocity: 


1 d 
= -|e = log~ + in + 0) (1) 


here vie" * is the complex velocity of the jet at infinity. On A’B’ we have 0 = 0; on AB, 8 = — r; on BC and 
BC’, v = v,, while at infinity in the jet @ = — 47. In the plane of the complex variable £, therefore, the region of 
flow is a semi-infinite strip of width x in the right half-plane (Fig. Sc). If we can now find a conformal 
transformation which carries the strip in the w-plane into the half-strip in the {-plane (with the points 
corresponding as in Fig. 5), we shall have determined w as a function of dw/dz, and w can then be found by a 
simple quadrature. 

In order to find the desired transformation, we introduce one further auxiliary complex variable, u, such that 
the region of flow in the u-plane is the upper half-plane, the points Band B’ corresponding to u = + 1, the points 
Cand C’ to u = 0, and the infinitely distant points A and A‘ to u = + œ (Fig. 5d). The dependence of w on this 


PE AEE OA FIDE EAEE E T ah Pee ean SEE A 
auxiliary variable is given by the conforma! transformation which carries the i upper half of the u-plane into the 


strip in the w-plane. With the above correspondence of points, this transformation is 
w=— 2 log u. (2) 
pr 
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In order to find the dependence of { on u, we have to find a conformal transformation of the half-strip in the ¢- 
plane into the upper half of the u-plane. Regarding this half-strip as a triangle with one vertex at infinity, we can 
find the desired transformation by means of the well-known Schwarz—Christoffel formula; it is 


g= -isin ' u. (3) 


Formulae (2) and (3) give the solution of the problem, since they furnish the dependence of dw/dz on w in 
parametric form. 

Let us now determine the form of the jet. On BC we have w = ¢,( = i(3 + 6), while u varies from 1 to 0. From 
(2) and (3) we obtain 


d= <L iog, (4) 
on 


and from (1) we have 
dġ/dz = v,e”, 


or 
' Ls a o 
dz = dx tidy = — e" dọ = — e” tan 0 d0, 
Dv; nt 


whence we find, by integration with the conditions y = 0, x = 4a for 6 = — x, the form of the jet, expressed 
parametrically. In particular, the compression of the jet is a,/a = n/(2 + n) = 0°61. 


Let us consider the problem of potential flow of an incompressible ideal fluid past some 
solid body. This problem is, of course, completely equivalent to that of the motion of a 
fluid when the same body moves through it. To obtain the latter case from the former, we 
need only change to a system of coordinates in which the fluid is at rest at infinity. We shall, 
in fact, say in what follows that the body is moving through the fluid. 

Let us determine the nature of the fluid velocity distribution at great distances from the 
moving body. The potential flow of an incompressible fluid satisfies Laplace’s equation, 
Ag = 0. We have to consider solutions of this equation which vanish at infinity, since the 
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fluid is at rest there. We take the origin somewhere inside the moving body; the coordinate 
system moves with the body, but we shall consider the fluid velocity distribution at a 
particular instant. As we know, Laplace’s equation has a solution 1/r, where r is the 
distance from the origin. The gradient and higher space derivatives of 1/r are also 
solutions. All these solutions, and any linear combination of them, vanish at infinity. Hence 
the general form of the required solution of Laplace’s equation at great distances from the 
body is 


1 
o= ee A grad- + . 
r r 


where a and A are independent of the coordinates; the omitted terms contain higher-order 
derivatives of 1/r. It is easy to see that the constant a must be zero. For the potential 
ġ = —a/r gives a velocity 


v = — grad(a/r) = ar/r°. 


Let us calculate the corresponding mass flux through some closed surface, say a sphere 
with radius R. On this surface the velocity is constant and equal to a/R’; the total flux 
through it is therefore p(a/R*)4nR? = 4npa. But the flux of an incompressible fluid 
through any closed surface must, of course, be zero. Hence we conclude that a = 0. 

Thus ¢ contains terms of order 1/r? and higher. Since we are seeking the velocity at large 
distances, the terms of higher order may be neglected, and we have 


ġ = A-grad(1/r) = —A-n/r’, (11.1) 
and the velocity v = grad @ is 


v= (A - grad) grad 2 = d mee (11.2) 


where n is a unit vector in the direction of r. We see that at large distances the velocity 
diminishes as 1/r?. The vector A depends on the actual shape and velocity of the body, and 
can be determined only by solving completely the equation A @ = Oat all distances, taking 
into account the appropriate boundary conditions at the surface of the moving body. 

The vector A which appears in (11.2) is related in a definite manner to the total 
momentum and energy of the fluid in its motion past the body. The total kinetic energy of 
the fluid (the internal energy of an incompressible fluid is constant) is E = 4 f pv? d V, where 
the integration is taken over all space outside the body. We take a region of space V 
bounded by a sphere with large radius R, whose centre is at the origin, and first integrate 
only over V, later letting R tend to infinity. We have identically 


frar = wars [irra war, 


where u is the velocity of the body. Since u is independent of the coordinates, the first 
integral on the right is simply u?( — Vo), where Vo is the volume of the body. In the 


second integral, we write the sum v +u as grad (¢ + u-r); using the facts that div y = 0 
(equation of continuity) and div u = 0, we have 
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frar =u’ (V- Wa) + [div b-+u-n (v—u)]dr. 
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The second integral is now transformed into an integral over the surface S of the sphere 
and the surface Sọ of the body: 


far- u? (V — Vo) + f ($ +u-r)(v—u)-df. 
S+ So 


boundary conditions; since the vector df is along the normal to the surface, it is clear that 
the integral over Sọ vanishes identically. On the remote surface S we substitute the 
expressions (11.1), (11.2) for @ and v, and neglect terms which vanish as R > oo. Writing the 
surface element on the sphere S in the form df = nR? do, where do is an element of solid 
angle, we obtain 


On the surface of the body, the normal components of v and u are equal by virtue of the 


fe dV = u? (nR3 — Vo) + [tsa -n)(u-n)—(u-n)’R*]do. 


Finally, effecting the integrationt and multiplying by p, we obtain the following 
expression for the total energy of the fluid: 


E = 4p(4nA-u— Vou"). (11.3) 


As has been mentioned already, the exact calculation of the vector A requires a complete 
solution of the equation A @ = 0, taking into account the particular boundary conditions 
at the surface of the body. However, the general nature of the dependence of A on the 
velocity u of the body can be found directly from the facts that the equation is linear in ¢, 
and the boundary conditions are linear in both ¢ and u. It follows from this that A must be 
a linear function of the components of u. The energy E given by formula (11.3) is therefore 


a quadratic function of the components of u, and can be written in the form 


E= {migli tip, (11.4) 


vha ma const 
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those of A; it is called the induced-mass tensor. 
Knowing the energy E, we can obtain an expression for the total momentum P of the 
fluid. To do so, we notice that infinitesimal changes in E and P are related byf dE = u - dP; 


+ The integration over o is equivalent to averaging the integrand over all directions of the vector n and 


multiplying by 4r. To average expressions of the type (A-n) (B-n) = 4,n;B,n,, where A, B are constant vectors, 
we notice that 


(A-n)(B-n) = A, Bann, = $ô, A,B, = 4A-B. 


t For, let the body be accelerated by some external force F. The momentum of the fluid will thereby be 
increased; let it increase by dP during a time dt. This increase is related to the force by dP = F dt, and on scalar 
multiplication by the velocity u we have u-dP = F- udi, i.e. the work done by the force F acting through the 
distance udt, which in turn must be equal to the increase dE in the energy of the fluid. 

It should be noticed that it would not be possible to calculate the momentum directly as the integral f pv dV 
over the whole volume of the fluid. The reason is that this integral, with the velocity v distributed in accordance 
with (11.2), diverges, in the sense that the result of the integration, though finite, depends on how the integral is 


taken: on effecting the integration over a large region, whose dimensions subsequently tend to infinity, we obtain 
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a value depending on the shape of the region (sphere, cylinder, etc.). The method of calculating the momentum 
which we use here, starting from the relation u-dP = dE, leads to a completely definite final result, given by 
formula (11.6), which certainly satisfies the physical relation between the rate of change of the momentum and the 
forces acting on the body. 
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it follows from this that, if E is expressed in the form (11.4), the components of P must be 
P; = Mmt- (11.5) 


Finally, a comparison of formulae (11.3), (11.4) and (11.5) shows that P is given in terms of 
A by 
P = 4npA — pV ou. (11.6) 


It must be noticed that the total momentum of the fluid is a perfectly definite finite 
quantity. 

The momentum transmitted to the fluid by the body in unit time is dP/dt. With the 
opposite sign it evidently gives the reaction F of the fluid, i.e. the force acting on the body: 


F = —dP/de. (11.7) 


The component of F parallel to the velocity of the body is called the drag force, and the 
perpendicular component is called the lift force. 

If it were possible to have potential flow past a body moving uniformly in an ideal fluid, 
we should have P = constant, since u = constant, and so F = 0. That is, there would be no 
drag and no lift; the pressure forces exerted on the body by the fluid would balance out (a 
result known as d’Alembert’s paradox). The origin of this paradox is most clearly seen by 
considering the drag. The presence of a drag force in uniform motion of a body would 
mean that, to maintain the motion, work must be continually done by some external force, 
mi work pemg either dissipated i the fluid or Econve ted as kinetic energy of the Hud; 


pies no dissipation of energy in an ideal fluid, and the velocity of the fluid set in 
motion by the body diminishes so rapidly with increasing distance from the body that 
there can be no flow of energy to infinity. 

However, it must be emphasized that all these arguments relate only to the motion of a 
body in an infinite volume of fluid. If, for example, the fluid has a free surface, a body 
moving uniformly parallel to this surface will experience a drag. The appearance of this 
force (called wave drag) is due to the occurrence of a system of waves propagated on the 
free surface, which continually remove energy to infinity. 


Suppose that a body is executing an oscillatory motion under the action of an external 
force f. When the conditions discussed in §10 are fulfilled, the fluid surrounding t the body 


stay. 


moves in a potential flow, and we can use ‘the relations previously obtained to derive the 
equations of motion of the body. The force f must be equal to the time derivative of the 
total momentum of the system, and the total momentum is the sum of the momentum Mu 
of the body (M being the mass of the body) and the momentum P of the fluid: 


Using (11.5), we then obtain 
which can also be written 


ot (Mòn + m4) = fi (11.8) 


This is the equation of motion of a body immersed in an ideal fluid. 
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Let us now consider what is in some ways the converse problem. Suppose that the fluid 
executes some oscillatory motion on account of some cause external to the body. This 
motion will set the body in motion also.t We shall derive the equation of motion of the 
body. 

We assume that the velocity of the fluid varies only slightly over distances of the order of 
the dimension of the body. Let v be what the fluid velocity at the position of the body 
would be if the body were absent; that is, v is the velocity of the unperturbed flow. 
According to the above assumption, v may be supposed constant throughout the volume 
occupied by the body. We denote the velocity of the body by u as before. 

The force which acts on the body and sets it in motion can be determined as follows. If 
the body were wholly carried along with the fluid (i.e. if v = u), the force acting on it would 
be the same as the force which would act on the liquid in the same volume if the body were 
absent. The momentum of this volume of fluid is p Voy, and therefore the force on it is 
P Vo dv/dt. In reality, however, the body is not wholly carried along with the fluid; there is a 
motion of the body relative to the fluid, in consequence of which the fluid itself acquires 
some additional motion. The resulting additional momentum of the fluid is m; (u, —v,), 
since in (11.5) we must now replace u by the velocity u — v of the body relative to the fluid. 
The change in this momentum with time results in the appearance of an additional reaction 
force on the body of —m,, d (u, —v,)/dt. Thus the total force on the body is 

dv; 
P Vo T mars (u =t). 


This force is to be equated to the time derivative of the body momentum. Thus we obtain 
the following equation of motion: 


d . dv; d 
gM =p Vor = Ming (Ue =v). 
Integrating both sides with respect to time, we have 


(Mòir + Mir) = (Mik + PV odir Wy. (11.9) 


We put the constant of integration equal to zero, since the velocity u of the body in its 
motion caused by the fluid must vanish when v vanishes. The relation obtained determines 
the velocity of the body from that of the fluid. If the density of the body is equal to that of 
the fluid (M = pV,), we have u = v, as we should expect. 


PROBLEMS 


PROBLEM 1. Obtain the equation of motion for a sphere executing an oscillatory motion in an ideal fluid, and 
for a sphere set in motion by an oscillating fluid. 


SOLUTION. Comparing (11.1) with the expression for ¢ for flow past a sphere obtained in §10, Problem 2, we 
see that i 


A = 4 R?u, 


where R is the radius of the sphere. The total momentum transmitted to the fluid by the sphere is, according to 
(11.6), P = 3xpR*u, so that the tensor m,, is 


+ For example, we may be considering the motion of a body in a fluid through which a sound wave is 
propagated, the wavelength being large compared with the dimension of the body. 
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The drag on the moving sphere is 
F = —3npR°du/dt, 


and the equation of motion of the sphere oscillating in the fluid is 
du 
$n R? (po +P =f, 


where po is the density of the sphere. The coefficient of du/dt is the virtual mass of the sphere; it consists of the 
actual mass of the sphere and the induced mass, which in this case is half the mass of the fluid displaced by the 
sphere. 

If the sphere is set in motion by the fluid, we have for its velocity, from (11.9), 


3p 


p+2po 


If the density of the sphere exceeds that of the fluid (pọ > p), u < v, i.e. the sphere “lags behind” the fluid; if py < p, 
on the other hand, the sphere “goes ahead”. 


v. 


PROBLEM 2. Express the moment of the forces acting on a body moving in a fluid in terms of the vector A. 


SOLUTION. As we know from mechanics, the moment M of the forces acting on a body is determined from its 
Lagrangian function (in this case, the energy E) by the relation 6E = M-66, where 66 is the vector of an 
infinitesimal rotation of the body, and dE is the resulting change in E. Instead of rotating the body through an 
angle 60 (and correspondingly changing the components m,,), we may rotate the fluid through an angle — 60 
relative to the body (and correspondingly change the velocity u). We have du = —ô0xu, so that 

ôE = P -ôu = —60-uxP. 
Using the expression (11.6) for P, we then obtain the required formula: 


M = —uxP = 4npA xu. 


§12. Gravity waves 


The free surface of a liquid in equilibrium in a gravitational field is a plane. If, under the 
action of some external perturbation, the surface is moved from its equilibrium position at 
some point, motion will occur in the liquid. This motion will be propagated over the whole 
surface in the form of waves, which are called gravity waves, since they are due to the action 
of the gravitational field. Gravity waves appear mainly on the surface of the liquid; they 
affect the interior also, but less and less at greater and greater depths. 

We shall here consider gravity waves in which the velocity of the moving fluid particles is 
so small that we may neglect the term (v-grad)v in comparison with ôv/ôt in Euler’s 
equation. The physical significance of this is easily seen. During a time interval of the order 
of the period t of the oscillations of the fluid particles in the wave, these particles travel a 
distance of the order of the amplitude a of the wave. Their velocity v is therefore of the order 
of a/t. It varies noticeably over time intervals of the order of t and distances of the order of 
Ain the direction of propagation (where / is the wavelength). Hence the time derivative of 
the velocity is of the order of v/t, and the space derivatives are of the order of v/À. Thus the 
condition (v-grad)v < dv/0dt is equivalent to 


or 
Wed: (12.1) 


i.e. the amplitude of the oscillations in the wave must be small compared with the 
wavelength. We have seen in §9 that, if the term (v- grad)v in the equation of motion may 
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be neglected, we have potential flow. Assuming the fluid incompressible, we can therefore 
use equations (10.6) and (10.7). The term $v” in the latter equation may be neglected, since 
it contains the square of the velocity; putting f(t) = 0 and including a term pgz on account 
of the gravitational field, we obtain 


p = — pgz — pôġ/ôt. (12.2) 
We take the z-axis vertically upwards, as usual, and the xy-plane in the equilibrium surface 
of the liquid. 

Let us denote by ¢ the z coordinate of a point on the surface; ¢ is a function of x, y and t. 
In equilibrium ¢ = 0, so that ¢ gives the vertical displacement of the surface in its 
oscillations. Let a constant pressure po act on the surface. Then we have at the surface, by 
(12.2), 

Po = —pgl — pog/dt. 
The constant po can be eliminated by redefining the potential ¢, adding to it a quantity 
Pot/p independent of the coordinates. We then obtain the condition at the surface as 


gE + (0p/ét), =; = 9. (12.3) 


Since the amplitude of the wave oscillations is small, the displacement ¢ is small. Hence we 
can suppose, to the same degree of approximation, that the vertical component of the 
velocity of points on the surface is simply the time derivative of ¢: 


v, = 0C/dt. 


(3/02), =; = a /t = -(-54) , 
g z= 


Since the oscillations are small, we can take the value of the derivatives at z = 0 instead 
of z = ¢. Thus we have finally the following system of equations to determine the motion in 
a gravitational field: 


Ag =0, (12.4) 
ob 10%) 
(z a] no (12.5) 


We shall here consider waves on the surface of a liquid whose area is unlimited, and we 
shall also suppose that the wavelength is small in comparison with the depth of the liquid; 
we can then regard the liquid as infinitely deep. We shall therefore omit the boundary 
conditions at the sides and bottom. 

Let us consider a gravity wave propagated along the x-axis and uniform in the y- 
direction; in such a wave, all quantities are independent of y. We shall seek a solution which 
is a simple periodic function of time and of the coordinate x, i.e. we put 


$ = f(z)cos (kx — at). 


Here w is what is called the circular frequency (we shall say simply the frequency) of the 
wave; k is called the wave number; A = 2n/k is the wavelength. 


Substituting in the equation A ¢ = 0, we have 
d?f/dz? —k?f = 0. 
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The solution which decreases as we go into the interior of the liquid (i.e. as z + — 00) is 


h = Ae cos (kx — wt). (12.6) 
We have also to satisfy the boundary condition (12.5). Substituting (12.6), we obtain 
w? = kg (12.7) 


as the relation between the wave number and the frequency of a gravity wave (the 
dispersion relation). 

The velocity distribution in the moving liquid is found by simply taking the space 
derivatives of ¢: 


v, = — Ake” sin (kx— ot), v, = Ake cos (kx — at). (12.8) 


We see that the velocity diminishes exponentially as we go into the liquid. At any given 
point in space (i.e. for given x, z) the velocity vector rotates uniformly in the xz-plane, its 
magnitude remaining constant. 

Let us also determine the paths of fluid particles in the wave. We temporarily denote by 
x, z the coordinates of a moving fluid particle (and not of a point fixed in space), and by Xo, 
Zo the values of x and z at the equilibrium position of the particle. Then v, = dx/dt, 
v, = dz/dt, and on the right-hand side of (12.8) we may approximate by writing xo, Zo in 
place of x, z, since the oscillations are small. An integration with respect to time then gives 


x— Xo = -4 ee cos (kxo — ot), | 


Z— Z = -AŽ ele sin (kxo — wt). | 


Thus the fluid particles describe circles about the points (xo, Zọ) with a radius which 
diminishes exponentially with increasing depth. 


The velocity of propagation U of the wave is, as we shall show in §67, U = dw/dk. 
Substituting here @ = ae kg), we find that the velocity of propagation of gravity waves on 


an unbounded surface of infinitely deep liquid is 


= ży (g/k) = 4 / (94/27). (1210) 


It increases with the wavelength. 


LONG GRAVITY WAVES 

Having considered gravity waves whose length is small compared with the depth of the 
liquid, let us now discuss the opposite limiting case of waves whose length is large 
compared with the depth. These are called long waves. 

Let us examine first the propagation of long waves in a channel. The channel is supposed 
to be along the x-axis, and of infinite length. The cross-section of the channel may have any 
shape, and may vary along its length. We denote the cross-sectional area of the liquid in the 
channel by S = S(x,t). The depth and width of the channel are supposed small in 
comparison with the wavelength. 

We shall here consider longitudinal waves, in which the liquid moves along the channel. 
In such waves the velocity component v, along the channel is large compared with the 
components v,, v, 
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We denote v, by v simply, and omit small terms. The x-component of Euler’s equation 
can then be written in the form 


Ov 1 Op 
ôt pax’ 
and the z-component in the form 
idp 
pas g; 


we omit terms quadratic in the velocity, since the amplitude of the wave is again supposed 
small. From the second equation we have, since the pressure at the free surface (z = ¢) must 
be p 0> 


P = Po 
Substituting this expression in the first equation, we obtain 
ðv/ðt = —gdl/dx. (12.11) 


The second equation needed to determine the two unknowns v and ¢ can be derived 
similarly to thé equation of continuity; it is essentially the equation of continuity for the 
casein question. Let us consider a volume of liquid bounded by two plane cross-sections of 
the channel at a distance dx apart. In unit time a volume (Sv), of liquid flows through one 
plane, and a volume (Sv), , 4, through the other. Hence the volume of liquid between the 


fener ole eure 


two planes changes by 

0( Sv) 
Ox 

Since the liquid is incompressible, however, this change must be due simply to the change 


in the level of the liquid. The change per unit time in the volume of liquid between the two 
planes considered is (0S/dt)dx. We can therefore write 


dx. 


(Sv). 4dx z (Sv), = 


aS. (Sv) 
370% = oy dx, 
or 
ôS a(Sv) _ 
ate =O (12.12) 


This is the required equation of continuity. 

Let So be the equilibrium cross-sectional area of the liquid in the channel. Then 
S = So + S’, where S’ is the change in the cross-sectional area caused by the wave. Since the 
change in the liquid level is small, we can write S’ in the form bf, where b is the width of the 
channel at the surface of the liquid. Equation (12.12) then becomes 


ot ox 
aati 4 whe 4 25 a mana an nhenin 
Differentiating (12.13) with respect to t and substituting dv/d¢ from (12.11), we obtain 
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If the channel cross-section is the same at all points, then Sọ = constant and 


67¢ gSo °C = 


at pag? =O (12.15) 


This is called a wave equation: as we shall show in §64, it corresponds to the propagation of 
waves with a velocity U which is independent of frequency and is the square root of the 
coefficient of 67£/dx?. Thus the velocity of propagation of long gravity waves in channels is 


U = ./(gSo/b). (12.16) 


In an entirely similar manner, we can consider long waves in a large tank, which we 
suppose infinite in two directions (those of x and y). The depth of liquid in the tank is 
denoted by h. The component v, of the velocity is now small. Euler’s equations take a form 
similar to (12.11): 


(12.17) 


The equation of continuity is derived in the same way as (12.12) and is 


ot Ox Oy 


dh Aa(hv,) i O(hvy) _ 0. 


We write the depth h as họ + ¢, where ho is the equilibrium depth. Then 


ot + ae? + ôy 0. (12. 18) 


Let us assume that the tank has a horizontal bottom (h = constant). Differentiating 
(12.18) with respect to ¢ and substituting (12.17), we obtain 


Oe (OC LOO 
gi Oho 53 + ah) =0. (12.19) 


This is again a (two-dimensional) wave equation; it corresponds to waves propagated with 
a velocity 


U = /(gho). (12.20) 


PROBLEMS 


PROBLEM 1. Determine the velocity of propagation of gravity waves on an unbounded surface of liquid with 
depth h. 


SOLUTION. At the bottom of the liquid, the normal velocity component must be zero, i.e. v, = 0 /0z = 0 for 
z = —h. From this condition we find the ratio of the constants A and B in the general solution 


¢ = [Ae + Be~**] cos (kx — wt). 
The result is 
ġ = Acos (kx — wt) cosh k(z + h). 
From the boundary condition (12.5) we find the relation between k and œ to be 
w? = gktanh kh. 
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The velocity of propagation of the wave is 


1 g kh 
-1 kank p tant kh + | 


For kh > 1 we have the result (12.10), and for kh < 1 the result (12.20). 


PROBLEM 2. Determine the relation between frequency and wavelength for gravity waves on the surface 
separating two liquids, the upper liquid being bounded above by a fixed horizontal plane, and the lower liquid 


ime cimilorls hanadad halas Tha Anecite. and Anwth -fab- lew 


veins SIMMAaNnYy ounge OCIOW. Ane GCHSily ana Geptn oi tne 1owe: liquid arc p and h, those of the upper liquid 


are p' and k’, and p > p’. 


SOLUTION. We take the xy-plane as the equilibrium plane of separation of the two liquids. Let us seek a 
solution having in the two liquids the forms 


$ = Acosh k(z + h)cos(kx — wt), | 
(1) 


d&' = Beosh k(z-h’ Je cos(kx — wt), d 


so that the conditions at the upper and lower boundaries are satisfied; see the solution to Problem 1. At the 
surface of separation, the pressure must be continuous; by (12.2), this gives the condition 


õp , og 2 
pal + pr = p'gl + p at for z=, 
or 
1 ag’ 2 
E (20a once | 2 
oi’ at ae "i 


Moreover, the velocity component v, must be the same for each liquid at the surface of separation. This gives the 
condition 


6p/éz = 69'j6z for z=0. (3) 
Now v, = 0¢/0z = ô% /ðt and, substituting (2), we have 
op ag = 
ae) ee = t S a 4 
glp are Pat 5p (4) 


Substituting (1) in (3) and (4) gives two homogeneous linear equations for A and B, and the condition of 
compatibility gives 
2 kg(p—p') 
pcothkh + p’coth kh’ 
For kh > 1, kh' > 1 (both liquids very deep), 


while for kh < 1, kh’ < 1 (long waves), 
=e jem 
ph'+p'h ` 


w? = k’*gh'(p—p')/p. 


Lastly, if kh 21 and kh’ < 1, 


PROBLEM 3. Determine the relation between frequency and wavelength for gravity waves propagated 
simultaneously on the surface of separation and on the upper surface of two liquid layers, the lower (density p) 
being infinitely deep, and the upper (density p’) having depth h’ and a free upper surface. 


SOLUTION. We take the Al tna as ae -quilibrium plane of separation of the two liquids. Let us seek a 


es per pene Bae ok Bein AS qu. 


p = Ae" cos(kx — wt), 
(1) 


$ = [Be * + Ce*] cos (kx — wt). 
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At the surface of separation, i.e. for z = 0, we have the conditions (see Problem 2) 


ap _ ôg ( — tae oo 


ae 2 
ôz ðt? ot? (2) 


and at the upper surface, i.e. for z = h’, the condition 


ag’ 107g’ 


ae tga (3) 


The first equation (2), on substitution of (1), gives A = C — B, and the remaining two conditions then give two 
equations for Band C; from the condition of compatibility we obtain a quadratic equation for w°, whose roots are 


o? a kg PP) ; 
ptp tip- p) 7’ 


For h’ > œ these roots correspond to waves propagated independentiy on the surface of separation and on the 
upper surface. 


PROBLEM 4. Determine the characteristic frequencies of oscillation (see §69) of a liquid with depth h in a 
rectangular tank with width a and length b. 


SOLUTION. We take the x and y axes along two sides of the tank. Let us seek a solution in the form of a 
stationary wave: 


$ = f(x, y)cosh k(z+h)cos wt. 


We obtain for f the equation 


ay ary 
— + 


ôx? ôy? i 


and the condition at the free surface gives, as in Problem 1, the relation 
w? = gktanh kh. 
We take the solution of the equation for fin the form 
f=cospxcosqgy, p*+q? =k’. 
At the sides of the tank we must have the conditions 
v, = 0¢/6x=0 for x=0,a; 
v, = Op/éy=0 for y=0,b. 


Hence we find p = ma/a, q = nx/b, where m, n ate integers. The possible values of k? are therefore 


2 m? n? 
k? = e(a) 


§13. Internal waves in an incompressible fluid 


There is a kind of gravity wave which can be propagated inside an incompressible fluid. 
Such waves are due to an inhomogeneity of the fluid caused by the gravitational field. The 
pressure (and therefore the entropy s) necessarily varies with height; hence any 
displacement of a fluid particle in height destroys the mechanical equilibrium, and 
consequently causes an oscillatory motion. For, since the motion is adiabatic, the particle 
carries with it to its new position its old entropy s, which is not the same as the equilibrium 
value at the new position. 
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We shall suppose below that the wavelength is small in comparison with distances over 
which the gravitational field causes a marked change in density +; and we shall regard the 
fluid itself as incompressible. This means that we can neglect the change in its density 
caused by the pressure change in the wave. The change in density caused by thermal 
expansion cannot be neglected, since it is this that causes the phenomenon in question. 

Let us write down a system of hydrodynamic equations for this motion. We shall use a 
suffix 0 to distinguish the values of quantities in mechanical equilibrium, and a prime to 
mark small deviations from those values. Then the equation of conservation of the entropy 
S = 5S +s’ can be written, to the first order of smallness, 


ôs'/ðt + v. grads, = 0, (13.1) 


where So, like the equilibrium values of other quantities, is a given function of the vertical 
coordinate z. 

Next, in Euler’s equation we again neglect the term (v- grad)v (since the oscillations are 
small); taking into account also the fact that the equilibrium pressure distribution is given 
by grad p, = pog, we have to the same accuracy 


ov rad radp’ grad 

— = =EN. pes = Braep En P y. 

ôt p Po Po 
Since, from what has been said above, the change in density is due only to the change in 
entropy, and not to the change in pressure, we can put 


\ Sp / p 
and we then obtain Euler’s equation in the form 
v g (ze) p 
s — rad. (13.2) 
Öt Pods p $ Po 


ame tn) n ae tha-ara ant amaratAac 


We Call (aac Po under thie gradient operator, since, as stated above, we always neglect the 
change in the equilibrium density over distances of the order of a wavelength. The density 
may likewise be supposed constant in the equation of continuity, which then becomes 


div v = 0. (13.3) 
We shall seek a solution of equations (13.1)-(13.3) in the form of a plane wave: 
v = constant x ei(k'r— 9), 
and similarly for s’ and p'. Substitution in the equation of continuity (13.3) gives 


v-k=0, (13.4) 


t The density and pressure gradients are related by 


grad p = (op/dp), grad p = c? grad p, 
where c is the speed of sound in the fluid. The hydrostatic equation grad p = pg thus gives grad p = (p/c”)g. The 
density in the gravitational field therefore varies considerably over distances l = c?/g. For air and water, 
l = 10km and 200 km respectively. 
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i.e. the fluid velocity is everywhere perpendicular to the wave vector k (a transverse wave). 
Equations (13.1) and (13.2) give 
Dy ; 1 aeo) ik 
iws’ = v- grad sp, —iwv = + (22 sg——p. 
i Po\ Oo /p 


The condition v-k = 0 gives with the second of these equations 


2p = (20) og, 
ik*p’ = s 
OSo ey be = 


and, eliminating v and s’ from the two equations, we obtain the desired dispersion relation, 


w? = wọ sin?ð, (13.5) 

where 
2__ I op ds 13.6 
i sea) dz oe 


Here and henceforward we omit the suffix zero to the equilibrium values of thermo- 
dynamic quantities; the z-axis is vertically upwards, and 6 is the angle between this axis and 
the direction of k. If the expression on the right of (13.6) is positive, the condition for the 
stability of the equilibrium distribution s(z) (the condition that convection be absent—see 
§4) is fulfilled. 

We see that the frequency depends only on the direction of the wave vector, and not on 
its magnitude. For 9 = 0 we have w = 0; this means that waves of the type considered, with 
the wave vector vertical, cannot exist. 

If the fluid is in both mechanical equilibrium and complete thermodynamic equilibrium, 
its temperature is constant and we can write 


Ga) 
dz dp}rdz p9 Op Jr 


Finally, using the well-known thermodynamic relations 


aap (G) ca) 


where c, is the specific heat per unit mass, we find 


T ô 
eee a! ($) (13.7) 
c P |\ OT /, 
In particular, for a perfect gas, 
g 
Wo = s (13.8) 
(T) 
The dependence of the frequency on the direction of the wave vector has the result that 
the wave propagation velocity U = dw/ék is not parallel to k. Representing w(k) in the 


form 


w = woy [1 — (k+v/k)?], 
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where v is a unit vector in the vertically upward direction, and differentiating, we find 
U = — (w? /œk) (n.v) [v—(n-v)n] (13.9) 
(where n = k/k). This is perpendicular to k, and its magnitude is 
U = (w/k)cos8. 
Its vertical component is 


U -v = — (w/k)cos @ sin 8. 


§14. Waves in a rotating fluid 


Another kind of internal wave can be propagated in an incompressible fluid uniformly 
rotating as a whole. These waves are due to the Coriolis forces which occur in rotation. 

We shall consider the fluid in coordinates rotating with it. With this treatment, the 
mechanical equations of motion must include additional (centrifugal and Coriolis) terms. 
Correspondingly, forces (per unit mass of fluid) must be added on the right of Euler’s 
equation. The centrifugal force can be written as gradł(Qxr)?, where Q is the angular 
velocity vector of the fluid rotation. This term can be combined with the force 
—(1/p) grad p by using an effective pressure 


P = p—4p(Qxr)’. (14.1) 


The Coriolis force is 2v XQ, and occurs only when the fluid has a motion relative to the 
rotating coordinates, v being the velocity in those coordinates. We can transfer this term to 
the left-hand side of Euler’s equation, writing the equation as 


Ov/dt + (v-grad)v + 2Qxv = —(1/p)grad P. (14.2) 


The equation of continuity is unchanged; for an incompressible fluid, it is simply div v = 0. 
We shall again assume the wave amplitude to be small, and neglect the term quadratic in 
the velocity in (14.2), which becomes 


Ov/dt+2Qxv = —(1/p) grad p’, (14.3) 


where p’ is the variable part of the pressure in the wave, and p is a constant. The pressure 
can be eliminated by taking the curl of both sides. The right-hand side gives zero, and on 
the left-hand side, since the fluid is incompressible, 


curl (QXv) = Odiv v — (Q- grad)v 


= — (Q - grad)v. 
Taking the direction of Q as the z-axis, we write the resulting equation as 
eal v= n”. (14.4) 
ôt Oz 
We seek the solution as a plane wave 
v= Aei(k-r— ot), (14.5) 


which, since div v = 0, satisfies the transversality condition 


k-A=0. (14.6) 


§14 Waves in a rotating fluid 41 
Substitution of (14.5) in (14.4) gives 
wk Xv = 2iQk,v. (14.7) 


The dispersion relation for these waves is found by eliminating v from this vector 
equation. Vector multiplication on both sides by k gives 


— wk?y = 2iNQk,k xv 
and a comparison of the two equations yields the dependence of w on k: 
œw = 20k,/k = 2Qcos 8, (14.8) 


where 0 is the angle between k and Q. 
With (14.4), (14.7) takes the form 


where n = k/k. If we use the complex wave amplitude in the form A = a +ib with real 
vectors a and b, it follows that nxb = a: the vectors a and b (both lying in the plane 
perpendicular to k) are at right angles and equal in magnitude. By taking their directions as 
the x and y axes, and separating real and imaginary parts in (14.5), we find 


vb, = acos (wt —k-r), v, = — asin (wt —k-r). 


The wave is thus circularly polarized: at each point in space, the vector v rotates in the 
course of time, remaining constant in magnitude. 
The wave propagation velocity is 


U = d0/dk = (20/k)[v—n(a-v)], (14.9) 


where v is a unit vector along Q; as with internal gravity waves, it is perpendicular to the 
wave vector. Its magnitude and its component along 2 are 


U = (20/k)sin6é,  U-v = (2Q/k)sin?0 = U sin 6. 


These are called inertial waves. Since the Coriolis forces do no work on the moving fluid, 
the energy in the waves is entirely kinetic energy. 

One particular form of axially symmetrical (not plane) inertial waves can be propagated 
along the axis of rotation of the fluid; see Problem 1. 

There is one more comment to be made, regarding steady motions in a rotating fluid 
rather than wave propagation in it. 

Let | be a characteristic length for such motion, and u a characteristic velocity. In order 
of magnitude, the term (v-grad)v in (14.2) is u?/l, and 2Qxv is Qu. The former can be 
neglected in comparison with the latter if u/IQ < 1, and the equation of steady motion then 
reduces to 


2Qxv = —(1/p) grad P (14.10) 
or 


2Qv, = (1/p)6P/dx, 20v, = —(1/p)éP/éy, oP/dz = 0, 


t This motion is relative to rotating coordinates. For fixed coordinates, it is combined with the rotation of the 
whole fluid. 
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where x and y are Cartesian coordinates in the plane perpendicular to the axis of rotation. 
Hence we see that P, and therefore v, and v,, are independent of the longitudinal 
coordinate z. Next, eliminating P from the first two equations, we get 

dv, , Ov, 

= + =e 
Ox oy 
and the equation div v = 0 then shows that dv,/dz = 0. Thus steady motion (in rotating 
coordinates) in a rapidly rotating fluid is a superposition of two independent motions: two- 


dimensional flow in the transverse plane and axial flow independent of z (J. Proudman 
1916). 


= 0, 


PROBLEM 1. Determine the motion in an axially symmetrical wave propagated along the axis of an 
incompressible fluid rotating as a whole (W. Thomson 1880). 


SOLUTION. We take cylindrical polar coordinates r, ¢, z, with the z-axis parallel to Q. In an axially symmetrical 
wave, all quantities are independent of the angle variable ¢. The dependence on time and on the coordinate z is 
given by a factor exp [i(kz — wt)]. Taking components in (14.3), we get 


—iwv, — Quy, = —(1/p)op'/er, (1) 
—iwvg + 2Quv, = 0, —iwv, = —(ik/p)p’. (2) 

These are to be combined with the equation of continuity 
(rv,) + ike, = 0. (3) 


Expressing vg and p’ in terms of v, by means of (2) and (3) and substituting in (1), we find the equation 
d?F 1dF [ 407k? 1 
—, +-— +| —,—-k?-— |F =0 
arte w? 3] 

for the function F (r) which determines the radial dependence of v,: 


v, = F (rje: = kz) 


(4) 


The solution that vanishes for r = 0 is 
F = constant x J, [kr./{(4?/m) — 1}, (5) 


where J, is a Bessel function of order 1. 
The motion comprises regions between coaxial cylinders with radius r, such that 


kr, /{ (49? /@?) —1} = x, 
where x,, x2, . . . are the successive zeros of J, (x). On these cylindrical surfaces v, = 0, and the fluid therefore 
does not cross them. 
For these waves in an infinite fluid, w is independent of k. The possible values of the frequency are, however, 


restricted by the condition w < 29, if this is not satisfied, (4) has no solution satisfying the necessary conditions of 
finiteness. 


If the rotating fluid is bounded by a cylindrical wall with radius R, we have to use the condition v, = 0 at the 
wall. This gives the relation 


ka,/{(402/w?)— 1} = x, 
between œ and k for a wave with a given n (the number of coaxial regions in it). 
PROBLEM 2. Derive an equation describing an arbitrary small perturbation of the pressure in a rotating fluid. 
SOLUTION. Equation (14.3) in components is 
lop ov, lop’ 


Mr aa, ct 9 RR ah aa 1 
t y x? B p ay ôt p az () 


§14 Waves in a rotating fluid 


Differentiating these with respect to x, y, and z, adding, and using div v = 0, we find 
1 dv, ôv 
Ap =20{ -— }, 
P ne (z oy ) 

Differentiation with respect to t, again using equations (1), gives 


é 6*p 
— Ap +49?— =0. 
ae? = Gz? 


For periodic perturbations with frequency w, this becomes 
p ær 40? \ ap 
e 
ôx* ay w* joz 
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(2) 


(3) 


For waves having the form (14.5), this of course gives the known dispersion relation (14.8), with œ < 2Q and a 
negative coefficient of ô°p'/ôz? in (3). Perturbations from a point source are propagated along generators of a 


cone whose axis is along Q and whose vertical angle is 20, where sin 0 = œ/2Q. 


When w > 22, the coefficient of 0? p'/6z? in (3) is positive, and this equation becomes Laplace’s equation by an 
obvious change in the z scale. In this case, a point source of perturbation affects the whole volume of the fluid, to 


an extent that decreases away from the source according to a power law. 


CHAPTER II 


VISCOUS FLUIDS 


§15. The equations of motion of a viscous fluid 


Let us now study the effect of energy dissipation, occurring during the motion of a fluid, 
on that motion itself. This process is the result of the thermodynamic irreversibility of the 


motion. This irreversibility always occurs to some extent, and is due to internal friction 


motion. This irreversibility always occurs to some extent, and is due to internal friction 
(viscosity) and thermal conduction. 

In order to obtain the equations describing the motion of a viscous fluid, we have to 
include some additional terms in the equation of motion of an ideal fluid. The equation of 
continuity, as we see from its derivation, is equally valid for any fluid, whether viscous or 
not. Euler’s equation, on the other hand, requires modification. 

We have seen in §7 that Euler’s equation can be written in the form 


ð ou 5, 
(px) = -s 
ôt ð 
wherel] ,, is the momentum flux density tensor. The momentum flux given by formula (7.2) 


given oy formuita (! 
represents a completely reversible transfer of momentum, pian simply to the mechanical 
transport of the different particles of fluid from place to place and to the pressure forces 
acting in the fluid. The viscosity (internal friction) causes another, irreversible, transfer of 
momentum from points where the velocity is large to those where it is small. 

The equation of motion of a viscous fluid may therefore be obtained by adding to the 
“ideal” momentum flux (7.2)a term — o’;, which gives the irreversible “viscous” transfer of 
momentum in the fluid. Thus we write the momentum flux density tensor in a viscous fluid 
in the form 


Ii = Pi, + PVM, — Oy, = — Fy + PVY. (15.1) 
The tensor 
Oik = — pO t+ On (15.2) 


is called the stress tensor, and o' the viscous stress tensor. 6; gives the part of the 
momentum flux that is not due to the direct transfer of momentum with the mass of 


moving fluid.t 


The general form of the tensor o’;, can be established as follows. Processes of internal 
friction occur in a fluid only when different fluid particles move with different velocities, so 
that there is a relative motion between various parts of the fluid. Hence o’ ;, must depend on 
the space derivatives of the velocity. If the velocity gradients are small, we may suppose 


+ We shall see below that o’,, contains a term proportional to dj,, i.e. of the same form as the term pé,,. When 
the momentum flux tensor is put in such a form, therefore, we should specify what is meant by the pressure p; see 
the end of §49. 
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that the momentum transfer due to viscosity depends only on the first derivatives of the 
velocity. To the same approximation, o’,, may be supposed a linear function of the 
derivatives dv;/0x,. There can be no terms in o’;, independent of 0v,;/0x,, since o’ ;, must 
vanish for v = constant. Next, we notice that d'i, must also vanish when the whole fluid is 
in uniform rotation, since it is clear that in such a motion no internal friction occurs in the 
fluid. In uniform rotation with angular velocity Q, the velocity v is equal to the vector 
product Q xr. The sums 


Öv; dy, 
Ox, Ox; 


are linear combinations of the derivatives 0v;/0x,,and vanish when v = Q xr. Hence o’;, 
must contain just these symmetrical combinations of the derivatives dv,/0x,. 
The most general tensor of rank two satisfying the above conditions is 


oy = (2+ oth ay u) a (15.3) 
i x) X 


with coefficients 7 and ¢ independent of the velocity. In making this statement we use the 
fact that the fluid is isotropic, as a result of which its properties must be described by scalar 
quantities only (in this case, y and ¢). The terms in (15.3) are arranged so that the expression 
in parentheses has the property of vanishing on contraction with respect to i and k.t The 
constants y and ¢ are called coefficients of viscosity, and ¢ often the second viscosity. AS we 
shall show in §§16 and 49, they are both positive: 


n> 0, C>0. (15.4) 


The equations of motion of a viscous fluid can now be obtained by simply adding the 
expressions do’, /0x, to the right-hand side of Euler’s equation 


uae A = ach 
P ae ax, J ax,” 
Thus we have 


Ov; dv;\_ êp ô Ov; ON 4, Ov ô f ðv 
of ôt ğ na) OX; š Ox, i$ a Ox; ~ ua + ox, Cx, (99) 


This is the most general form of the equations of motion of a viscous fluid. The quantities n 

and ¢ are functions of pressure and temperature. In general, p and 7, and therefore n and ¢, 

are not constant throughout the fluid, so that 7 and ¢ cannot be taken outside the gradient 

operator. 

In most cases, however, the viscosity coefficients do not change 
: í 


t 
nd they may be regarded as constant. We then have equations 


noticeably in the fluid, 
4 


£i in vantar farm ac 
=J 
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p| Z+ v-arady | = —gradp+nAv+(¢+4n)grad div v. (15.6) 


This is called the Navier-Stokes equation. It becomes considerably simpler if the fluid 
may be regarded as incompressible, so that div v = 0, and the last term on the right of (15.6) 


t That is, on taking the sum of the components with i = k. 
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is zero. In discussing viscous fluids, we shall almost always regard them as 
incompressible, and accordingly use the equation of motion in the formt 


OY + (v-grad)v = -5 grad p+ 7A v. (15.7) 


The stress tensor in an incompressible fluid takes the simple form 
: Ov; 
Oir = — Pox tn = +>} (15.8) 
Ox, Ox 


We see that the viscosity of an incompressible fluid is determined by only one coefficient. 
Since most fluids may be regarded as practically incompressible, it is this viscosity 
coefficient y which is generally of importance. The ratio 


v=n/p (15.9) 


is called the kinematic viscosity (while y itself is called the dynamic viscosity). We give below 
the values of 7 and v for various fluids, at a temperature of 20°C: 


n (g/cm sec) v (cm? /sec) 
Water 0-010 0-010 
Air 0-00018 0-150 
Alcohol 0-018 0-022 
Glycerine 8-5 6-8 
Mercury 0-0156 0:0012 


It may be mentioned that the dynamic viscosity of a gas at a given temperature is 
independent of the pressure. The kinematic viscosity, however, is inversely proportional to 
the pressure. 

The pressure can be eliminated from equation (15.7) in the same way as from Euler’s 
equation. Taking the curl of both sides, we obtain, instead of equation (2.11) as for an ideal 
fluid, 


2 (curlv) = curl (v x curl v) + vA (curl v) 


Since the fluid is incompressible, the e Ten can be transformed ar expanding the 
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he eq 
£ (curl -v)+ (v- grad) curl v — (curl v- grad) v 


= vA curl v. (15.10) 


+ Equation (15.7) was first stated as a result of studies on models by C. L. Navier (1827). A derivation, similar to 
the modern one, for equations (15.6) (without the ¢ term) and (15.7) was given by G. G. Stokes (1845). 
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When the velocity distribution is known, the pressure distribution in the fluid can be found 
by solving the Poisson-type equation 
E Ôv; Ov, 27 0;0, 
ne P ox, 6x; Pax, 0x, 
which is obtained by taking the divergence of (15.7). 


We may also give the equation satisfied by the stream function wW(x,v) in two- 


SAO vuy vyvar Seen sens eB ICIL 1 5 le t 


(15.11) 


dimensional flow of an incompressible viscous fluid. It is derived by substituting (10.9) in 
(15.10): 
ð ow oA 
AEL y AE (15.12) 
ôt ôx Oy ôy Ox 


We must also write down the boundary conditions on the equations of motion of a 
viscous fluid. There are always forces of molecular attraction between a viscous fluid and 
the surface of a solid body, and these forces have the result that the layer of fluid 
immediately adjacent to the surface is brought completely to rest, and “adheres” to the 
surface. Accordingly, the boundary conditions on the equations of motion of a viscous 
fluid require that the fluid velocity should vanish at fixed solid surfaces: 


v=0. (15.13) 


It should be emphasized that both the normal and the tangential velocity component must 
vanish, whereas for an ideal fluid the boundary conditions require only the vanishing of 
Pact 

In the general case of a moving surface, the velocity v must be equal to the velocity of the 
surface. 

It is easy to write down an expression for the force acting on a solid surface bounding the 
fluid. The force acting on an element of the surface is just the momentum flux through this 
element. The momentum flux through the surface element df is 


U df, = (vv, — 64 df. 


Writing dj, in the form df, = n,d/, where nis a unit vector along the normal, and recalling 
that v = 0 at a solid surface,{ we find that the force P acting on unit surface area is 


P; = — Oin, = pri — Tik (15.14) 


The first term is the ordinary pressure of the fluid, while the second is the force of friction, 


due to the viscosity, acting on the surface. We must emphasize that n in (15.14) is a unit 
vector along the outward normal to the fluid, i.e. along the inward normal to the solid 


WUE Usd Edw Wee Vera te asta seated BL tiw i We eae sake saaton Sesh Sls 


surface. 


+ We may note that, in general, Euler’s equations cannot be satisfied with the extra boundary condition (in 
comparison with the case of an ideal fluid) that the tangential velocity be zero. Mathematically, this occurs 
becuase the equation is first-order in the derivatives with respect to the coordinates, whereas the Navier-Stokes 
equation is second-order. 

ł In determining the force acting on the surface, each surface element must be considered in a frame of 


reference in which it is at rest. The force is equal to the momentum flux only when the surface is fixed. 


FM-C 
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If we have a surface of separation between two immiscible fluids, the conditions at the 
surface are that the velocities of the fluids must be equal and the forces which they exert on 
each other must be equal and opposite. The latter condition is written 


Ny G1, ix + 2,402, ix = 9, 


where the suffixes 1 and 2 refer to the two fluids. The normal vectors n, and n, are in 


opposite directions ie n, = —n, =n co that we cans; 


Lees, DELA WW LEWA Lowe ani =. A —— y UW SALE VY Ww 
NiOy, ix = NiO2, ix- (15.15) 
At a free surface of the fluid the condition 
Gikk = Oo" »"pNy — pn; = 0 (15.16) 
eee eet Ltd 
must noid. 
EQUATIONS OF MOTION IN CURVILINEAR COORDINATES 
We give below, for reference, the equations of motion for a viscous incompressible fluid 


in frequently used curvilinear coordinates. In cylindrical polar coordinates r, ¢, z the 
components of the stress tensor are 


Ov, Ov, Ov, v 
Or, = =p + N> Org = (ige “| 
s = — p+ onl 1 Se,» | _ (2 , 1 ov. \ 
TOPS ro Nre rf = “\az rôp? 
a av, ô 
Oe = — P+ In", 6..=1 ao ) (15.17) 


The three components of the Navier-Stokes equation are 


ve = 12, Ay 2 Se _ t 
r p ae ry 


So *grad)v, + +t = 1 Baa tage oh 
a = -5 et vAn, (15.18) 
where 
(v-grad) f = v, oe reito or 
TOORE 


The equation of continuity is 
1 ô(rv,) 1 Og a 
r ôr r 0d 


=0. (15.19) 
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In spherical polar coordinates r, 6, 0 we have for the stress tensor 


Ov, 
oy, a SPENT > 
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15.20 
1 dv, Ov, Va í ) 
ro NN or r? 
= v9 A dv, _ Ye cot 0 \ 
= (a sin 0 ao * r 60 r } 
Ov, 1 dv vo 
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while the Navier-Stokes equations are 
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The equation of continuity is 
2 d(r’v,) 1 (vg sin @) 1 dvg _ (15.22) 
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§16. Energy dissipation in an incompressible fluid 


The presence of viscosity results in the dissipation of energy, which is finally 
transformed into heat. The calculation of the energy dissipation is especially simple for an 
incompressible fluid. 

The total kinetic energy of an incompressible fluid is 


We take the time derivative of this energy, writing OGpu’)/ot = pv,dv,/ét and substituting 
for Gv;/dt the expression for it given by the Navier-Stokes equation: 


00; dv; 10 1 Go’; 
Ue = Vi L E 


ôt “Ox, pox; p ôx 

The result is 
aina 00's, 
— (+t = -pov-(Vve rad)v—v- rad V; 
5, (PP ) pY» (Y° grad) grad p + ax, 


i ðv; 
= —p(v- grad)( $e? +2) +div (v-o )— o'r —. 
P OX, 
‘Here v-o’ denotes the vector whose components are v;0';,. Since div v = 0 for an 
incompressible fluid, we can write the first term on the right as a divergence: 


3 J / À | Gv; 
a (pv?) = -div p40 +P )—ve'| —o'ik ra (16.1) 


The expression in brackets is just the energy flux density in the fluid: the term 
pv(4v’ + p/p) is the energy flux due to the actual transfer of fluid mass, and is the same as 
the energy flux in an ideal fluid (see (10.5)). The second term, v-o’, is the energy flux due to 
processes of internal friction. For the presence of viscosity results in a momentum flux o'i; 
a transfer of momentum, however, always involves a transfer of energy, and the energy flux 
is clearly equal to the scalar product of the momentum flux and the velocity. 

If we integrate (16.1) over some volume V, we obtain 


ô ; 
= fiav = -¢ EG +2) =v. o | edf — fona Vy. (16.2) 
ôt p OX, 


The first term on the right gives the rate of change of the kinetic energy of the fluid in V 
owing to the energy flux through the surface bounding V. The integral in the second term 
is consequently the decrease per unit time in the kinetic energy owing to dissipation. 

If the integration is extended to the whole voiume of the fiuid, the surface integral 
vanishes (since the velocity vanishes at infinityt ), and we find the energy dissipated per unit 
time in the whole fluid to be 


+ Weare considering the motion of the fluid in a system of coordinates such that the fluid is at rest at infinity. 
Here, and in similar cases, we speak, for the sake of definiteness, of an infinite volume of fluid, but this implies no 
loss of generality. For a fluid enclosed in a finite volume, the surface integral again vanishes, because the velocity 
at the surface vanishes. 
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since the tensor o'x is symmetrical. In incompressible fluids, the tensor g’; is given by 
(15.8), so that we have finally for the energy dissipation in an incompressible fluid 


Éin = — 4n (22y dV. (16.3) 


The dissipation leads to a decrease in the mechanical energy, i.e. we must have Eun < O. 
The integral in (16.3), however, is always positive. We therefore conclude that the viscosity 
coefficient y is always positive. 


PROBLEM 


Transform the integral (16.3) for potential flow into an integral over the surface bounding the region of flow. 


SOLUTION. Putting 6n;/6x, = 6v,/6x; and integrating once by paris, we find 


= Ov; 2 Ov, 
E;n = -2 — } dř = -2 ——d 
= E) 4 fos fe 


Ein = -n | grade? -at 


or 


§17. Flow in a pipe 


We shall now consider some simple problems of motion of an incompressible viscous 
fluid. 

Let the fluid be enclosed between two parallel planes moving with a constant relative 
velocity u. We take one of these planes as the xz-plane, with the x-axis in the direction of u. 
It is clear that all quantities depend only on y, and that the fluid velocity is everywhere in 
the x-direction. We have from (15.7) for steady flow 


LEEW ATUL ACUI VV Ww LUYU Li Viii qirs i J awa ae erceue y Liw y 
dp/dy =0, d?v/dy? = 0. 


(The equation of continuity is satisfied identically.) Hence p = constant, v = ay +b. For 
y = Qand y = h (h being the distance between the planes) we must have respectively v = 0 
and v = u. Thus 

v = yu/h. (17.1) 


The fluid velocity distribution is therefore linear. The mean fluid velocity is 


ody = ES (17.2) 
2 4 7 


From (15.14) we find that the normal component of the force on either plane is just p, as it 
should be, while the tangential friction force on the plane y = 0 is 


Ox, = ndv/dy = yu/h; (17.3) 


the force on the plane y = his —nu/h. 
Next, let us consider steady flow between two fixed parallel planes in the presence of a 
pressure gradient. We choose the coordinates as before; the x-axis is in the direction of 
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motion of the fluid. The Navier-Stokes equations give, since the velocity clearly depends 
only on y, 


ôv 1p Op 
ôy? nô? dy — 


The second equation shows that the pressure is independent of y, i.e. it is constant across 
the denth of the fluid between the planes. The right-hand side of the first equation is 


PREY MEW P EEE WR tiiw iwin Uwi wtar CEA p ARedd we a iiw iagi Siw Wk Shaw ase ey is Seeetteiatiatal 


therefore a function of x only, while the left-hand side is a function of y only; this can be 
true only if both sides are constant. Thus dp/dx = constant, i.e. the pressure is a linear 
function of the coordinate x along the direction of flow. For the velocity we now obtain 


dp , 
UF oy ds y* +ay+b. 


The constants a and b are determined from the boundary conditions, v = 0 for y = 0 and 
y = h. The result is 


eee (17.4) 


Thus the velocity varies parabolically across the fluid, reaching its maximum value in the 
middle. The mean fluid velocity (averaged over the depth of the fluid) is 


_ hed 
12y dx 
The frictional force acting on one of the fixed planes is 
osy = n(dv/dy)y-9 = —zhdp/dx. (17.6) 


Finally, let us consider steady flow in a pipe with arbitrary cross-section (the same along 
the whole lengsth of the nine. however). We take the axis of the nine as the x-axis. The fluid 


TAL W IViv Ivilg tii Uir ULL Papu; LLU TV UE fe TY v ODV tiiv Omaio Vi tiiv papy GS wan ry iiS. BAe AA 
velocity is evidently along the x-axis at all points, and is a function of y and z only. The 
equation of continuity is satisfied identically, while the y and z components of the 
Navier-Stokes equation again give 0p/dy = dp/dz = 0, i.e. the pressure is constant over 
the cross-section of the pipe. The x-component of equation (15.7) gives 
v êv ld 

E eee (17.7) 

Oy” oz” ndx 
Hence we again conclude that dp/dx = constant; the pressure gradient may therefore be 
written — Ap/I, where Ap is the pressure difference between the ends of the pipe and lis its 


length 


length. 

Thus the velocity distribution for flow in a pipe is determined by a two-dimensional 
equation of the form A v = constant. This equation has to be solved with the boundary 
condition v = 0 at the circumference of the cross-section of the pipe. We shall solve the 
equation for a pipe with circular cross-section. Taking the origin at the centre of the circle 
and using polar coordinates, we have by symmetry v = v(r). Using the expression for the 


Pe ntas 


Laplacian in polar coordinates, we have 
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Integration gives 


v= -r +alogr +b. (17.8) 


The constant a must be put equal to zero, since the velocity must remain finite at the centre 
of the pipe. The constant b is determined from the requirement that v = 0 for r = R, where 
R is the radius of the pipe. We then find 


Ap 


v= R? —r’). 17.9 
pi (17.9) 
Thus the velocity distribution across the pipe is parabolic. 
It is easy to determine the mass Q of fluid passing per unit time through any cross- 
section of the pipe (called the discharge). A mass p+2nrv dr passes per unit time through an 
PIPS Wwe COT Ge jy K CONE ee Bw Ò 
annular element 22r dr of the cross-sectional area. Hence 
R 
Q = 27p | rvdr. 
o 
Using (17.9), we obtain 
nA 
sZ pt, (17.10) 
8vi 


The mass of fluid is thus proportional to the fourth power of the radius of the pipe. 


PROBLEMS 


PROBLEM 1. Determine the flow in a pipe of annular cross-section, the internal and external radii being R, , R2. 


SOLUTION. Determining the constants a and b in the general solution (17.8) from the conditions that v = 0 


for r = R, and r = R,, we find 
on eRe EE gt | 
áni + Tog(R/Ri) 


_7Ap 4 Bm] 
z E Re Tog (RAR) J 


The discharge is 


PROBLEM 2. The same as Problem 1, but for a pipe of elliptical cross-section. 
SOLUTION. We seek a solution of equation (17.7) in the form v = Ay* + Bz? + C. The constants A, B, C are 


P EE A eo a a a a | eee ae am o nbin nee a an = m an ~~ a 
determined from the requirement that this expression must satisfy the boundar y condition v= 0 on the 


circumference of the ellipse (i.e. Ay? + Bz? +C = 0 must be the same as the equation y?/a? + z?/b? = 1, where a 
and b are the semi-axes of the ellipse). The result is 


Ap a?b? (: y? a) 
~ nl a? +b? a bf 


+ The dependence of Q on Apand R given by this formula was established empirically by G. Hagen (1839) and 
J. L. M. Poiseuille (1840) and theoretically justified by G. G. Stokes (1845). 

Parallel viscous flow between fixed walls is often called Poiseuille flow in the literature; equation (17.4) relates to 
two-dimensional Poiseuille flow. 
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The discharge is 
nAp b’ 
4vl a? +b? 


Q= 


PROBLEM 3. The same as Problem 1, but for a pipe whose cross-section is an equilateral triangle with side a. 
SOLUTION. The solution of equation (17.7) which vanishes on the bounding triangle is 
_A p 2 
T Sian hyh,, 
where h, ,h,, h; are the lengths of the perpendiculars from a given point in the triangle to its three sides. For each 
of the expressions Ah,, A hz, Ah, (where A = 67/02? + 67/dy”) is zero; this is seen at once from the fact that 


each of the perpendiculars h, , h3, h3 may be taken as the axis of y or z, and the result of applying the Laplacian toa 
coordinate is zero. We therefore have 


A (Ay hgh3) = 2(h, grad h, > grad h, +h, grad h, * grad h, +h; grad h, -gradh,) 


But grad h, = n,, grad h, = n,, grad h, = n, , where n, , n, , n, are unit vectors along the perpendiculars hi, hz, 
h,. Any two ofn,, „B, B, areatan angle 27/3, sothat grad h, -prad h, = n; +n, = cos (27/3) = 4 and so on. We 
thus obtain the relation 


A (hihzh3) = — (hi +h +hs) = ~ 4/30, 
and we see that equation (17.7) is satisfied. The discharge is 


PROBLEM 4. A cylinder with radius R, moves parallel to its axis with velocity u inside a coaxial cylinder with 
radius R,. Determine the motion of a fluid occupying the space between the cylinders. 


SOLUTION. Wetake cylindrical polar coordinates, with the z-axis along the axis of the cylinders. The velocity is 
everywhere along the z-axis and depends only on r (as does the pressure): v, = v(r). We obtain for v the equation 


1 g) 
=-—|r— ]=0; 
rdr\ dr 


the term (v > grad)v = v dv/dz vanishes identically. Using the boundary conditions v = u for r = R, and v = O for 
r = R,, we find 


_ _ log(r/R2) 
= UR 
The frictional force per unit length of either aiae is sae log( R,/R;). 


PROBLEM 5. A layer of fluid with thickness h is bounded above by a free surface and below by a fixed plane 
inclined at an angle « to the horizontal. Determine the flow due to gravity. 


SOLUTION. We take the fixed plane as the xy-plane, with the x-axis in the direction of flow (Fig. 6). We seek a 
solution depending only on z. The Navier-Stokes equations with v, = v(z) in a gravitational field are 


dv dp 
neg tegen =O, gz eet 


zl 
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At the free surface (z = h) we must have o,, = 4 du/dz = 0, o,, = —p = — Po (Po being the atmospheric 
pressure). For z = 0 we must have v = 0. The solution satisfying these conditions is 


sin 
P = Po + pg(h—z)cosa, el % 2h- 2). 
The discharge, per unit length in the y-direction, is 
h 
hosing 
Q=p PAL as 
J 3v 
0 


PROBLEM 6. Determine the way in which the pressure falls along a tube of circular cross-section in which a 
viscous perfect gas is flowing isothermally (bearing in mind that the dynamic viscosity 7 of a perfect gas is 
independent of the pressure). 


SOLUTION. Over any short section of the pipe the gas may be supposed incompressible, provided that the 
Pressure gradient is not too great, and we can therefore use formula (17.10), according to which 
_4p _ 810 
dx  7pR* 


Over greater distances, however, p varies, and the pressure is not a linear function of x. According to the 
equation of state, the gas density p = mp/T, where m is the mass of a molecule, so that 


(The discharge Q of the gas through the tube is obviously the same, whether or not the gas is incompressible.) 
From this we find 


where p, p, are the pressures at the ends of a section of the tube with length 1. 


§18. Flow between rotating cylinders 


s now axial cylinders with 
radii R,, Rə (R, > R,), rotating about their axis with angular velocities Q,, Q,.t We take 
cylindrical polar coordinates r, $, z, with the z-axis along i axis of the cylinders. It is 


evident from symmetry that 


Let us now consider the motion of a fluid between two infinite co. 


v, =v, = 0, Vy = v(r), p = p(r). 
The Navier-Stokes equation in cylindrical polar coordinates gives in this case two 
nee dp/dr = pv? /r, (18.1) 


2 
si a (18:2) 


dr? rdr r? 


The latter equation has solutions of the form r”; substitution gives n = +1, so that 
v=ar+-. 
r 


The constants a an 
fluid velocity att 


wiwi at 


nd b are found from the boundary conditions, according to which the 


aces must be equal to that of the 


aan Wye tU taugt va tir 


+ Flow between rotating cylinders is often called Couette flow in the literature (M. Couette 1890). In the limit 
R, — R2, it becomes the flow (17.1) between moving parallel planes, referred to as two-dimensional Couette flow. 


FM-C* 
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corresponding cylinder: v = R, Q, for r = R,,v = R,Q, forr = R,. As a result we find the 
velocity distribution to be 


_2,R/ —Q,R,? os racer -Q)R,? R? 1 
R,?-R,? R,?-R,? r 


The pressure distribution is then found from (18.1) by straightforward integration. 

For Q, = Q, = Q we have simply v = Qr, i.e. the fluid rotates rigidly with the cylinders. 
When the outer cylinder is absent (Q, = 0, R, = œ) we have v = Q, R,?/r. 

Let us also determine the moment of the frictional forces acting on the cylinders. The 
frictional force acting on unit area of the inner cylinder is along the tangent to the surface 
and, from (15.14), is equal to the component o’,, of the stress tensor. Using formulae 
(15.17), we find 

; [/av v\]| 


io',g]-=R, = Narr) sy 


(18.3) 


The moment of this force is found by multiplying by R, , and the total moment M, acting 
on unit length of the cylinder by multiplying the result by 2xR,. We thus have 


_ 4a (Q, - Q,)R,? R3? 


M, = 18.4 

R: i. R,? ( ) 

The moment of the forces acting on the outer cylinder is M, = —M,. When Q, = Qand 
the gap between the cylinders is small (6 = R, — R, < R3), (18.4) becomes 

M, = n RSu/ò, (18.5) 


where S = 27 R is the surface area of the cylinder per unit length, and u = Q, R is its 
peripheral velocity.t 

The following general remark may be made concerning the solutions of the equations of 
motion of a viscous fluid which we have obtained in §§17 and 18. In all these cases the non- 
linear term (v-grad)v in the equations which determine the velocity distribution is 
identically zero, so that we are actually solving linear equations, a fact which very much 
simplifies the problem. For this reason all the solutions also satisfy the equations of motion 
for an incompressible ideal fluid, say in the form (10.2) and (10.3). This is why formulae 
(17.1) and (18.3) do not contain the viscosity coefficient at all. This coefficient appears only 
in formulae, such as (17.9), which relate the velocity to the pressure gradient in the fluid, 
since the presence of a pressure gradient is due to the viscosity; an ideal fluid could flow in a 
pipe even if there were no pressure gradient. 


§19. The law of similarity 


In studying the motion of viscous fluids we can obtain a number of important results 
from simple arguments concerning the dimensions of various physical quantities. Let us 


+ The solution of the more complex problem of the motion of a viscous fluid in a narrow space between 
cylinders whose axes are parallel but not coincident may be found in: N. E. Kochin, I. A. Kibel’ and N. V. Roze. 
Theoretical H ydromechanics ( Teoreticheskaya gidromekhanika), Part 2, p. 534, Moscow 1963; A. Sommerfeld, 
Mechanics of Deformable Bodies, §36, New York 1950. 


§19 The law of similarity 57 


consider any particular type of motion, for instance the motion of a body of some definite 
shape through a fluid. If the body is not a sphere, its direction of motion must also be 
specified: e.g. the motion of an ellipsoid in the direction of its greatest or least axis. 
Alternatively, we may be considering flow in a region with boundaries having a definite 
form (a pipe with given cross-section, etc.). 

In such a case we say that bodies of the same shape are geometrically similar; they can be 
obtained from one another by changing all linear dimensions in the same ratio. Hence, if 
the shape of the body is given, it suffices to specify any one of its linear dimensions (the 
radius of a sphere or of a cylindrical pipe, one semi-axis of a spheroid with given 
eccentricity, and so on) in order to determine its dimensions completely. 

We shall at present consider steady flow. If, for example, we are discussing flow past a 
solid body (which case we shall take below, for definiteness), the velocity of the main 
stream must therefore be constant. We shall suppose the fluid incompressible. 

Of the parameters which characterize the fluid itself, only the kinematic viscosity 
v = n/p appears in the equations of hydrodynamics (the Navier-Stokes equations); the 
unknown functions which have to be determined by solving the equations are the velocity v 
and the ratio p/p of the pressure p to the constant density p. Moreover, the flow depends, 
through the boundary conditions, on the shape and dimensions of the body moving 
through the fluid and on its velocity. Since the shape of the body is supposed given, its 
geometrical properties are determined by one linear dimension, which we denote by !. Let 
the velocity of the main stream be u. Then any flow is specified by three parameters, v, uand 
l. These quantities have the following dimensions: 


2; 


v = om Q = rm g 
Y e WAAL i 


la ec 
Vl fj OW. 


er l = rm as 
Wey t = Viii, u 


It is easy to verify that only one dimensionless quantity can be formed from the above 
three, namely ul/v. This combination is called the Reynolds number and is denoted by R: 


R = pul/n = ul/v. (19.1) 


Any other dimensionless parameter can be written as a function of R. 

We shall now measure lengths in terms of l, and velocities in terms of u, i.e. we introduce 
the dimensionless quantities (r/l, v/u. Since the only dimensionless parameter is the 
Reynolds number, it is evident that the velocity distribution obtained by solving the 
equations of incompressible flow is given by a function having the form 


v = uf(r/l,R). (19.2) 


It is seen from this expression that, in two different flows of the same type (for example, 
flow past spheres with different radii by fluids with different viscosities), the velocities v/u 
are the same functions of the ratio r// if the Reynolds number is the same for each flow. 
Flows which can be obtained from one another by simply changing the unit of 
measurement of coordinates and velocities are said to be similar. Thus flows of the same 
type with the same Reynolds number are similar. This is called the law of similarity (O. 
Reynolds 1883). 

A formula similar to (19.2) can be written for the pressure distribution in the fluid. Todo 
so, we must construct from the parameters v, l, u some quantity with the dimensions of 
pressure divided by density; this quantity can be u°, for example. Then we can say that 
p/ pu? is a function of the dimensionless variable r// and the dimensionless parameter R. 
Thus 

p = pu? f (t /1,R). (19.3) 


58 Viscous Fluids §20 


Finally, similar considerations can also be applied to quantities which characterize the 
flow but are not functions of the coordinates. Such a quantity is, for instance, the drag force 
F acting on the body. Wecan say that the dimensionless ratio of F to some quantity formed 
from v, u, l, p and having the dimensions of force must be a function of the Reynolds 
number alone. Such a combination of v, u, l, p can be pu’l*, for example. Then 


F = pu’ I’ f (R). (19.4) 


If the force of gravity has an important effect on the flow, then the latter is determined 
not by three but by four parameters, l, u, v and the acceleration g due to gravity. From these 
parameters we can construct not one but two independent dimensionless quantities. These 
can be, for instance, the Reynolds number and the Froude number, which is 


F = u? jig. (19.5) 


In formulae (19.2)-(19.4) the function f will now depend on not one but two parameters (R 
and F), and two flows will be similar only if both these numbers have the same values. 

Finally, we may say a little regarding non-steady flows. A non-steady flow of a given type 
is characterized not only by the quantities v, u, | but also by some time interval t 
characteristic of the flow, which determines the rate of change of the flow. For instance, in 
oscillations, according to a given law, of a solid body, of a given shape, immersed in a fluid, 
t may be the period of oscillation. From the four quantities v, u, l, t we can again construct 
two independent dimensionless quantities, which may be the Reynolds number and the 


sump S = urfi, (19.6) 


sometimes called the Strouhal number. Similar motion takes place in these cases only if 
both these numbers have the same values. 

If the oscillations of the fluid occur spontaneously (and not under the action of a given 
external exciting force), then for motion of a given type S will be a definite function of R: 


S = f (R). 


§20. Flow with small Reynolds numbers 


The Navier-Stokes equation is considerably simplified in the case of flow with small 
Reynolds numbers. For steady flow of an incompressible fluid, this equation is 


(v-grad)y = — (1/p)gradp + (n/p)Av. 


The term (v- grad)v is of the order of magnitude of u? /1, uand l having the same meaning as 
in §19. The quantity (n/p) A vis of the order of magnitude of ņu/pl°. The ratio of the two is 
just the Reynolds number. Hence the term (v- grad)v may be neglected if the Reynolds 
number is small, and the equation of motion reduces to a linear equation 


nA v—gradp = 0. (20.1) 
Together with the equation of continuity 
divv=0 (20.2) 
it completely determines the motion. It is useful to note also the equation 
A curly = 0, (20.3) 


which is obtained by taking the curl of equation (20.1). 
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As an example, let us consider rectilinear and uniform motion of a sphere in a viscous 
fluid (G. G. Stokes 1851). The problem of the motion of a sphere, it is clear, is exactly 
equivalent to that of flow past a fixed sphere, the fluid having a given velocity u at infinity. 
The velocity distribution in the first problem is obtained from that in the second problem 
by simply subtracting the velocity u; the fluid is then at rest at infinity, while the sphere 
moves with velocity — u. If we regard the flow as steady, we must, of course, speak of the 
flow past a fixed sphere, since, when the sphere moves, the velocity of the fluid at any point 
in space varies with time. 

Since div(v — u) = div v = 0, v — u can be expressed as the curl of some vector A: 


v—u = curl A, 


with curl A equal to zero at infinity. The vector A must be axial, in order for its curl to be 
polar, like the velocity. In flow past a sphere, a completely symmetrical body, there is no 
preferred direction other than that of u. This parameter u must appear linearly in A, 
because the equation of motion and its boundary conditions are linear. The general form 
of a vector function A(r) satisfying all these requirements is A = f’ (r)n Xu, where n is a 
unit vector parallel to the position vector r (the origin being taken at the centre of the 
sphere), and /’ (r) is a scalar function of r. The product f’ (r)n can be represented as the 
gradient of another function f(r). We shall thus look for the velocity in the form 


v = u + curl (grad fx u) = u + curl curl (fu); (20.4) 


the last expression is obtained by noting that u is constant. 
To determine the function f, we use equation (20.3). Since 


curl v = curl curl curl( fu) = (grad div — A) curl( fu) 
= — A curl( fu), 
(20.3) takes the form A? curl( fu) = ^? (grad fxu) = (^? grad f)xu = 0. It follows from 
this that 
A? grad f = 0. (20.5) 
A first integration gives 
A?f = constant. 


It is easy to see that the constant must be zero, since the velocity difference v — u must 
vanish at infinity, and so must its derivatives. The expression A?f contains fourth 
derivatives of f, whilst the velocity is given in terms of the second derivatives of f. Thus we 
have 


Hence 
Af = 2a/r +c. 


The constant c must be zero if the velocity v — u is to vanish at infinity. From A f = 2a/r we 
obtain 
f=ar+b/r. (20.6) 


The additive constant is omitted, since it is immaterial (the velocity being given by 
derivatives of f). 
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Substituting in (20.4), we have after a simple calculation 


eee p BAE (20.7) 


The constants a and b have to be determined from the boundary conditions: at the 
surface of the sphere (r = R), v = 0, i.e. 


ee k n(u-n) ores =0 
(R+ }+ (u ( R a) ; 
Since this equation must hold for all n, the coefficients of u and n(u-n) must each vanish. 
Hence a = 3R, b = 4R®. Thus we have finally 


f=2Rr+4R3/r, (20.8) 
v= REE pene) mm) +u, (20.9) 


or, in spherical polar components with the axis parallel to u, 


3R R? 
v, = ucos of $45 | 


2r 2r? 
a (20.10) 
v = —usin 6} 1 -—~———-, |- 
4r 4r 


This gives the velocity distribution about the moving sphere. To determine the pressure, 
we substitute (20.4) in (20.1): 


gradp = nAv = nAcurl curl ( fu) 
= n& (grad div (fu)—uAf). 


grad p = grad[7 A div( fu) ] = grad(nu-grad ^f). 


p = nu-grad Af+ py, (20.11) 


where po is the fluid pressure at infinity. Substitution for f leads to the final expression 
u.n 
P = Do — 3-7 R. (20.12) 


Using the above formulae, we can calculate the force F exerted on the sphere by the 
moving fluid (or, what is the same thing, the drag on the sphere as it moves through the 
fluid). To do so, we take spherical polar coordinates with the axis parallel to u; by 
symmetry, all quantities are functions only of r and of the polar angle 6. The force F is 
evidently parallel to the velocity u. The magnitude of this force can be determined from 
(15.14). Taking from this formula the components, normal and tangential to the surface, of 
the force on an element of the surface of the sphere, and projecting these components on 
the direction of u, we find 


F= p (— pcos@+o0',,cos@—o’,,sin8)df, (20.13) 


where the integration is taken over the whole surface of the sphere. 
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Substituting the expressions (20.10) in the formulae 


ôv, ; ldv, ôv v 
O'n = > a= nf- + S ‘| 


(see (15.20)), we find that at the surface of the sphere 
o’,, = 0, d',o = — (3n/2R)usin 0, 


while the pressure (20.12) is p = py — (3/2 R)u cos 0. Hence the integral (20.13) reduces to 
= (3nu/2R) § df. In this way we finally arrive at Stokes’ formula for the drag on a sphere 
moving slowly in a fluid: 


F = 6nnRu. (20.14) 


The drag is proportional to the velocity and linear size of the body. This could have been 
foreseen from dimensional arguments: the fluid density p does not appear in the 
approximate equations (20.1), (20.2), and so the force F which they give must be expressed 
only in terms of n, u and R; from these, only one combination with the dimensions of force 
can be formed, namely the product 7 Ru. 

A similar dependence occurs for slowly moving bodies with other shapes. The direction 
of the drag on a body of arbitrary shape is not the same as that of the velocity; the general 
form of the dependence of F on u can be written 


F, = ay Uy, (20.15) 


where a; is a tensor of rank two, independent of the velocity. It is important to note that 
this tensor is symmetrical, a result which holds in the linear approximation with respect to 
the velocity, and is a particular case of a general law valid for slow motion accompanied by 
dissipative processes (see SP1, §121). 


REFINEMENT OF STOKES’ FORMULA 
The above solution of the problem of flow past a sphere is not valid at large distances, 


evan if the Revnolde number is small To see this. let us estimate the term {y -orad)y 


even if the Reynolds number is small. To see this, let us estimate the term (v-grad) 
neglected in (20.1). At large distances, v = u; the velocity derivatives there are of the order 
of uR/r*, as is seen from (20.9). Hence (v-grad)v ~ u? R/r?. The terms retained in (20.1) are 
of the order of n Ru/pr*, as can be seen from the same expression (20.9) for the velocity or 
(20.12) for the pressure. The condition nRu/pr?° > u?R/r? is satisfied only for distances 
such that 

r<v/u. (20.16) 


At greater distances, the terms neglected are not negligible, and the velocity distribution so 
found is incorrect. 


+ With a view to later applications, it may be mentioned that calculations with (20.7) and the constants a and b 
undetermined give 


F = nyau. (20.14a) 


The drag can also be calculated for a slowly moving ellipsoid with any shape. The relevant formulae are given 
by H. Lamb, Hydrodynamics, 6th ed., §339, Cambridge 1932. Here we shall give the limiting expressions for a 
plane circular disk with radius R moving perpendicular to its plane: 


F = 16nRu, 
and for a similar disk moving in its plane: 


F = 32qRu/3. 
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To find the velocity distribution at large distances from the body, we have to include the 
term (v-grad)v omitted from (20.1). Since at these distances v is almost the same as u, we 
can approximately replace v-grad by u-grad. We then find for the velocity at large 
distances the linear equation 


(u-grad)vy = — (1/p) grad p+vAv (20.17) 


(C. W. Oseen 1910). We shall not pause to give here the procedure for solving this equation 
for flow past a sphere, but merely mention that the velocity distribution thus obtained can 
be used to derive a more accurate formula for the drag on the sphere, which includes the 
next term in the expansion of the drag in powers of the Reynolds number R = uR/v: 


F = 6nnuR(1+3uR/8v). (20.18) 


In solving the problem of flow past an infinite cylinder at right angles to its axis, Oseen’s 
equation has to be used from the start; the equation (20.1) has in this case no solution 
satisfying the boundary conditions at the surface of the cylinder and also at infinity. The 
drag per unit length of the cylinder is found to be 


4nnu _ 4nnu 
4_C—log (uR/4v) log (3-70v/uR)’ 


where C = 0577 . . . is Euler’s constant (H. Lamb 1911). 

Another comment should be made regarding the problem of flow past a sphere. The 
replacement of v by u in the non-linear term in (20.17) is valid at large distances from the 
sphere, r > R. It is therefore natural that Oseen’s equation, while correctly refining the 
picture of flow at large distances, does not do the same at short distances. This is evident 
from the fact that the solution of (20.17) which satisfies the necessary conditions at infinity 
does not satisfy the exact condition that the velocity be zero on the surface of the sphere, 
which is met only by the zero-order term in the expansion of the velocity in powers of the 
Reynolds number and not even by the first-order term. 

It might therefore seem at first sight that the solution of Oseen’s equation cannot be 
used for a valid calculation of the correction term in the drag. This is not so, however, for 
the following reason. The contribution to F from the motion of the fluid at short distances 
(for which u < v/r) has to be expandable in powers of u. The first non-zero correction term 
in the vector F arising from this contribution therefore has to be proportional to uu’, and 
gives a second-order correction relative to the Reynolds number; it thus does not affect the 
first-order correction in (20.18). 

Further corrrections to Stokes’ formula and a valid refinement of the flow pattern at 
short distances can not be obtained by a direct solution of (20.17). Although these 
refinements themselves are not very important, there is considerable methodological 
interest in deriving and analysing a consistent perturbation theory for solving problems of 
viscous flow at small Reynolds numbers (S. Kaplun and P. A. Lagerstrom 1957; I. 


F= 


(20.19) 


+ It is given by N. E. Kochin, I. A. Kibel’ and N. V. Roze, Theoretical Hydromechanics (Teoreticheskaya 
gidromekhanika), Part 2, chapter II, §§25-26, Moscow 1963; H. Lamb, Hydrodynamics, 6th ed., §§342-3, 
Cambridge 1932. 

ł The impossibility of calculating the drag in the cylinder problem by means of (20.1) is evident from 
dimensional arguments. As already mentioned, ‘the result would have to be expressed i in terms of yn, uand R, but in 
this case we are concerned with the force per unit length of the cylinder, and the only quantity having the right 
dimensions would be nu, which is independent of the size of the body and therefore does not vanish as R — 0; this 
is physically absurd. 
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Proudman and J. R. A. Pearson 1957). We shall describe the existing situation and give all 
expressions needed to illustrate it, without going through the calculations in detail. ł 

To show explicitly the small parameter R, the Reynolds number, we use the 
dimensionless velocity and position vector v' = v/u,r’ = r/R, and in the rest of this section 
denote them by v and r without the primes. The exact solution of the equation of motion 
(which we take in the form (15.10) with the pressure eliminated) is then 


R curl (vx curl v) + A curl v = 0. (20.20) 


We distinguish two regions of space around the sphere: the near region with r < 1/R, 
and the far region with rẹ 1. These together cover all space, overlapping in the 
intermediate range 

i/R>r> i. (20.21) 


a raneatent nmertichatian thana the initial amsn mn ha mann nnmnnn tha 


In A LVULISISUUIIE pel tur vation tuU y, tne dllitial appl oximation in tne icar ivVEIVi is tne 
Stokes approximation, i.e. the solution of the equation A curl v = 0 obtained from (20.20) 
by neglecting the term which contains the factor R. This solution is given by formulae 
(20.10); in dimensionless variables, it is 


3 1 3 1 
® = cosb 1-2 +— O= si SEEE 
v, cos ( Zaz} Ve sin 0(1 re =) 


r<1/R, (20.22) 


the superscript (1) denoting the first approximation. 

The first approximation in the far region is simply the constant v® = v corresponding 
to the unperturbed uniform incoming fiow (v being a unit vector in the direction of the 
flow). Substitution of v = v +v‘? in (20.20) gives for v”? Oseen’s equation 


R curl (v x curl v) + A curl v = 0. (20.23) 


The solution must satisfy the condition that the velocity v‘? be zero at infinity and the 
condition for joining to the solution (20.22) in the intermediate range. The latter excludes, 
in particular, solutions that increase too rapidly with decreasing r.t The appropriate 
solution is 


3 
v, P +v,” = cos 0+ > zpi! — [1 +4rR(1 + cos 6) Je—HRUl -cos 6)} 
r 


ve) +v” = —sin 0 +Žsin Oe -IRA — cos8), 
r 


rèl. (20.24) 


t These may be found in M. Van Dyke, Perturbation Methods in Fluid Mechanics, New York 1964. The 


calenlations there are muan ant tarme af tha walani¢tu vie) b: the ma Ara ane mnt 
Carcwuaticns tnere are Biv we in terms of inc vVerocily vr) out in CMe HUI CULPA, less visualizable, 


terminology of the stream function. For axially symmetrical flow, including flow past a sphere, the stream 
function ¥(r,@) in spherical polar coordinates is defined by 
_ 1 6 
~ sin 600" 
Le 


sin 0 ôr 
l y 


These satisfy identically the continuity equation (15.22). 
Í To determine the numerical coefficients in the solution, we have also to take account of the condition that the 
total amount of fluid passing through any closed surface around the sphere must be zero. 
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Note that the variable for the far region is really the product p = rR, not the radial 
coordinate r itself. When this variable is used, R disappears from (20.20), in accordance 
with the fact that when r 2 1/R the viscous and inertia terms in the equation become 
comparable in order of magnitude. The number R occurs in the solution only through the 
boundary condition for joining to that in the near region. The expansion of v(r) in the far 
region is therefore an expansion in powers of R for given values of p = rR, since the second 
terms in (20.24), when expressed in terms of p, contain R as a factor. 

To test the correctness of joining for the solutions (20.22) and (20.24), we observe that in 
the intermediate range (20.21) rR < 1 and the expressions (20.24) can be expanded in 
powers of this variable. As far as the first two terms (apart from the uniform flow), we have 


3 3R 
= T= Poe E? 1— 
v, = COS o( »)* TA Soda 


Ve = — sin 0 e ET E f 
4r 8 


In the same range, on the other hand, r > 1 and therefore we can omit the terms in 1/r? in 
(20.22); the remaining terms are the same as the first terms in (20.25), and the second terms 
there will be made use of later. 

On going to the next approximation in the near region, we write v = v‘? + y and 
obtain from (20.20) an equation for the correction in the second approximation: 


A curl v” = —R curl (v x curl v”). (20.26) 


SAN ALN 
(20.25) 


The solution of this equation must satisfy the condition of vanishing on the surface of the 
sphere and that of joining to the solution in the far region; the latter means that the leading 
terms in the function v‘? (r) when r > 1 must agree with the second terms in (20.25). The 
appropriate solution is 


3R 3R 1\? 1 1 
D25, Wig SiL z or 2 
v, g” +35 (1 ') (2+2+5)a 3 cos’ 0), 


3R 3R 1 1 1 2 
Oya Oe pase qe gee 0 
Vg g ve +3 =) tititi sin 0 co ; 
r<1/R. (20.27) 


In the intermediate region, only the terms without a factor 1/r remain in these expressions, 
and they do in fact agree with the second terms in (20.25). 

From the velocity distribution (20.27), we can calculate the correction to Stokes’ 
formula for the drag. The second terms in (20.27), because of their angular dependence, do 
not contribute to the drag; the first terms give the correction 3R/8 shown in (20.18). 
According to the above discussion, the exact velocity distribution near the sphere leads in 
this approximation to the same result for the drag as the solution of Oseen’s equation. 

The next approximation can be obtained by continuing the procedure described. It 
involves logarithmic terms in the velocity distribution; in the expression (20.18) for the 
drag, the brackets are replaced by 


3 9 
1 +<>R -— R? log (1/R), 
6 4U 


the logarithm being assumed large. t 


t See I. Proudman and J. R. A. Pearson, Journal of Fluid Mechanics 2, 237, 1957. 
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PROBLEM 1. Determine the motion of a fluid occupying the space between two concentric spheres with radii 
R,, R2 (Rz > R;), rotating uniformly about different diameters with angular velocities Q,, Q,; the Reynolds 
numbers 2, R ,7/v, Q,R,7/v are small compared with unity. 


SOLUTION. On account of the linearity of the equations, the motion between two rotating spheres may be 
regarded as a superposition of the two motions obtained when one sphere is at rest and the other rotates. We first 
put 2, = 0, i.e. only ihe inner sphere is rotating. Ii is reasonabie to suppose that the fiuid veiocity ai every point is 
along the tangent toa circle ina plane perpendicular to the axis of rotation with its centre on the axis. On account 
of the axial symmetry, the pressure gradient in this direction is zero. Hence the equation of motion (20.1) becomes 
Av = 0. The angular velocity vectorQ, is an axial vector. Arguments similar to those given previously show that 
the velocity can be written as 


v= curl[ f(r)Q,] = gradfxQ,. 


The equation of motion then gives grad A fxQ, = 0. Since the vector grad A fis parallel to the position vector, 
and the vector product rx Q, cannot be zero for given Q, and arbitrary r, we must have grad A f = 0, so that 


Af = constant. 
Integrating, we find 
b b 
f= art v= ($ -2a)a, xr 


The constants a and b are found from the conditions that v = Ofor r = R, and v = ufor r = R,,whereu = Q, Xr 
is the velocity of points on the rotating sphere. The result is 


In the general case where both spheres rotate, we have 

RR, ff1 1 \ 

7 RP-R, l r Rz) 

F a ae outer sphere is absent (R, = 00, Q, = 0), i.e. we have simply a sphere with radius R rotating in an infinite 
uid, then 


v 


a fk. 1) 
eae TE a 


v = (R?/r°)Qxr. 
Let us calculate the moment of the frictional forces acting on the sphere in this case. If we take spherical polar 


coordinates with the polar axis parallel to Q, we have v, = v, = 0,v, = v = (R?Q/r°) sin 0. The frictional force on 
unit area of the sphere is 


ô 
O44 = (3-2) = —3nQOsind. 
r=R 


The total moment on the sphere is 
M = foer sin 6.27 R? sin 0d, 
o 


whence we find 
M = —8nyR3Q. 


If the inner sphere is absent, v = Q, xr, i.e. the fluid simply rotates rigidly with the sphere surrounding it. 


PROBLEM 2. Determine the velocity of a spherical drop of fluid (with viscosity n’) moving under gravity in a 
fluid with viscosity n (W. Rybezynski 1911). 
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SOLUTION. We use a system of coordinates in which the drop is at rest. For the fluid outside the drop we again 
seek a solution of equation (20.5) in the form (20.6), so that the velocity has the form (20.7). For the fluid inside the 
drop, we have to find a solution which does not have a singularity at r = 0 (and the second derivatives of f, which 
determine the velocity, must also remain finite). This solution is 


f= tAr? + Br, 
and the corresponding velocity is 
v = — Au + Br’[n(u'n) — 2u]. 


At the surface of the spherețt the following conditions must be satisfied. The normal velocity components outside 
(Ye) and inside (v;) the drop must be zero: 


Vi, = Ve, = 0. 
The tangential velocity component must be continuous: 
Vi a = Vea, 
of the stress tensor: 
O; ro = Fe, re 


The condition that the stress tensor components a,, be equal need not be written down; it would determine the 
required velocity u, which is more simply found in the manner shown below. From the above four conditions we 
obtain four equations for the constants a, b, A, B, whose solutions are 

24 +31! ’ 

AE b = R? 4 ne R? = 4 Fe 

4(n +n’) 4(n +n’) 2n +n’) 

By (20.14a), we have for the drag 


F = 2nxunR(2y +3n')/(n +7’). 
As ņ'—> œ (corresponding to a solid sphere) this formula becomes Stokes’ formula. In the limit 9’ 0 
(corresponding to a gas bubbie) we have F = 4nunR, i.e the drag is two-thirds of that on a solid sphere. 
Equating F to the force of gravity on the drop, $n R? (p — p’)g, we find 
u 2R I-P +1/) 
3 (2 +3n') 


PROBLEM 3. Two parallel plane circular disks (with radius R) lie one above the other a small distance apart; the 
space between them is filled with fluid. The disks approach at a constant velocity u, displacing the fluid. Determine 
the resistance to their motion (O. Reynolds). 


SOLUTION. We take cylindrical polar coordinates, with the origin at the centre of the lower disk, which we 
suppose fixed. The flow is axially symmetric and, since the fluid layer is thin, predominantly radial: v, < v,, and 
also 0v,/0r < dv, /0z. Hence the equations of motion become 


2 
tae en o 
with the boundary conditions 
atz=0; v, = v, = 0; 
atz=h: v, = 0, v, = —u; 
atr = R: P = Pos 


t We may neglect the change of shape of the drop in its motion, since this change is of a higher order of 
smallness. However, it must be borne in mind that, in order that the moving drop should in fact be spherical, the 
forces due to surface tension at its boundary must exceed the forces due to pressure differences, which tend to 
make the drop non-spherical. This means that we must have qu/R < a/R, where a is the surface-tension 
coefficient, or, substituting u ~ R?gp/n, 


R</(a/p9). 
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where h is the distance between the disks, and pọ the external pressure. From equations (1) we find 
1 dp 
= —-—z(z—h). 
F 2n ar } 


Integrating equation (2) with respect to z, we obtain 


- , h? af dp 
= r = — -—— — 
mrar] eF 12nrdr ar) 


whence 
3nu 
P = Po +55 (R? —r’). 


The total resistance to the moving disk is 


F = 3nnuR*/2h*. 
§21. The laminar wake 


In steady flow of a viscous fluid past a solid body, the flow at great distances behind the 
body has certain characteristics which can be investigated independently of the particular 
shape of the body. 

Let us denote by U the constant velocity of the incident current; we take the direction of 
Uas the x-axis, with the origin somewhere inside the body. The actual fluid velocity at any 
point may be written U + v; v vanishes at infinity. 

It is found that, at great distances behind the body, the velocity v is noticeably different 
from zero only in a relatively narrow region near the x-axis. This region, called the laminar 
wake,t is reached by fluid particles which move along streamlines passing fairly close to the 
body. Hence the flow in the wake is essentially rotational. The reason is that rotational flow 
of a viscous fluid past a solid body is due to the surface of the body.t This is easily seen if we 
recall that, in the pattern of potential flow for an ideal fluid, only the normal velocity 
component is zero on the surface of the body, not the tangential component v,. The 
boundary condition of adhesion for a real fluid makes v, also zero, however. If the pattern 
of potential flow were maintained, this would cause a non-zero discontinuity of v,, i.e. the 
occurrence of a surface vorticity. The viscosity smooths out the discontinuity, and the 
rotational state penetrates into the fluid, from which it passes by convection into the wake 
region. 

On the other hand, the viscosity has almost no effect at any point on streamlines that do 
not pass near the body, and the vorticity, which is zero in the incident current, remains 
practically zero on these streamlines, as it would in an ideal fluid. Thus the flow at great 
distances from the body may be regarded as potential flow everywhere except in the wake. 

We shall now derive formulae relating the properties of the flow in the wake to the forces 
acting on the body. The total momentum transported by the fluid through any closed 
surface surrounding the body is equal to the integral of the momentum flux density tensor 
over that surface, $11;,d/,. The components of the tensor II, are 


Il, = pdx, + p(U; + v;)(U, + v,). 


+ In contradistinction to the turbulent wake; see §37. 
į The fact that the relation curl v = 0 does not remain valid along a streamline which passes over a solid 
surface has already been noted (§9). 
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We write the pressure in the form p = py + p’, where pọ is the pressure at infinity. The 
integration of the constant term pod, + pU,U, gives zero, since the vector integral $ df over 
a closed surface is zero. The integral $ pv,df, also vanishes: since the total mass of fluid in 
the volume considered is constant, the total mass flux through the surface surrounding the 
volume must be zero. Finally, the velocity v far from the body is small compared with U. 
Hence, if the surface in question is sufficiently far from the body, we can neglect the term 
puv, in Il, as compared with pU,v;. Thus the total momentum flux is 


$ (P'Ôir + PU wid. 


Let us now take the fluid volume concerned to be the volume between two infinite planes 
x = constant, one of them far in front of the body and the other far behind it. The integral 
over the infinitely distant “lateral” surface vanishes (since p’ = v = 0 at infinity), and it is 
therefore sufficient to integrate only over the two planes. The momentum flux thus 
obtained is evidently the difference between the total momentum flux entering through the 
forward plane and that leaving through the backward plane. This difference, however, is 
just the quantity of momentum transmitted to the body by the fluid per unit time, i.e. the 
force F exerted on the body. 

Thus the components of the force F are 


(J Deseo 


Fy 


where the integration is taken over the infinite planes x = x, (far behind the body) and 
x = x, (far in front of it). Let us first consider the expression for F. 
Outside the wake we have potential flow, and therefore Bernoulli’s equation 


p+3p(U +) = constant = py +4pU? 
holds, or, neglecting the term pv? in comparison with pU-y, 
P = P Uv, 
We see that in this approximation the integrand in F, vanishes everywhere outside the 
wake. In other words, the integral over the plane x = x, (which lies in tront of the body and 
does not intersect the wake) is zero, and the integral over the plane x = x, need be taken 
only over the area covered by the cross-section of the wake. Inside the wake, however, the 


pressure change p’ is of the order of pv, i.e. small compared with pUv,. Thus we reach the 
result that the drag on the body is 


re 
F, = —pU |Jravae, (21.1) 


where the integration is taken over the cross-sectional area of the wake far behind the 
body. The velocity v, in the wake is, of course, negative: the fluid moves more slowly than it 
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would if the body were absent. Attention is called to the fact that the integral in (21.1) gives 
the amount by which the discharge through the wake falls short of its value in the absence 
of the body. 

Let us now consider the force (whose components are F,, F,) which tends to move the 
body transversely. This force is called the lift. Outside the wake, where we have potential 
flow, we can write v, = 0¢/dy, v, = 6f/0z; the integral over the plane x = x2, which does 
not meet the wake, is zero: 


{lp dydz = {|e dz = 0, fe dydz = 0, 


since ġ = 0 at infiħity. We therefore find for the lift 


F,=—pU MEA F, = —pU (Geers (21.2) 
JJ JJ 
The integration in these formulae is again taken only over the cross-sectional area of the 
wake. If the body has an axis of symmetry (not necessarily complete axial symmetry), and 
the flow is parallel to this axis, then the flow past the body has an axis of symmetry also. In 
this case the lift is, of course, zero. f 
Let us return to the flow in the wake. An estimate of the magnitudes of various terms in 
the Navier-Stokes equation shows that the term v A v can in general be neglected at 
distances r from the body such that rU/v > 1 (cf. the derivation of the opposite condition 
(20.16)); these are the distances at which the flow outside the wake may be regarded as 
potential flow. It is not possible to neglect that term inside the wake even at these distances, 
however, since the transverse derivatives 67v/0y", 6*v/0z” are large compared with ô?v/ôx?. 
Let Y be of the order of magnitude of the width of the wake, i.e. the distances from the x- 
axis at which the velocity v falls off markedly. The order of magnitude of the terms in the 
Navier-Stokes equation is then 


(v-grad)v ~ U Gv/x ~ Uv/x, vAv ~ vd?v/éy? ~ vv/Y?. 
If these two magnitudes are comparable, we find 
Y= \/(vx/U). (21.3) 


This quantity is in fact small compared with x, by the assumed condition Ux/v > 1. Thus 
the width of the laminar wake increases as the square root of the distance from the body. 
In order to determine how the velocity decreases with increasing x in the wake, we return 
to formula (21.1). The region of integration has an area of the order of Y?. Hence the 
integral can be estimated as F, ~ pUvY’, and by using the relation (21.3) we obtain 


v ~ F,/pvx. (21.4) 


Having thus elucidated the qualitative features of laminar flow far from the body, we 
will now derive some quantitative formulae describing the flow pattern inside and outside 
the wake. 


FLOW INSIDE THE WAKE 
In the Navier-Stokes equation for steady flow, 
(v-grad)v = — grad (p/p)+ vA v, (21.5) 


we use far from the body Oseen’s approximation, replacing the term (v'grad)v by 
(U -grad)v; cf. (20.17). Furthermore, inside the wake the derivative with respect to the 
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longitudinal coordinate x in Av can be neglected in comparison with the transverse 
derivatives. We thus start from the equation 


poe = — grad o+ (2; p ) (21.6) 
ôx ôy? 62? 
We seek the solution of this in the form v = v, + v,, where v, is the solution of 
OVE [2 vy CATA 
Ua "ae tae }: (21.7) 


The quantity v, arising from the term — grad (p/p) in the initial equation (21.6) may be 
sought as the gradient of a scalar ®.t Since, far from the body, the derivatives with respect 
to x are small in comparison with those with respect to y and z, in the approximation 
considered we may neglect the term O0®/dx, i.e. take v, = v,,. We thus have for v, the 


CERE A EALL si = o SIIT VUAI OUS rae Y Y Vase: ance 


equation 3 3 A 
v, (0 v, O vy 
U5 = (SF Er) (21.8) 


This is formally the same as the two-dimensional equation of heat conduction, with x/U 
in place of the time, and the viscosity v in place of the thermometric conductivity. The 
solution which decreases with increasing y and z (for fixed x) and gives an infinitely narrow 
wake as x — 0 (in this approximation the dimensions of the body are regarded as small) is 
(cf. §51) 


v, = oo exp {— U(y? + 2*)\/4vx}. (21.9) 
The constant coefficient in this formula is expressed in terms of the drag by means of 
formula (21.1), in which the integration may be extended over the whole yz-plane because 
of the rapid convergence. If the Cartesian coordinates are replaced by spherical polar 
coordinates r, 0, @ with the polar axis along the x-axis, then the region of the wake, 
V (y7? +2”) < x, corresponds to 6 < 1. In these coordinates, formula (21.9) becomes 


F, 
v = — Do exp { — Ur6?/4y}. (21.10) 


The term in 0®/0x (with ® given by formula (21.12) below), which we have omitted, would 
give a term in v, which contains an additional small factor 8. 

The form of v, , and v; , must be the same as (21.9) but with different coefficients. We take 
the direction of the lift as the y-axis (so that F, = 0). According to (21.2) we have, since 


® = 0 at infinity, 
= ffesavaz = —F,/pU, 


T dz = 0. 


JJ 


t The velocity potential will be denoted in the rest of this section by ®, so as to distinguish it from the 
azimuthal angle ¢ in spherical polar coordinates. 
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It is therefore clear that v,, difffers from (21.9) in that F, is replaced by F,, and v,, = 0. 
Thus we find 


= F, 2 
e OO ee LOM ey Be Ode (21.11) 


To determine the function ®, we proceed as follows. We write the equation of 
continuity, neglecting the longitudinal derivative: 


Ov, Ov, ? 6 Ov1y 
divv ~ =a t ar = (S+a)o+ = 0. 


Differentiating this equation with respect to x and using equation (21.7) for v,,, we obtain 


at, @\a@ __ a (as) 
\ay? +52 ajax Oy\ Ox J 
v (a 6? \6n,, 
= ->| ta]. 

U\éy? z?) dy 


6®D/dx = — (v/U)Ov,,/dy. 


Hence 


Finally, substituting the expression for v,, (the first term in (21.11)) and integrating with 
respect to x, we have 


=. F, y [MA 4 
p= — ex U(y* + 27)/4vx] — i1}; 21.1 
QnpU y iat pl- U? +2°)/4vx] — 1}; ( 
the constant of integration is chosen so that ® remains finite when y = z = 0. In spherical 
polar coordinates (with the azimuthal angle @ measured from the xy-plane) 


= i E exp —Ur6?/4v] - 1}. 21.13) 


It is seen from (21.11)}-(21.13) that v, and v,, unlike v, ,contain terms which decrease only as 
1/0? when we move away from the axis of the wake, as well as those which decrease 
exponentially with increasing @ (for a given r). 

If there is no lift, the flow in the wake is axially symmetrical, and ® = 0.} 


FLOW OUTSIDE THE WAKE 

Outside the wake, potential flow may be assumed. Since we are interested only in the 
terms in the potential ® which decrease least rapidly at large distances, we seek a solution 
of Laplace’s equation 


16/,@\ 1 êf. ,@ 1 eo 
ao=55(r a + seas 85680 Sp) + ara op? = 


t T his is true, in particular, for the wake behind a sphere. in this connection it may be noted that the formulae 
obtained, like (21.16) below, are in agreement with the velocity distribution (20.24) for flow at very low Reynolds 
numbers. In this case, the whole of the flow pattern described is moved to very large distances r > 1/R, where lis 
the size of the body. 
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as a sum of two terms: 


© = “+ +6 o, (21.14) 


of which the first is spherically symmetrical and belongs to the force F, while the second is 
symmetrical about the xy-plane and belongs to the force F,. 
We obtain for the function f(@) the equation 


d df\ of 
cued ec = 0. 


The solution of this equation finite as 0 > x is 

f—bcotia (21,15) 
oe eae \ 

The coefficient b must be determined from the condition for joining the solution to that 


inside the wake. The reason is that (21.13) relates to the angle range 0 < 1, and (21.14) to 
0 > Y (v/Ur). These ranges overlap when e (v/Ur) < 0 <1, and (21.13) then becomes 


and the second term in (21.14)is (2b/r6) cos ¢. Comparison of these expressions shows that 
we must take b = F,/4npU. 

To determine the coefficient a in (21.14), we notice that the total mass flux through a 
sphere S with large radius r equals zero, as for any closed surface. The rate of inflow 
through the part So of S intercepted by the wake is 


— ffo- dydz = F,/pU. 
So 


Hence the same quantity must flow out through the rest of the surface of the sphere, i.e. we 
must have 


f v*df = F,./pu. 
S=S, 
Since So is small compared with S, we can put 


pr df = [eraao-at = —4na = F,/pU, (21.16) 


o D 


whence a = — F /4npU. 
The complete expression for the velocity potential is thus 


Tia F, + F, cos cot 38), (21.17) 
which gives the flow everywhere outside the wake far from the body. The potential 
diminishes with increasing distance as 1/r; the velocity accordingly decreases as 1/r’. If 
there is no lift, the flow outside the wake is axially symmetrical. 
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§22. The viscosity of suspensions 


A fluid in which numerous fine solid particles are suspended (forming a suspension) may 
be regarded as a homogeneous medium if we are concerned with phenomena whose 
characteristic lengths are large compared with the dimensions of the particles. Such a 
medium has an effective viscosity n which is different from the viscosity no of the original 
fluid. The value of 7 can be calculated for the case where the concentration of the 
suspended particles is small (i.e. their total volume is small in comparison with that of the 
fluid). The calculations are relatively simple for the case of spherical particles (A. Einstein 
1906). 

It is necessary to consider first the effect of a single solid globule, immersed in a fluid, on 
flow having a constant velocity gradient. Let the unperturbed flow be described by a linear 
velocity distribution í 

: Voi = Qik Xk» (22.1) 
where @,, is a constant symmetrical tensor. The fluid pressure is constant: 
Po = constant, 


and in future we shall take pọ to be zero, i.e. measure only the deviation from this constant 
value. If the fluid is incompressible (div vọ = 0), the sum of the diagonal elements, or trace, 
of the tensor «;, must be zero: 


a; = 0. (22.2) 


Now let a small sphere with radius R be placed at the origin. We denote the altered fluid 
velocity by v = Vvo + V4; v, must vanish at infinity, but near the sphere v, is not small 
compared with vo. It is clear from the symmetry of the flow that the sphere remains at rest, 
so that the boundary condition is v = 0 for r= R. 

The required solution of the equations of motion (20.1) to (20.3) may be obtained at 
once from the solution (20.4), with the function fgiven by (20.6), if we notice that the space 
derivatives of this solution are themselves solutions. In the present case we desire a 
solution depending on the components of the tensor «,, as parameters (and not on the 
vector u as in §20). Such a solution is 


v, = curl curl [(« - grad)f],  p = 9%,07 A f/0x;0x;,, 


where (a - grad) f denotes a vector whose components are «;,0f/0x,. Expanding these 
expressions and determining the constants a and b in the function f = ar + b/r so as to 
satisfy the boundary conditions at the surface of the sphere, we obtain the following 
formulae for the velocity and pressure: 


5/R> R? R’ 
v = (5 -*) Xr Mi Ny M Tya “iM, (22.3) 
| as Sho =F Hin MiM, (22.4) 


where n is a unit vector in the direction of the position vector. 

Returning now to the problem of determining the effective viscosity of a suspension, we 
calculate the mean value (over the volume) of the momentum flux density tensor IT ,,, 
which, in the linear approximation with respect to the velocity, is the same as the stress 
tensor — G: 


On = w/v) fox dV. 
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The integration here may be taken over the volume V of a sphere with large radius, which is 
then extended to infinity. 
First of all, we have the identity 


Ov; ôv, 1 Ov; Ov, < . 
k + ae ab. 22.5 
= No (2 ta ax; )- Pox to V [je No (= + Ôx; ) + pou} ( ) 


The integrand on the right is zero except within the solid spheres; since the concentration 
of the suspension is supposed small, the integral may be calculated for a single sphere as if 
the others were absent, and then multiplied by the concentration n of the suspension (the 
number of spheres per unit volume). The direct calculation of this integral would require 
an investigation of internal stresses in the spheres. We can circumvent this difficulty, 
however, by transforming the volume integral into a surface integral over an infinitely 
distant sphere, which lies entirely in the fluid. To do so, we note that the equation of motion 
06;,/0x, = 0 leads to the identity 


Gik = O(G X,)/O); 


hence the transformation of the volume integral into a surface integral gives 


0 0 
y= ro( a en Pios asi- tolv: dh + vx df) }- 


Ox, 


We have omitted the term in p, since the mean pressure is necessarily zero; p is a scalar, 
which must be given by a linear combination of the components «;,, and the only such 


scalar is a,; = 0. 


In calculating the integral over a sphere with very large radius, only the terms of order 
1/r? need be retained in the expression (22.3) for the velocity. A simple calculation gives the 
value of the integral as 


j — er ers 
NNo + ONR? {50 MM, N Nm — Aan }, 


where the bar denotes an average with respect to directions of the unit vector n. Effecting 
the averaging, we finally have 


Ov; Ov 
Gi = No (= + a )+ SNo $ WRN. (22.6) 

The first term in (22.6), on substitution of v, from (22.1), gives 279%,,; the first-order 
small component is identically zero after averaging with respect to the directions of n, as it 
should be, since the effect resides entirely in the integral separated in (22.5). Hence the 
required relative correction to the effective viscosity 7 of the suspension is determined by 
the ratio-of the second and first terms in (22.6). We thus obtain 


n=Nno(1+3o) p = 4aR°n/3, (22.7) 


+ The required mean values of products of components of the unit vector are symmetrical tensors, which can 
be formed only from the unit tensor 4,. We then easily find 


nn, = bôn 


NNN = 15 (Six Sim + 5:1 5im + Sim Oki): 
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where œ is the small ratio of the total volume of the spheres to the total volume of the 
suspension. 

The corresponding calculations and results become very lengthy even for a suspension 
of spheroidal particles.f As an illustration, we give the numerical values of the correction 
factor A in the formula 


H=No(1+Ag),  $ = 4nab?n/3, 
for various values of a/b, where a and b = c are the semi-axes of the spheroids: 


a/b 0:1 0-2 0-5 1-0 2 5 10 
A 8:04 4-71 2°85 2-5 2:91 581 13-6 


The correction increases on either side of the value a/b = 1 which corresponds to spherical 
particles. 


§23. Exact solutions of the equations of motion for a viscous fluid 


If the non-linear terms in the equations of motion of a viscous fluid do not vanish 
identically, the solving of these equations offers great difficulties, and exact solutions can 
be obtained only in a very small number of cases. Such solutions are of considerable 
methodological interest, if not always of physical interest (because in practice turbulence 
occurs when the Reynolds number is sufficiently large). 

We give below examples of exact solutions of the equations of motion for a viscous fluid. 


ENTRAINMENT OF FLUID BY A ROTATING DISK 
An infinite plane disk immersed in a viscous fluid rotates uniformly about its axis. 
Determine the motion of the fluid caused by this motion of the disk (T. von Karman 1921). 
We take cylindrical polar coordinates, with the plane of the disk as the plane z = 0. Let 
the disk rotate about the z-axis with angular velocity Q. We consider the unbounded 


volume of fluid on the side z > 0. The boundary conditions are 
v, = 0, vy = Qr, v,=0 for z=0, 
v, = 0, v, = 0 for z= œ. 


The axial velocity v, does not vanish as z > œ, but tends to a constant negative value 
determined by the equations of motion. The reason is that, since the fluid moves radially 
away from the axis of rotation, especially near the disk, there must be a constant vertical 
flow from infinity in order to satisfy the equation of continuity. We seek a solution of the 


equations of motion in the form 
v = OF (21); vg =G); v, = Q(z); as 
p= —pvQP(z,), where z, = \/(Q/v)z. j ee 


In this velocity distribution, the radial and azimuthal velocities are proportional to the 
distance from the axis of rotation, while v, is constant on each horizontal plane. 


+ In the flow of a suspension of non-spherical particles, the presence of velocity gradients has an orienting effect 
on them. The simultaneous action of orienting hydrodynamic forces and disorienting rotary Brownian motion 
gives rise to an anisotropic distribution of the particles as regards their orientation in space. This, however, need 
not be considered when calculating the correction to the viscosity n: the anisotropy of the orientation distribution 
is itself dependent on the velocity gradients (linearly in the first approximation), and including it would give 
stress tensor terms non-linear in the gradients. 
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Substituting in the Navier-Stokes equation and in the equation of continuity, we obtain 
the following equations for the functions F, G, H and P: 


F?-G?+FH=F’, 2FG+G'H = G”, 
HH' = P' + H”, 2F + H' = 0; 


} (23.3) 


We have therefore reduced the solution of the problem to the integration of a system of 
ordinary differential equations in one variable; this can be achieved numerically. Figure 7 
shows the functions F, G and — H thus obtained. The limiting value of H as z} — œ is 
— 0-886; in other words, the fluid velocity at infinity is v (00) = — 0:886 VJ (vo). 

The frictional force acting on unit area of the disk perpendicularly to the radius is 6,4 
= n(0v,/0z), -o - Neglecting edge effects, we may write the moment of the frictional forces 
acting on a disk with large but finite radius R as 


0. 
F=0, G=0 for z; = œ. 


R 
M=2 | 2aro,4dr = 1R*p ,/(vO3)G' (0). 
0 


The factor 2 in front of the integral appears because the disk has two sides exposed to the 
fluid. A numerical calculation of the function G leads to the formula 


M = —1-94R*p ,/(vO?). (23.4) 


FLOW IN DIVERGING AND CONVERGING CHANNELS 

Determine the steady flow between two plane walls meeting at an angle « (Fig. 8 shows a 
cross-section of the two planes); the fluid flows out from the line of intersection of the 
planes (G. Hamel 1917). 

We take cylindrical polar coordinates r, z, ġ, with the z-axis along the line of intersection 
of the planes (the point O in Fig. 8), and the angle ¢ measured as shown in Fig. 8. The flow is 
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uniform in the z-direction, and we naturally assume it to be entirely radial, i.e. 


v, =v, = 0, v, = v(r, ġ). 


The equations (15.18) give 
av 1 dp v 1 0720 «1dv v 
v— = — v a, 
or p or 


3 23. 
rr or (eaa 


_ 1 op y 2v dv _ 
prap rôp 
O(rv)/or = 0. 
It is seen from the last of these that rv is a function of ¢ only. Introducing the function 


ulh) = rv/6v, (23.7) 


0, (23.6) 


we obtain from (23.6) 
1 dp 12” du 


poe P dg’ 
whence 
P I Wa) +f00) 
p r 
Substituting this expression in (23.5), we have 


d?u Fee ok aes 
Gees E7 f), 


from which we see that, since the left-hand side depends only on @ and the right-hand side 
only on r, each must be a constant, which we denote by 2C,. Thus f’(r) = 12v?C,/r’, 


whence f(r) = — 6v?C,/r? + constant, and we have for the pressure 
6v? 
P = 2Y (2u—C,) + constant. (23.8) 
p f 


For u(ġ) we have the equation 
u” + 4u + 6u? = 2C,, 
which, on multiplication by u' and one integration, gives 


4u? + 2u? + 2u3 —2C,u—2C, = 0. 
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Hence we have 


du 
26 = > 2406 23.9 
$ sfa atrcarogt* ” ee 


which gives the required dependence of the velocity on @; the function u(@) can be 
expressed in terms of elliptic functions. The three constants C,, C}, C3 are determined 


ama be ee ane 


Coe Be be ee ns “a2 P PU EET [Te 
LIOLL TWO VUUDUALY COUQIUOLS at WIG Walis 


u(+4a)=0 (23.10) 


and from the condition that the same mass Q of fluid passes in unit time through any cross- 
section r = constant: 


af2 a2 
Q=p | vordo = 6vp | udo. (23.11) 
—aj2 —aj2 


Q may be either positive or negative. If Q > 0, the line of intersection of the planes is a 
source, i.e. the fluid emerges from the vertex of the angle: this is called flow in a diverging 
channel. If Q < 0, the line of intersection is a sink, and we have flow in a converging channel. 
The ratio |Q|/vp is dimensionless and plays the part of the Reynolds number in the 
problem considered. 

Let us first discuss converging flow (Q < 0). To investigate the solution (23.9}-(23.11) we 
make the assumptions, which will be justified later, that the flow is symmetrical about the 
plane ¢ = 0 (i.e. u(ġ) = u(— ¢)), and that the function u(@) is everywhere negative (i.e. the 
velocity is everywhere towards the vertex) and decreases monotonically from u = Oat @ = 
+$atou = — uo < Oat d = 0, so that up is the maximum value of |u|. Then for u = — up 
we must have du/d@ = 0, whence it follows that u = - up is a zero of the cubic expression 
under the radical in the integrand of (23.9). We can therefore write 


— u? —u?+C,ut+C, = (u + uo) {—u*—(1—up)utq}, 


where q is another constant. Thus 


du 
2ġ= + | J [ut uo){—u2 — (1 — uu +q}]’ (23.12) 
— Uo 
the constants uy and q being determined from the conditions 
(0) 
ANER N du 
< J VLU uo) {u -A = ug)u +g} 7 
o (23.13) 


(0) 


IR- | udu 
: Jiu + uo) {07 = (1 uou +4} ] 
— Uo 
(R = |Q|/vp); the constant q must be positive, since otherwise these integrals would be 
complex. The two equations just given may be shown to have solutions uy and q for any R 
and a < x. In other words, convergent symmetrical flow (Fig. 9)is possible for any aperture 
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FIG. 9 


< mand any Reynolds number. Let us consider in more detail the flow for very 


a iy Reyn 1 
large R. This corresponds to large ug. Writing (23.12) (for @ > 0) as 


l 7 du 
ee Serer: —(1—uo)ut+q}]” 


we see that the integrand is small throughout the range of integration if |u| is not close to 
uo. This means that |u| can differ appreciably from uy only for ¢ close to +4z, i.e. in the 
immediate neighbourhood of the walls.t In other words, we have u = constant = — up for 
almost all angles ¢, and in addition ug = R/6a, as we see from equations (23.13). The 


ralacite: tealfi 
velocity v itself is |Q |/par, giving a non-viscous potential flow with velocity independent of 


angle and inversely proportional to r. Thus, for large Reynolds numbers, the flow in a 
converging channel differs very little from potential flow of an ideal fluid. The effect of the 
viscosity appears only in a very narrow layer near the walls, where the velocity falls rapidly 
to zero from the value corresponding to the potential flow (Fig. 10). 


, fie 


Fic. 10 


Now let Q > 0, so that we have divergent flow. At first we again suppose that the flow is 
symmetrical about the plane ¢ = 0, and that u(ġ) (where now u > 0) varies monotonically 
from zero at @ = +40 to uy > 0 at d = 0. Instead of (23.13) we now have 


+ The question may be asked how the integral can cease to be small, even if u = — uo. The answer is that, for up 
very large, one of the roots of — u? — (1 — uọ)u +q = 0 is close to — uo, so that the radicand has two almost 
coincident zeros. the whole integral therefore being “almost divergent” at u = — uo. 


PM-D 
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| du 
E 0 J(u —u) {u° + (1+ uo)u +4}]’ 


(23.14) 
udu 


uo 
iR — 
Aa a a ; 


If we regard uo as given, then « increases monotonically as q decreases, and takes its greatest 
value for q = 0: 


Uo 


es | du 
max J Tulu — u)(u + uo + YT 


o 


It is easy to see that for given q, on the other hand, « is a monotonically decreasing function 
of up. Hence it follows that up is a monotonically decreasing function of q for given q, so 
that its greatest value is for q = 0 and is given by the above equation. The maximum 
R = R nax corresponds to the maximum up. Using the substitutions k? = uo/(1 +2uo), 
u = Uy cos? x, we can write the dependence of R,,,, on « in the parametric form 


aj2 


dx 
e n/2 ( 
1—k? 12 ER 
Rmax = -etA | J(L =k? sin? x)dx. 
o 


Thus symmetrical flow, everywhere divergent (Fig. 11a), is possible for a given aperture 
angle only for Reynolds numbers not exceeding a definite value. As « >x (k > 0), 
R nax 7 0; as a > 0 (k > 1/,/2), Rmax tends to infinity as 18-8/a. 


For R > Rna the assumption of symmetrical flow, everywhere divergent, is unjustified, 
since the conditions (23.14) cannot be satisfied. In the range of angles —}a < ¢ < }a the 
function u(@) must now have maxima or minima. The values of u() corresponding 
to these extrema must again be zeros of the polynomial under the radical sign. It is 
therefore clear that the trinomial u? + (1 + uọ)u +q (with uo > 0, q > 0) must have two 


real negative roots in the range mentioned, so that the radicand can be written 
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(Up —u) (u+ uo) (u +u”), Where uo > 0, up’ > 0, uo” > 0; we suppose uy’ < uo”. The 
function u(@) can evidently vary in the range up >u > — Up’, U = Up Corresponding to a 
positive maximum of u(@), and u = — ug’ to a negative minimum. Without pausing to make 
a detailed investigation of the solutions obtained in this way, we may mention that for 
R >R,,,,4 solution appears in which the velocity has one maximum and one minimum, the 
flow being asymmetric about the plane @ = 0 (Fig. 11b). When R increases further, a 
symmetrical solution with one maximum and two minima appears (Fig. 11c), and so on. In 
all these solutions, therefore, there are regions of both outward and inward flow (though 
of course the total discharge Q is positive). As R > œ the number of alternating minima 
and maxima increases without limit, so that there is no definite limiting solution. We may 
emphasize that in divergent flow as R > œ the solution does not, therefore, tend to the 
solution of Euler’s equations as it does for convergent flow. Finally, it may be mentioned 
that, as R increases, the steady divergent flow of the kind described becomes unstable soon 
after R exceeds R nax» and in practice a non-steady or turbulent flow occurs (Chapter III). 


SUBMERGED JET 

Determine the flow in a jet emerging from the end of a narrow tube into an infinite space 
filled with the fluid—the submerged jet (L. Landau 1943). 

We take spherical polar coordinates r, 0, @, with the polar axis in the direction of the jet 
at its point of emergence, and with this point as origin. The flow is symmetrical about the 
polar axis, so that v, = O and vo, v, are functions of r and @ only. The same total momentum 
flux (the “momentum of the jet”) must pass through any closed surface surrounding the 


Y= S | P h 
w LALA YUE oly pPivervt TIVLGI LU Fy DU UIGL 

v, = F (0)/r, va = f (8)/r, (23.16) 
where F and f are some functions of 8 only. The equation of continuity is 


1 d(r*v,) ae Os. 
r? ôr 'rsin0 ôb’ 


sin M n 
in vy = U. 


Hence we find that 
F(8) = —df/d0 — fcot 6. (23.17) 


The components II,,, [1,4 of the momentum flux density tensor in the jet vanish 
identically by symmetry. We assume that the components TI 4, and TI pẹ also vanish; this 
assumption is justified when we obtain a solution satisfying all the necessary conditions. 
Using the expressions (15.20) for the components of the tensor o;,, and formulae (23.16), 
(23.17), we easily see that the relation 


sin? 0 TI, = n [sin? 0M 44 —Ioo)] 


holds between the components of the momentum flux density tensor in the jet. Hence it 

follows that II „, = 0. Thus only the component T „ is non-zero, and it varies as 1/r°. It is 

easy to see that the equations of motion ôÑi /ÔxX, = 0 are automatically satisfied. 
Next, we write 


Too —Mgg)/P = (f? + 2vfcot 0 —2yf')/r = 0, 
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or 
d(1/f)/dé + (1/f)cot 6+1/2v = 0. 
The solution of this equation is 
f= —2vsin 6/(A —cos 0), (23.18) 
and then we have from (23.17) 


A?—1 
F= aie l- it (23.19) 


The pressure distribution is found from the equation 


Woo/p = p/p +f (f+ 2vcot 6)/r? = 0, 


which gives 


4pv?(A cos 0— 1) 
-Po = — - 23.20 
P— Po r (4A—cos h? ’ ( ) 
with po the pressure at infinity. The constant A can be found in terms of the momentum of 
the jet, i.e. the total momentum flux in it. This flux is equal to the integral over the surface of 
a sphere 


P= $n, cosĝdf = 2r | r°TI,,cos 0 sin 0 d8. 
0 


The value of II, is given by 
1 n= 4y? { (4?-1} A 
p ™ r ([(A-cos0)* A-—cos@ f’ 


and a calculation of the integral gives 


P= LénvpA4 


(ee a 
3(A? — 1) 


A+1 


Formulae (23.16}-(23.21) give the solution of the problem. When A varies from 1 to œ, the 
jet momentum P takes all values between oo and 0. 

The streamlines are determined by the equation dr/v, = rd@/vg, integration of which 
gives 


2 

r sin^ @ 
—- —~ 4 = constant. (23.22) 
A— CGS U 


Figure 12 shows the characteristic form of the streamlines. The flow is a jet which comes 
from the origin and sucks in the surrounding fluid. If we arbitrarily regard as the boundary 
of the jet the surface where the streamlines have the least distance (r sin @) from the axis, it 
is a cone with angle 20), where cos 0) = 1/A. 

In the limiting case of a weak jet (small P, corresponding to large A), we have from 
(23.21) 


P = 16nv7p/A. 
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= ae > 
Fic. 12 
In this case, the velocity is 
i 0 
PT. P sin A pe P cos l (23.23) 
8nvp r 4nvp r 


In the opposite limit of a strong jet (large P, corresponding to A —> 1)ft, we have 
A= 1 +40, 0o? = 64ry?p/3P. 


For large angles (0 = 1), the velocity distribution is given by 


— (2v/r)cot 40, v, = —2v/r; (23.24) 
for small angles (0 = 8o), 
4 2 
Va = — eee v, = a i a5 (23.25) 
(69° +07)r (69° +07) r 


The solution here obtained is exact for a jet regarded as emerging from a point source. If 
the finite dimensions of the tube mouth are taken into account, the solution becomes the 
first term of an expansion in powers of the ratio of these dimensions to the distance r from 


the mouth of the tube. This is why, if we calculate from the above solution the total mass 
flux through a clased surface surrounding the origin, the result is zero. A non-zero total 


mass flux is obtained when further terms in the above-mentioned expansion are 
considered. 


§24. Oscillatory motion in a viscous fluid 


When a solid body immersed in a viscous fluid oscillates, the flow thereby set up has a 
number of characteristic properties. In order to study these, it is convenient to begin witha 
simple but typical example (G. G. Stokes 1851). Let us suppose that an incompressible fluid 
is bounded by an infinite plane surface which executes a simple harmonic oscillation in its 
own plane, with frequency w. We require the resulting motion of the fluid. We take the 


+ However, the flow in a sufficiently strong jet is actually turbulent (§36). The Reynolds number for the jet 
considered is represented by the dimensionless parameter V. (P/py?). 
f See Yu. B. Rumer, Prikladnaya matematika i mekhanika 16, 255, 1952. 


The submerged laminar jet with a non-zero angular momentum has been discussed by L. G. Loitsyanskii (ibid. 
17, 3, 1953). 


The hydrodynamic equations for any steady axially symmetrical flow of an incompressible viscous fluid with 
the velocity decreasing as 1/r can be reduced to a single second-order ordinary linear differential equation; see N. 
A. Slezkin, Uchenye zapiski Moskovskogo gosudarstvennogo universiteta, No. 2, 1934; Prikladnaya matematika i 
mekhanika 18, 764, 1954. 
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solid surface as the yz-plane, and the fluid region as x > 0; the y-axis is taken in the 
direction of the oscillation. The velocity u of the oscillating surface is a function of time, of 
the form A cos(wt + a). It is convenient to write this as the real part of a complex quantity: 


u = re(uge ') 


3 


where the constant uo = Ae‘ is in general complex, but can always be made real by a 
proper choice of the origin of time. 

So long as the calculations involve only linear operations on the velocity u, we may omit 
the sign re and proceed as if u were complex, taking the real part of the final result. Thus we 
write 

uy = u= we (24.1) 


The fluid velocity must satisfy the boundary condition v = u for x = 0, i.e. v, = v, = 0, 
vy = ü. 

It is evident from symmetry that all quantities will depend only on the coordinate x and 
the time t. From the equation of continuity div v = 0 we therefore have év,/dx = 0, 
whence v, = constant = zero, from the boundary condition. Since all quantities are 
independent of the coordinates y and z, and since v, is zero, it follows that (v-grad)v = 0 
identically. The equation of motion (15.7) becomes 


ðv/ðt = —(1/p)gradp+vAv. (24.2) 


This is a linear equation. Its x-component is dp/dx = 0, i.e. p = constant. 
It is further evident from symmetry that the velocity v is everywhere in the y-direction. 


For v, = vp we have by (24.2) 


Por vy We fla 


Ov/0t = vd? v/Ax?, (24.3) 


that is, a (one-dimensional) heat conduction equation. We shall look for a solution of this 
equation which is periodic in x and t, of the form 


an i(kx — wt 
V = Ue A 


so that v = u for x = 0. Substituting in (24.3), we find 
io =vk?,  k=(1+i)/8, ô= /(2v/@), (24.4) 


so that the velocity is 
v = uge * P e-on, (24.5) 


the choice of the sign of S i in (24.4) is determined by the need for the velocity to decrease 
into the fluid. 

Thus transverse waves can occur in a viscous fluid, with the velocity v, = v perpendicular 
to the direction of propagation. They are, however, rapidly damped as we move away from 
the solid surface whose motion generates the waves. The amplitude damping is 
exponential, the depth of penetration being ô.t This depth decreases with increasing 
frequency of the wave, but increases with the kinematic viscosity of the fluid. 

The frictional force on the solid surface is evidently in the y-direction. The force per unit 
area is 

Oxy = N(6v,/0X).=0 = s/($onp)(i- lu. (24.6) 


+ Over a distance 6, the wave amplitude decreases by a factor of e; over one wavelength, it decreases by a factor 
of e°" ~ 540. 
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Supposing up real and taking the real part of (24.6), we have 
Oxy = —/(eonp)up cos (wt +47). 


The velocity of the oscillating surface, however, is u = ug cos wt. There is therefore a phase 
difference between the velocity and the frictional force. f 

It is easy to calculate also the (time) average of the energy dissipation in the above 
problem. This may be done by means of the general formula (16.3); in this particular case, 
however, it is simpler to calculate the required dissipation directly as the work done by the 
frictional forces. The energy dissipated per unit time per unit area of the oscillating plane is 
equal to the mean value of the product of the force a,, and the velocity u, = u: 


It is proportional to the square root of the 
root of the viscosity. 

An explicit solution can also be given of the problem of a fluid set in motion by a plane 
surface moving in its plane according to any law u = u(t). We shall not pause to give the 
corresponding calculations here, since the required solution of equation (24.3) is formally 
identical with that of an analogous problem in the theory of thermal conduction, which we 
shall discuss in §52 (the solution is formula (52.15)). In particular, the frictional force on 


unit area of the surface is given by 
t 
np du(t) dt 
o=- fe [S0 248) 


y z J ST Vit 


cf. (52.14). 

Let us now consider the general case of an oscillating body with any shape. In the case of 
an oscillating plane considered above, the term (v- grad)v in the equation of motion of the 
fluid was identically zero. This does not happen, of course, for a surface with arbitrary 
shape. We shaii assume, however, that this term is smali in comparison with the other 
terms, so that it may be neglected. The conditions necessary for this procedure to be valid 
will be examined below. 

We shall therefore begin, as before, from the linear equation (24.2). We take the curl of 
both sides; the term curl grad p vanishes identically, giving 


ô(curl v)/ot = vA curly, (24.9) 


i.e. curl v satisfies a heat conduction equation. We have seen above, however, that such an 
equation gives an exponential decrease of the quantity which satisfies it. We can therefore 
say that the vorticity decreases towards the interior of the fluid. In other words, the motion 


afthe Annid pancad ky tha ncrilatinanc Af tha had. is rotati amend sen a narta jae Ss 


Or ine nuia causea voy TUC USVINaGUULHs OL tne ooay iS TOON in a cer tain layer round the 


+ For oscillations of a half-plane (parallel to its edge) there is an additional frictional force due to edge effects. 
The problem of the motion of a viscous fluid caused by oscillations of a half-plane, and also the more general 
problem of the oscillations of a wedge with any angle, can be solved by a class of solutions of the equation 
A f+ k? f =0, used in the theory of diffraction by a wedge. We give here, for reference, only one result: the 
increase in the frictional force on a half-plane, arising from the edge effect, can be regarded as the result of 
increasing the area of the half-plane by moving the edge a distance 44, with ô as in (24.4) (L. D. Landau 1947). 
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body, while at larger distances it rapidly changes to potential flow. The depth of 
penetration of the rotational flow is of the order of 6. 

Two important limiting cases are possible here: the quantity 5 may be either large or 
small compared with the dimension of the oscillating body. Let / be the order of magnitude 
of this dimension. We first consider the case ô > l; this implies that ’ w < v. Besides this 
condition, we shall also suppose that the Reynolds number is small. If ais the amplitude of 
the oscillations, the velocity of the body is of the order of aw. The Reynolds number for the 
flow in question is therefore wal/v. We thus suppose that 


Po<y, qal/v<l. (24.10) 


This is the case of low frequencies of oscillation, which in turn means that the velocity 
varies only slowly with time, and therefore that we can neglect the derivative ôv/ôt in the 
general equation of motion dv/dt+(v-grad)v = —(1/p)gradp+vAv. The term 
(v-grad)v, on the other hand, can be neglected because the Reynolds number is small. 

The absence of the term dv/dt from the equation of motion means that the flow is 
steady. Thus, for ô > l, the flow can be regarded as steady at any given instant. This means 
that the flow at any given instant is what it would be if the body were moving uniformly 
with its instantaneous velocity. If, for example, we are considering the oscillations of a 
sphere immersed in the fluid, with a frequency satisfying the inequalities (24.10) (l being 
now the radius of the sphere), then we can say that the drag on the sphere will be that given 
by Stokes’ formula (20.14) for uniform motion of the sphere at small Reynolds numbers. 

Let us now consider the opposite case, where | > ô. In order that the term (v grad)v 
should again be negligible, it is necessary that the amplitude of the oscillations should be 
small in comparison with the dimensions of the body: 


Po>y aé€l; (24.11) 


in this case, it should be noticed, the Reynolds number need not be small. The above 
inequality is obtained by estimating the magnitude of (v - grad)v. The operator (v - grad) 
denotes differentiation in the direction of the velocity. Near the surface of the body, 
however, the velocity is nearly tangential. In the tangential direction the velocity changes 
appreciably only over distances of the order of the dimension of the body. Hence 


(v-grad)v ~ v? /l ~ a*@?/I, 


since the velocity itself is of the order of aw. The derivative dv/0t, however, is of the order 
of vw ~ aw*. Comparing these, we see that 


(v-grad)v < ôv/ôt 


if a < l. The terms dv/dt and vA v are then easily seen to be of the same order. 

We may now discuss the nature of the flow round an oscillating body when the 
conditions (24.11) hold. In a thin layer near the surface of the body the flow is rotational, 
but in the rest of the fluid we have potential flow. t Hence the flow everywhere except in the 
layer adjoining the body is given by the equations 


curly = 0, div v = 0. (24.12) 


t For oscillations of a plane surface not only curl v but also v itself decreases exponentially with characteristic 
distance ô. This is because the oscillating plane does not displace the fluid, and therefore the fluid remote from it 
remains at rest. For oscillations of bodies with other shapes the fluid is displaced, and therefore executes a motion 
where the velocity decreases appreciably only over distances of the order of the dimension of the body. 
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Hence it follows that Av=0, and the Navier-Stokes equation reduces to Euler’s 
equation. The flow is therefore ideal everywhere except in the surface layer. Since this layer 
is thin, in solving equations (24.12) to determine the flow of the rest of the fluid we should 
take as boundary condtions those which must be satisfied at the surface of the body, i.e. 
that the fluid velocity be equal to that of the body. The solutions of the equations of motion 
for an ideal fluid cannot satisfy these conditions, however. We can require only the 
fulfilment of the corresponding condition for the fluid velocity component normal to the 
surface. 

Although equations (24.12) are inapplicable in the surface layer of fluid, the velocity 
distribution obtained by solving them satisfies the necessary boundary condition for the 
normal velocity component, and the actual variation of this component near the surface 
therefore has no significant properties. The tangential component would be found, by 
solving the equations (24.12), to have some value different from the corresponding velocity 
component of the body, whereas these velocity components should be equal also. Hence 
the tangential velocity component must change rapidly in the surface layer. The nature of 
this variation is easily determined. Let us consider any portion of the surface of the body, 
with dimension large compared with ô, but small compared with the dimension of the 
body. Such a portion may be regarded as approximately plane, and therefore we can use 
the results obtained above for a plane surface. Let the x-axis be directed along the normal 
to the portion considered, and the y-axis parallel to the tangential velocity component of 
the surface there. We denote by v, the tangential component of the fluid velocity relative to 
the body; v, must vanish on the surface. Lastly, let vpe~'”' be the value of v, found by 
solving equations (24.12). From the results obtained at the beginning of this section, wecan 
say that in the surface layer the quantiy v, will fall off towards the surface according to the 
lawt 

v, = nye [1 — e70 -9x V@/2)7, (24.13) 


Finally, the total amount of energy dissipated in unit time will be given by the integral 


= KEPI CN ds an 
Ekin = —2/ (onp) lvo] af (24.14) 


taken over the surface of the oscillating body. 

In the Problems at the end of this section we calculate the drag on various bodies 
oscillating in a viscous fluid. Here we shall make the following general remark regarding 
these forces. Writing the velocity of the body in the complex form u = ug e~ ™"', we obtain a 
drag F proportional to the velocity u, and also complex: F = Bu, where $ = B, + iB, isa 
complex constant. This expression can be written as the sum of two terms with real 
coefficients: 

F = (B, + iB, )u = B,u—B,u/o, (24.15) 


one proportional to the velocity u and the other to the acceleration ú. 

The (time) average of the energy dissipation is given by the mean product of the drag 
and the velocity, where of course we must first take the real parts of the expressions given 
above, i.e. u = 4(uge”'! + uy *e''), F = 4 (uo Be‘! + ug * B*e"). Noticing that the mean 
values of e+2@* are zero, we have 


Eqn = Fu = 4(B+B*)|uo |? = 4B; luo]? (24.16) 


t The velocity distribution (24.13) is written in a frame where the solid body is at rest (v, = 0 when x = 0). 
Hence vp must be taken as the solution of the problem of potential flow past a body at rest. 
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Thus we see that the energy dissipation arises only from the real part of $; the 
corresponding part of the drag (24.15), proportional to the velocity, may be called the 
dissipative part. The other part of the drag, proportional to the acceleration and 
determined by the imaginary part of B, does not involve the dissipation of energy and may 
be called the inertial part. 


Similar considerations hold for the moment of the forces on a body executing rotary 
oscillations in a viscous fluid. 


PROBLEMS 
PROBLEM 1. Determine the frictional force on each of two parallel solid planes, between which is a layer of 
viscous fluid, when one of the planes oscillates in its own plane. 
SOLUTION. We seek a solution of equation (24.3) in the formt 
v = (Asin kx + B cos kx)e™', 


and determine A and B from theconditions v = u = uge *™ for x = Oand v = Ofor x = h, where his the distance 
between the planes. The result is 


sin k(h— x) 
sinkh ` 
The frictional force per unit area on the moving plane is 


P,, = n(0v/0x),=-9 = —nku cot kh, 


while that on the fixed plane is 
Pa, = —n(6v/dx), =, = ku cosec kh, 
the real parts of all quantities being understood. 


PROBLEM 2. Determine the frictional force on an oscillating plane covered by a layer of fluid with thickness h, 
the upper surface being free. 


SOLUTION. The boundary condition at the solid plane is v = u for x = 0, and that at the free surface is 
6, = nĝv/ôx = 0 for x = h. We find the velocity 
cos k(h — x) 

cos kh 


The frictional force is 
P, = n(0v/0x),=9 = nku tan kh. 
PROBLEM 3. A plane disk with large radius R executes rotary oscillations with small amplitude about its axis, 


the angle of rotation being 0 = 8, cos wt, where 6) < 1. Determine the moment of the frictional forces acting on 
the disk. 


SOLUTION. For oscillations with small amplitude the term (v - grad)vin the equation of motion is always small 
compared with év/0t, whatever the frequency œ. If R > ô, the disk may be regarded as infinite in determining the 
velocity distribution. We take cylindrical polar coordinates, with the z-axis along the axis of rotation, and seek a 


solution such that v, = v, = 0, vg = v = rQ(z, t). For the angular velocity Q(z, t) of the fluid we obtain the 
equation 


6Q/dt = vd? Q/dz?. 
The solution of this equation which is —@6p sin wt for z = 0 and zero for z = œ is 


Q= —wOye *” sin(wt —z/6). 


+ In all the Problems to this section k and 6 are defined as in (24.4). 
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The moment of the frictional forces on both sides of the disk is 
R 
M=2 | r-2nrn(6v/02),-9dr = wOn,/(wpn) R* cos (wt —4n). 


o 


PROBLEM 4. Determine the flow between two parallel planes when there is a pressure gradient which varies 
harmonically with time. 


SOLUTION. We take the xz-plane half-way between the two planes, with the x-axis paraliei to the pressure 
gradient, which we write in the form 


—(1/p)ép/éx = ae~*. 
The velocity is everywhere in the x-direction, and is determined by the equation 
Ov/dt = ae" + vô?’ v/dy’. 


The solution of this equation which satisfies the conditions v = 0 for y = + this 


ia _. cos cos ky 
v=— e | 1— 
w cos4 ikh 


The mean value of the velocity over a cross-section is 
ia _. 2 
b=—e | 1 ~—tan$kh J. 
w ( kh? ) 


ò ae ™ h? /12v, 


in agreement with (17.5), while for h/ô > 1 we have 


For h/ò < 1 this becomes 


č x (ia/wje ™, 
in accordance with the fact that in this case the velocity must be almost constant over the cross-section, varying 
only in a thin surface layer. 
PROBLEM 5. Determine the drag on a sphere with radius R which executes translatory oscillations in a fluid. 


SOLUTION. We write the velocity of the sphere in the form u = uye~'”. As in §20, we seek the fluid velocity in 
the form v = e~ '®' curl curl fu, , where f is a function of r only (the origin is taken at the instantaneous position of 


tha nantan Af thw cob nen) Cibo wn in (94 aed affanati a m tenn cfaematinanc ciesilas ta th aaam £9 
the centre of the spnere). Substituting i in (24.7) ane cuccting transior mations similar to those in §20, we obtain the 


equation 
Aft (iwo/vyA f=9 
(instead of the equation ^?f = 0 in §20). Hence we have 
Af = constant x e™ /r, 
the solution being chosen which decreases exponentially with r. Integrating, we have 
df/dr = [ae™ (r —1/ik) +b] /r*; (1) 


the function f itself is not needed, since only the derivatives f and f” appear in the velocity. The constants a and b 
are determined from the condition that v = u for r = R, and are found to be 


3R 
a= —— e tkR, = a(i- pR a) (2) 
2ik ikR / 


It may be pointed out that, at high frequencies (R >ô), a +0 and b + —4R°, the values for potential flow 
obtained in §10, Problem 2; this is in accordance with what was said in §24. 
The drag is calculated from formula (20.13), in which the integration is over the surface of the sphere. The result 
is 
du 


— R 2 
F = óm R( 1+5 us 3nR Venio (1455). (3) 


For œw = 0 this becomes Stokes’ formula, while for large frequencies we have 


d 
F =4npR? + 32R?./(2npo)u. 
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The first term in this expression corresponds to the inertial force in potential flow past a sphere (see §11, Problem 
1), while the second gives the limit of the dissipative force. This second term could also have been found by 
calculating the energy dissipation according to (24.14); see Problem 6. 


PROBLEM 6. Find the expression, in the limit of high frequencies (ô < R), for the dissipative drag on an infinite 
cylinder with radius R oscillating at right angles to its axis. 


SOLUTION. The velocity distribution round a cylinder at rest in a transverse flow is 
v = (R?/r?) [2n(u-n)—u)} — u; 
see §10, Problem 3. From this, we find as the tangential velocity at the surface of the cylinder 


vo = —2usin ¢, 


where rand ¢ are polar coordinates in the transverse plane, with @ measured from the direction of u. From (24.14) 
we find the energy dissipated per unit length of the cylinder: 


Exin = nU? RY (2p). 
Comparison with (24.15) and (24.16) gives the result 
Fas = 2nuR,/(2npo). 


PROBLEM 7. Determine the drag on a sphere moving in an arbitrary manner, the velocity being given by a 
function u(t). 


SOLUTION. We represent u(t} as a Fourier integral: 


a 


1 ; : 
u(t) = — | ue “dw, u, = | u(t)e®" dr. 
2r 


Since the equations are linear, the totai drag may be written as the integral of the drag forces for velocities which 
are the separate Fourier components u,,e~ '"; these forces are given by (3) of Problem 5, and are 


mpR age) oe + Sta a-vo). 


Noticing that (du/dt), = — imu,,, we can rewrite this as 


npR*e ol ay w +$ (ú) + R Raat 


On integration over œw/2n, the first and second terms give respectively u(t) and u(t). To integrate the third term, we 
notice first of all that for negative w this term must be written in the complex conjugate form, (1 + i) / w being 
replaced by (1 —i) Vf j@|; this is because formula (3) of Problem 5 was derived for a velocity u = uye~ with 
w > 0, and for a velocity up e™™ we should obtain the complex conjugate. Instead of an integral over w from — œ 
to + œ, we can therefore take twice the real part of the integral from 0 to oo. We write 
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Thus we have finally for the drag 


_ a idu g W [#3 + 
F =2npR Bat Pas a (4) 


Pros_em 8. Determine the drag on a sphere which at time z = 0 begins to move with a uniform acceleration, 
u=at. 


SOLUTION. Putting, in formula (4) of Problem 7, u = 0 for t < 0 and u = at for t > 0 we have for t > 0 
F = 2npR? 1 y 3vt R 6 jtv 
= a — — — — ee 
Oe Ta RR a 


PROBLEM 9. The same as Problem 8, but for a sphere brought instantaneously into uniform motion. 


SOLUTION. We have u = 0 for t < 0 and u = up for t > 0. The derivative du/dt is zero except at the instant 
t = 0, when it is infinite, but the time integral of du/dt is finite, and equals uy. As a result, we have for all t > 0 


R 
F = 6npvRuy [1 + hap + FAOR Hd 


where ô(t) is the delta function. For t => œ this expression tends asymptotically to the value given by Stokes’ 
formula. The impulsive drag on the sphere at t = 0 is obtained by integrating the last term and is $ np R? uo 


PROBLEM 10. Determine the moment of the forces on a sphere executing rotary oscillations about a diameter 
in a viscous fluid. 


SOLUTION. For the same reasons as in §20, Problem 1, the pressure-gradient term can be omitted from the 
equation of motion, so that we have dv/dt = v A v. We seek a solution in the form v = curl fQ)e7*', where Q 
= Qe" is the angular velocity of rotation of the sphere. We then obtain for f, instead of the equation 
A f = constant, 


A f+ k?f = constant. 


Omitting an unimportant constant term in the solution of this equation, we find f = ae” /r, taking the solution 
which vanishes at infinity. The constant ais determined from the boundary condition that v = Qxr at the surface 
of the sphere. The result is 


R? ‘R\3 1 ~ikr 
=— ~ piktr- R) = (Qxr){ — eik(r— R) 
f AR e A »(Ž) 1—ikR 


where R is the radius of the sphere. A calculation like that in §20, Problem 1, gives the following expression for the 
moment of the forces exerted on the sphere by the fluid: 


_ 8n R02 + 6R/6 + 6(R/65)? + 2(R/6)? — 2i(R/5)? (1 + R/d) 
= eae 1+2R/6 + 2(R/5)? 
For w > 0 (i.e. ô > œ), we obtain M = — 8n7R°Q, corresponding to uniform rotation of the sphere (see §20, 


Problem 1). In the opposite limiting case R/ô > 1, we find 


4/2 


M= ea nR*,/(npw)(i— 1)Q. 


This expression can also be obtained directly: for ô < R each element of the surface of the sphere may be regarded 
as plane, and the frictional force acting on it is found by substituting u = QR sin 6 in formula (24.6). 


PROBLEM 11. Determine the moment of the forces on a hollow sphere filled with viscous fluid and executing 
rotary oscillations about a diameter. 


SOLUTION. We seek the velocity in the same form as in Problem 10. For f we take the solution (a/r) sin kr, 
which is finite everywhere within the sphere, including the centre. Determining a from the boundary condition, 


we have 
RN? krcos kr—sin kr 
v= (Qxr)| — }) —————_—.. 
rj} kRooskR—sinkR 
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A calculation of the moment of the frictional forces gives the expression 


k? R? sin kR + 3kR cos kR — 3 sin kR 


M =8nnR?0 
San kR cos kR —sin kR 


The limiting value for R/ô > 1 is of course the same as in the preceding problem. If R/é < 1 we have 
R*@ 
= 5 RIQLi- ; 
AER (i 35v ) 


The first term corresponds to the inertial forces occurring in the rigid rotation of the whole fluid. 


§25. Damping of gravity waves 


Arguments similar to those given above can be advanced concerning the velocity 
distribution near the free surface of a fluid. Let us consider oscillatory motion occurring 
near the surface (for example, gravity waves). We suppose that the conditions (24.11) hold, 
the dimension / being now replaced by the wavelength A: 


Vorv, aa; (25.1) 


a is the amplitude of the wave, and w its frequency. Then we can say that the flow is 
rotational only in a thin surface layer, while throughout the rest of the fluid we have 
potential flow, just as we should for an ideal fluid. 

The motion of a viscous fluid must satisfy the boundary conditions (15.16) at the free 
surface; these require that certain combinations of the space derivatives of the velocity 
should vanish. The flow obtained by solving the equations of ideal-fluid dynamics does not 
satisfy these conditions, however. As in the discussion of v, in the previous section, we may 
conclude that the corresponding velocity derivatives decrease rapidly in a thin surface 
layer. It is important to notice that this does not imply a large velocity gradient as it does 
near a solid surface. 

Let us calculate the energy dissipation in a gravity wave. Here we must consider the 
dissipation, not of the kinetic energy alone, but of the mechanical energy E,,,.,,, which 
includes both the kinetic energy and the potential energy in the gravitational field. It is 
clear, however, that the presence or absence of a gravitational field cannot affect the energy 
dissipation due to processes of internal friction in the fluid. Hence E,,,.,, is given by the 
same formula (16.3): 


In calculating this integral for a gravity wave, it is to be noticed that, since the volume of the 
surface region of rotational flow is small, while the velocity gradient there is not large, the 
existence of this region may be ignored, unlike what was possible for oscillations of a solid 
surface. In other words, the integration is to be taken over the whole volume of fluid, 
which, as we have seen, moves as if it were an ideal fluid. 

The flow in a gravity wave for an ideal fluid, however, has already been determined in 
§12. Since we have potential flow, 


0u,/0x, = 07/0x, 0x; = Ov,/OX;, 


` ao 2 i 
E mech = — 2n EL) dr. 
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The potential ¢@ has the form 
$ = ġo cos (kx — wt + ae*. 


Weare interested, of course, not in the instantaneous value of the energy dissipation, but in 
its mean value with respect to time. Noticing that the mean values of the squared sine and 
cosine are the same, we find 


= n 


Emech = — 8nk* joa v. (25.2) 


The energy Enecp itself may be calculated for a gravity wave by using a theorem of 
mechanics that, in any system executing small oscillations (with small amplitude, that is), 
the mean kinetic and potential energies are equal. We can therefore write E necp simply as 


tunca tho Linetic enersy: 
brite tue MUCU CULE y. 


Ech =p [wav = p [0010x dry, 


whence 


Enech = 2pk? | par. (25.3) 


The damping of the waves is conveniently characterized by the damping coefficient y, 
defined as 


y = lÈ menl/2Emech- (25.4) 


In the course of time, the energy of the wave decreases according to the law Emech 
= constant x e~ 7”; since the energy is proportional to the square of the amplitude, the 
latter decreases with time as e~”. 

Using (25.2), (25.3), we find 


y = 2vk?. (25.5) 
Substituting here (12.7), we obtain the damping coefficient for gravity waves in the form 
y = 2v@*/g?. (25.6) 

PROBLEMS 


PROBLEM i. Determine the damping coefficient for long gravity waves propagated in a channel with constant 
cross-section; the frequency is supposed so large that af (v/@) is small compared with the depth of the fluid in the 
channel and the width of the channel. 


Ro inm icoi i DON i f Annid h tha valamtu changes 
SOLUTION. The principal dissipation of energy occurs in the surface layer of fluid, where the velocity changes 


from zero at the boundary to the value v = v) e~ “’ which it has in the wave. The mean energy dissipation per unit 
length of the channel is by (24.14) l |vo PV (npc/8), where lis the perimeter of the part of the channel cross-section 
occupied by the fluid. The mean energy of the fluid (again per unit length) is Spv? = 4 Sp |vo |2, where S is the cross- 
sectional area of the fluid in the channel. The damping coefficient is y = L/ (vw/8S7). For a channel with 
rectangular section, therefore, 

2h+a 

y=—7,—./(va), 

2,/2ah ~“ 

where a is the width and h the depth of the fluid. 


PROBLEM 2. Determine the flow in a gravity wave on a very viscous fluid (v2 w4?). 
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SOLUTION. The calculation of the damping coefficient as shown above is valid only when this coefficient is 
small (y < œ),so that the motion may be regarded as that of an ideal fluid to a first approximation. For arbitrary 
viscosity we seek a solution of the equations of motion 


ðv, & T) 1 Op 
ae = 


at x?” Gz? j pax’ 
ðv, 67v, ôv, 1ôp 
EA ET r P 
ôt Ox? = Gz p dz 
Ov, Ov, _ 
6x éz 
which depends on ¢ and x as e~'*'**, and diminishes in the interior of the fluid (z > 0). We find 
rae a > ik 
v, = e fort ike Ae 4 Be™), v, = eT fat + ike ¢ ides — E Be”), 
m 


p/p =e "+ ** w Ae*/k—gz, where m= ./(k* —iaw/v). 
The boundary conditions at the fluid surface are 


Ov, + ov, 
ôz Ox 
In the second condition we can immediately put z = 0 instead of z = ¢. The first condition, however, should be 
differentiated with respect to t, after which we replace g@{/ét by gv, and then put z = 0. The condition that the 
resulting two homogeneous equations for A and B be compatible gives 


io\? g  _ iw 
(2-4) ria (1-5) i 


This equation gives w as a function of the wave number k; w is complex, its real part giving the frequency of the 
oscillations and its imaginary part the damping coefficient. The solutions of equation (1) that have a physicai 
meaning are those whose imaginary parts are negative (corresponding to damping of the wave); only two roots of 
(1) meet this requirement. If vk? < ./(gk) (the condition (25.1)), then the damping coefficient is small, and (1) gives 
approximately w = + V (gk) — i.2vk?, a result which we already know. In the opposite limiting case vk? > / (gk), 
equation (1) has two purely imaginary roots, corresponding to damped aperiodic flow. One root is œ = —ig/2vk, 
while the other is much larger (of order vk?), and therefore of no interest, since the corresponding motion is 
strongly damped. 


O,, = — p +2qôv,/0z = 0, Oxz =f )=0 for z=%. 


CHAPTER III 


TURBULENCE 


§26. Stability of steady flow 


For any problem of viscous flow under given steady conditions there must in principle 
exist an exact steady solution of the equations of fluid dynamics. These solutions formally 
exist for all Reynolds numbers. Yet not every solution of the equations of motion, even if it 
is exact, can actually occur in Nature. Those which do must not only obey the equations of 
fluid dynamics, but also be stable. Any small perturbations which arise must decrease in the 
course of time. If, on the contrary, the small perturbations which inevitably occur in the 
flow tend to increase with time, the flow is unstable and cannot actually exist.t 

The mathematical investigation of the stability of a given flow with respect to infinitely 
small perturbations will proceed as follows. On the steady solution concerned (whose 
velocity distribution is vo(r), say), we superpose a non-steady small perturbation v; (r, t), 
which must be such that the resulting velocity v = vy + v, satisfies the equations of motion. 
The equation for v, is obtained by substituting in the equations 


A 


ov 4 p 5 
g; + grad) = -BHP avAy,  divv=0 (26.1) 
p 
the velocity and pressure 
Y= V +tVY;, P = Po +P, (26.2) 
where the known functions vp and po satisfy the unperturbed equations 
rad ; 
(vo: grad)v, = — bre a +vAV, div v = 0. (26.3) 
p 
Omitting terms above the first order in v,, we obtain 
Ov 
ae + (Yo ` grad)v, + (v,° grad)vo 
ad f 
= SAP Ay, divy =0. (26.4) 
p 


The boundary condition is that v, vanish on fixed solid surfaces. 

Thus v, satisfies a system of homogeneous linear differential equations, with coefficients 
that are functions of the coordinates only, and not of the time. The general solution of such 
equations can be represented as a sum of particular solutions in which v, depends on time 


t In the previous edition, instability with respect to infinitesimal perturbations was called absolute instability. 
This adjective will not now be used in the present context, but will serve (in accordance with more customary 
terminology) as a contrast to convected (§28). 
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as e~''. The frequencies w of the perturbations are not arbitrary, but are determined by 
solving the equations (26.4) with the appropriate boundary conditions. The frequencies are 
in general complex. If there are w whose imaginary parts are positive, e~‘" will increase 
indefinitely with time. In other words, such perturbations, once having arisen, will increase, 
i.e. the flow is unstable with respect to such perturbations. For the flow to be stable it is 
necessary that the imaginary part of any possible frequency œ be negative. The 
perturbations that arise will then decrease exponentially with time. 

Such a mathematical investigation of stability is extremely complicated, however. The 
theoretical problem of the stability of steady flow past bodies with finite dimensions has 
not yet been solved. It is certain that steady flow is stable for sufficiently small Reynolds 
numbers. The experimental data seem to indicate that, when R increases, it eventually 
reaches a value R,, (the critical Reynolds number) beyond which the flow is unstable with 
respect to infinitesimal disturbances. For sufficiently large Reynolds numbers (R > R,,), 
steady flow past solid bodies is therefore impossible. The critical Reynolds number is not, 
of course, a universal constant, but takes a different value for each type of flow. These 
values appear to be of the order of 10 to 100; for example, in flow across a cylinder 
undamped non-steady flow has been observed for R = ud/v ~ 30, d being the diameter of 
the cylinder. 

Let us now consider the nature of the non-steady flow which is established as a result of 
the instability of steady flow at large Reynolds numbers (L. D. Landau 1944). We begin by 
examining the properties of this flow at Reynolds numbers only slightly greater than R,,. 
For R < R,, the imaginary parts of the complex frequencies œ = œ, + iy, for all possible 
small perturbations are negative (y; < 0). For R = R, there is one frequency whose 
imaginary part is zero. For R > R,, the imaginary part of this frequency is positive, but, 
when R is close to R,,, Yı is small in comparison with the real part œw,.t The function v, 
corresponding to this frequency is of the form 


= A(t)f (x, J, z), (26.5) 
where f is some complex function of the coordinates, and the complex amplitude A(t) ist 
A(t) = constant x e”!e~ i:t, (26.6) 


This expression for A(t) is actually valid, however, only during a short interval of time after 
the disruption of the steady flow; the factor e”:' increases rapidly with time, whereas the 
method of determining v, given above, which leads to expressions like (26.5) and (26.6), 
applies only when | v, | is small. In reality, of course, the modulus | A | of the amplitude of 
the non-steady flow does not increase without limit, but tends to a finite value. For R close 
to R,, (we always mean, of course, R > R,,), this finite value is small, and can be determined 
as follows. 

Let us find the time derivative of the squared amplitude | A |?. For very small values of t, 
when (26.6) is still valid, we have d | A |?/dt = 2y, | A|?. This expression is really just the 
first term in an expansion in series of powers of A and A*. As the modulus | A | increases 
(still remaining small), subsequent terms in this expansion must be taken into account. The 


t The set (or spectrum) of all possible perturbation frequencies for a given type of flow includes both separate 
isolated values (the discrete spectrum) and the whole of various frequency ranges (the continuous spectrum). It 
seems that for flow past finite bodies the frequencies with y, > 0 can occur only in the discrete spectrum. The 
reason is that the perturbations corresponding to the frequencies in the continuous spectrum are in general not 
zero at infinity, but the unperturbed flow there is certainly a stable homogeneous plane-parallel flow. 

t As usual, we understand the real part of (26.6). 
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next terms are those of the third order in A. However, we are not interested in the exact 
value of the derivative d | A |/dt, but in its time average, taken over times large compared 
with the period 22/w, of the factor e-:'; we recall that, since œ, > y1, this period is small 
compared with the time 1/), required for the amplitude modulus |A| to change 
appreciably. The third-order terms, however, must contain the periodic factor, and 
therefore vanish on averaging.t The fourth-order terms include one which is proportional 
to A?A*? = | A |* and which does not vanish on averaging. Thus we have as far as fourth- 
order terms 


d|A/?/dt = 2y,|A}?—a| Al’, (26.7) 


where « (the Landau constant) may be either positive or negative. 

We are interested in the case where an infinitesimal perturbation (superimposed on the 
original flow) first becomes unstable for R > R,,. This corresponds to a > 0. We have not 
put bars above | A |? and | A |* in (26.7), since the averaging is only over time intervals short 
compared with 1/y,. For the same reason, in solving the equation we proceed as if the bar 
were omitted above the derivative also. The solution of equation (26.7) is 


1/|A|? = «/2y, +constant x e777", 
Hence it is clear that | A |? tends asymptotically to a finite limit: 
|A ae = 2y;/e. (26.8) 


The quantity y, is some function of the Reynolds number. Near R,, it can be expanded as 
a series of powers of R—R,,. But y, (Ra) = 0, by the definition of the critical Reynolds 
number. Hence we have to the first order 


yı = constant x (R — Ra). (26.9) 


Substituting this in (26.8), we see that the modulus | A | of the amplitude is proportional to 
the square root of R—R,: 


|A Imar © V (R — Ra). (26.10) 
Let us now briefly discuss the case where « < Oin (26.7). The two terms in that expansion 


are then insufficient to determine the limiting amplitude of the perturbation, and we have 
to include a negative term of higher order; let this be — £] A |f with B > 0, which gives 


Z2 
|A Pan = gp Hea aly), (26.11) 


with y, as in (26.9). The dependence is shown in Fig. 13b; Fig. 13a corresponds to « > 0, 
(26.10). When R > R,,, there can be no steady flow; when R = Rẹ, the perturbation 
discontinuously reaches a non-zero amplitude, though this is still assumed so small that 
the expansion in powers of | A |? is valid.f In the range Rẹ’ < R < Ra, the unperturbed 
flow is metastable, being stable with respect to infinitesimal perturbations but unstable 
with respect to those with finite amplitude (the continuous curve; the broken curve shows 


the unstable branch). 


t Strictly speaking, the third-order terms give, on averaging, not zero, but fourth-order terms, which we 
suppose included among the fourth-order terms in the expansion. 

t Such systems are said to have hard self-excitation, in contrast to those with soft self-excitation, which are 
unstable with respect to infinitesimal perturbations. 
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Let us now return to the non-steady flow which occurs when R > R,,, as a result of the 
instability with respect to small perturbations. For R close to R,, the latter flow can be 
represented by superposing on the steady flow vo (r)a periodic flow v; (r, t), with a small but 
finite amplitude which increases with R as in (26.10). The velocity distribution in this flow is 
of the form 


vi = f (re Hot tA), (26.12) 


where f is a complex function of the coordinates, and B, is some initial phase. For large 
R —R,,, the separation of the velocity into vp and v, is no longer meaningful. We then have 
simply some periodic flow with frequency @,. If, instead of the time, we use as an 
independent variable the phase ?, = w,t + B,, then we can say that the function v(r, ?, )isa 
periodic function of @,, with period 2x. This function, however, is no longer a simple 
trigonometrical function. Its expansion in Fourier series 


v=) A,(r)e7 iP (26.13) 
P 
(where the summation is over all integers p, positive and negative) includes not only terms 
with the fundamental frequency œ,, but also terms whose frequencies are integral 
multiples of œw. 

Equation (26.7) determines only the modulus of the time factor A(t), and not its phase 
ı, which remains essentially indeterminate, and depends on the particular initial 
conditions which happen to occur at the instant when the flow begins. The initial phase £, 
can have any value, depending on these conditions. Thus the periodic flow under 
consideration is not uniquely determined by the given steady external conditions in which 
the flow takes place. One quantity—the initial phase of the velocity—remains arbitrary. 
We may say that the flow has one degree of freedom, whereas steady flow, which is entirely 
determined by the external conditions, has no degrees of freedom. 


PROBLEM 


Derive the equation for the energy balance between the unperturbed flow and a superimposed perturbation, 
without assuming that the latter is weak. 


SOLUTION. Substituting (26.2) in (26.1), but not omitting the term of the second order in v,, we have 
Ov, /Ot + (Vo ` grad)v, + (v; - grad)vo + (v,-grad)v, = —gradp, + (1/R)Ay,; (1) 
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all quantities are assumed to be brought to dimensionless form, as described in §19. Taking the scalar product of 
this equation with v, and using the equations divv, = 0, div v, = 0, we obtain 

ð ðv, i 1 ðv i ðv i ð 1 év i 

ot (40,7) = PP Ze a aes ox, l — $v, (vor +034) — Piik + gt. 
The last term on the right gives zero on integration over the whole region of the flow, since vy = y, = 0 on the 
boundary surfaces of the region or at infinity. This gives as the required relation 


È, = T—D/R, (2) 


av; a 
E, = fo.rav, T=- foeu ar, D = (=) dV. (3) 
Ox, Ox, 


The functional T represents the energy exchange between the unperturbed flow and the perturbation, and may 
have either sign. The functional D is the dissipative energy loss, and D > 0 always. Note that the term in (1) non- 
linear in v, does not contribute to the relation (2). 
The relation (2) provides a lower limit of Rọ (O. Reynolds 1894; W. M’F. Orr 1907): the derivative dE, /dt must 
be negative, i.e. the perturbation decreases with time, if R < Rg, where 
Rz = min(D/T), (4) 


the minimum of the functional being taken with respect to functions v, (r) which satisfy the boundary conditions 
and the equation div v, = 0. The existence of a finite minimum arises mathematically from the fact that T and D 
are both second-order homogeneous functionals. This proves the existence of a lower limit of R for metastability, 
below which the unperturbed flow is stable with respect to any perturbations. The “energy estimate” given by (4) 
is, however, much too low in the majority of cases. 


§27. Stability of rotary flow 


To investigate the stability of steady flow between two rotating cylinders (§18) in the 
limit of very large Reynolds numbers, we can use a simple method like that used in §4 to 
derive the condition for mechanical stability of a fluid at rest in a gravitational field 
(Rayleigh 1916). The principle of the method is to consider any small element of the fluid 
and to suppose that this element is displaced from the path which it follows in the flow 
concerned. As a result of this displacement, forces appear which act on the displaced 
element. If the original flow is stable, these forces must tend to return the element to its 
original position. 

Each fluid element in the unperturbed flow moves in a circle r = constant about the axis 
of the cylinders. Let u(r) = mr?¢ be the angular momentum of an element with mass m, ¢ 
being the angular velocity. The centrifugal force acting on it is u?/mr>; this force is 
balanced by the radial pressure gradient in the rotating fluid. Let us now suppose that a 
fluid element at a distance ry from the axis is slightly displaced from its path, being moved 
to a distance r > rọ from the axis. The angular momentum of the element remains equal to 
its original value 4o = 4u (ro). The centrifugal force acting on the element in its new position 
is therefore pig”/mr?. In order that the element should tend to return to its initial position, 
this force must be less than the equilibrium value u? /mr°? which is balanced by the pressure 
gradient at the distance r. Thus the necessary condition for stability is u? — po? > 0. 
Expanding u(r) in powers of the positive difference r — ro, we can write this condition in the 
form 


udu/dr > 0. (27.1) 
According to formula (18.3), the angular velocity $ of the moving fluid particles is 


Q, R? -N, Ry? | (Qy—Q2)R,7?R2” 1 
R,? rm Ri? R,? a R,? r? 


ġ= 
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Calculating u = mr?¢ and omitting factors which are certainly positive, we can write the 
condition (27.1) as 


(Q, R,?—Q, Ré > 0. (27.2) 


The angular velocity ¢@ varies monotonically from Q, on the inner cylinder to Q, on the 
outer cylinder. If the two cylinders rotate in opposite directions, i.e. if Q, and Q, have 
opposite signs, the function @ changes sign between the cylinders, and its product with the 
constant number Q, R}? —Q, R,? cannot be everywhere positive. Thus in this case (27.2) 
does not hold at all points in the fluid, and the flow is unstable. 

Now let the two cylinders be rotating in the same direction; taking this direction of 
rotation as positive, we have Q, > 0, Q, > 0. Then ¢ is everywhere positive, and for the 
condition (27.2) to be fulfilled it is necessary that 


Q, R? SOER, (27.3) 


ac? 4n2 act ANY 


If Q, R3? < Q, R,? the flow is unstable. For example, if the outer cylinder is at rest 
(Q, = 0), while the inner one rotates, then the flow is unstable. If, on the other hand, the 
inner cylinder is at rest (Q, = 0), the flow is stable. 

It must be emphasized that no account has been taken, in the above arguments, of the 
effect of the viscous forces when the fluid element is displaced. The method is therefore 
applicable only for small viscosities, i.e. for large R. 

To investigate the stability of the flow for any R, it is necessary to follow the general 
method, starting from equations (26.4); for flow between rotating cylinders, this was first 
done by G. I. Taylor (1924). In the present case the unperturbed velocity distribution vo 
depends only on the (cylindrical) radial coordinate r, and not on the angle ¢ or the axial 
coordinate z. The complete set of independent solutions of equations (26.4) may therefore 
be sought in the form 


vilr, h, z) = ee OF (r), (27.4) 


the direction of the vector f(r) being arbitrary. The wave number k, which takes a 
continuous range of values, determines the periodicity of the perturbation in the z- 
direction. The number n takes only integral values 0, 1, 2,..., as follows from the 
condition for the function to be single-valued with respect to the variable ¢; the value n = 0 
corresponds to axially symmetrical perturbations. The permissible values of the frequency 
w are found by solving the equations with the necessary boundary conditions (v; = 0 for 
r = R, and r = R,). The problem thus formulated yields in general, for given n and k, a 
discrete series of eigenfrequencies w = w,'/)(k), where j labels the branches of the function 
w,(k),; these frequencies are in general complex. 

The role of the Reynolds number in this case may be taken by Q, R,7/v or Q, R,?/v for 
given values of the ratios R,/R, and Q,/Q, which determine the type of flow. Let us follow 
the change of some eigenfrequency œ = @,‘/)(k) as the Reynolds number gradually 
increases. The point where instability appears (for a particular form of perturbation) is 
determined by the value of R for which the function y(k) = im first becomes zero for 
some k. For R < R,,, the function y(k) is always negative, but for R > R,, we have y > Oin 
some range of k. Let k, be the value of k for which y(k)=0 when R=R,,. The 
corresponding function (27.4) gives the nature of the flow which occurs (superimposed on 
the original flow) in the fluid at the instant when the original flow ceases to be stable; it is 
periodic along the axis of the cylinders, with period 27/k,,. The actual limit of stability is, of 
course, determined by the form of the perturbation, i.e. the function w,” (k), for which R q 
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is least, and it is these “most dangerous” perturbations that are of interest here. As a rule 
(see below) they are axially symmetrical. Because of the great complexity of the calculation, 
a fairly complete study of them has been made only in the case where the space between the 
cylinders is narrow: h = R,—R, < R =4(R, + R2). The results are as follows.t 

It is found that a purely imaginary function w(k) corresponds to the solution which gives 
the smallest R.,. Hence, when k = ką, not only im œ but œ itself is zero. This means that 
the first instability of steady rotary flow leads to the appearance of another flow which is 
aiso steady. It consists of toroidai Taylor vortices arranged in a reguiar manner along the 
cylinders. For the case where the two cylinders rotate in the same direction, Fig. 14 shows 
schematically the projections of the streamlines of these vortices on the meridional cross- 
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+ A detailed treatment is given by N. E. Kochin, I. A. Kibel’ and N. V. Roze, Theoretical Hydromechanics 
(Teoreticheskaya gidromekhanika), Part 2, Moscow 1963; S. Chandrasekhar, Hydrodynamic and 
Hydromagnetic Stability, Oxtord 1961; P. G. Drazin and W. H. Reid, Hydrodynamic Stability, Cambridge 1981. 

$ In such cases there is said to be exchange of stabilities. The experimental and numerical results for several 
particular cases suggest that this property is a general one for the flow considered and does not depend on h being 
small. 
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section plane of the cylinders; the velocity v, actually has an azimuthal component also. 
The length 27/k of each period contains two vortices with opposite directions of rotation. 

For R slightly greater than R, there is not one value of k but a whole range, for which 
im @ > 0. However, it should not be thought that the resulting flow will be a superposition 
of flows with various periodicities. In reality, for each R a flow with a definite periodicity 
occurs which stabilizes the total flow. This periodicity, however, cannot be determined 
from the linearized equation (26.4). 

Figure i5 shows the approximate form of the curve separating the regions of unstable 
(shaded) and stable flow for a given value of R,/R,. The right-hand branch of the curve, 
cotresponcing to rotation of the two cylinders in the same direction, is asymptotic to the 
line 2, R3? = Q, R,?; this property is in fact a general one, not dependent on the smallness 
of h. When the Reynolds number increases, for a given type of flow, we move upwards 
along a line through the origin which corresponds to the given value of Q, /Q,. In the right- 
hand part of the diagram, such lines for which Q, R,?/Q, R,? > 1 do not meet the curve 
which bounds the region of instability. If, on the other hand, Q, R,?/Q, R,? < 1, then for 
sufficiently large Reynolds numbers we enter the region of instability, in accordance with 
the condition (27.3). In the left-hand part of the diagram (Q, and Q, with opposite signs), 
any line through the origin meets the boundary of the shaded region; that is, when the 
Reynolds number is sufficiently large steady flow ultimately becomes unstable for any 
ratio |Q,/Q, |, again in agreement with the previous results. For Q, = 0 (when only the 
inner cylinder rotates), instability sets in when the Reynolds number, defined as 
R = AQ, R,/\, is 
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In the flow under consideration, the viscosity has a stabilizing effect: a flow stable when 
v = O remains stable when the viscosity is taken into account, and one that is unstable may 
become stable for a viscous fluid. 

There have been no systematic studies of perturbations without axial symmetry in flow 
between rotating cylinders. The results of calculations for particular cases suggest that the 
axially symmetrical perturbations always remain the most dangerous on the right-hand 
side of Fig. 15. On the left-hand side, however, when | Q,/Q, | is sufficiently large, the form 
of the boundary curve may be somewhat changed when perturbations without axial 
symmetry are taken into account. The real part of the perturbation frequency then does 
not tend to zero, and so the resulting flow is not steady, which considerably alters the 
nature of the instability. 
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The limiting case (as h ~ 0) of flow between rotating cylinders is flow between two 
parallel planes in relative motion (see §17). This flow is stable with respect to infinitely 
small perturbations for any value of R = uh/v, where wis the relative velocity of the planes. 


§28. Stability of flow in a pipe 


The steady flow in a pipe discussed in §17 loses its stability in an unusual manner. Since 
the flow is uniform in the x-direction (along the pipe), the unperturbed velocity 
distribution vo is independent of x. Similarly to the procedure in §27, we can therefore seek 
solutions of equations (26.4) in the form 


v, = el OD Fy 2). (28.1) 


Here also thereisa value R = R for which y = im @ first becomes zero for some value of k. 
It is of importance, however, that the real part of the function œ(k) is not now zero. 

For values of R only slightly exceeding R,, , the range of values of k for which y (k) > Ois 
small and lies near the point for which y (k) is a maximum, i.e. dy/dk = 0 (as seen from Fig. 
16). Let a slight perturbation occur in some part of the flow; it is a wave packet obtained by 
superposing a series of components with the form (28.1). In the course of time, the 
components for which } (k) > 0 will be amplified, while the remainder will be damped. The 
amplified wave packet thus formed will also be carried downstream with a velocity equal to 
the group velocity dw/dk of the packet (§67); since we are now considering waves whose 
wave numbers lie in a small range near the point where dy/dk = 0, the quantity 


mn m 


dw/dk œ d (re w)/dk (28.2) 


is real, and is therefore the actual velocity of propagation of the packet. 


” 
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This downstream displacement of the perturbations is very important, and causes the 
loss of stability to be totally different from that described in §27. 

Since the positiveness of im œ now implies only an amplification of the perturbation as it 
moves downstream, there are two possibilities. In one case, despite the movement of the 
wave packet, the perturbation increases without limit in the course of time at any point 
fixed in space; this kind of instability with respect to any infinitesimal perturbations will be 
called absolute instability. In the other case, the packet is carried away so swiftly that at any 
point fixed in space the perturbation tends to zero as t + œ; this kind will be called 
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convected instability.t For Poiseuille flow, it appears that the second kind occurs; see the 
next footnote but four. 

The difference between the two cases is a relative one, in the sense that it depends on the 
choice of the frame of reference with respect to which the instability is considered: an 
instability convected in one frame becomes absolute in another frame moving with the 
packet, and an absolute instability becomes convected in a frame that moves away from 
the packet with sufficient speed. In the present case, however, the physical significance of 
the difference is given by the existence of a preferred frame of reference in which the 
instability should be regarded, namely that in which the pipe walls are at rest. Moreover, 
since actual pipes have a large but finite length, a perturbation arising anywhere may in 
principle be carried out of the pipe before it actually disrupts the laminar flow. 

Since the perturbations increase with the coordinate x (downstream), and not with time 
at a given point, it is reasonable to investigate this type of instability as follows. Let us 
suppose that, at a given point, a continuously acting perturbation with a given frequency w 
is applied to the flow, and examine what will happen to this perturbation as it is carried 
downstream. Inverting the function œ (k), we find what wave number k corresponds to the 
given (real) frequency œw. Ifim k < 0, the factor e** increases with x, i.e. the perturbation is 
amplified downstream. The curve in the wR-plane given by the equation im k(w, R) = 0, 
called the neutral stability curve or neutral curve, defines the region of stability, and 
separates, for each R, the frequencies of perturbations which are amplified and damped 
downstream. 

The actual calculations are extremely complicated. A complete analytical investigation 
has been made only for plane Poiseuille flow (between two parallel planes; C. C. Lin 1945). 
We shall give the results here. ł 

The (unperturbed) flow between the planes is uniform not only in the direction of flow 
(along the x-axis) but throughout the xz-plane (the y-axis being perpendicular to the 
planes). We can therefore seek solutions of equations (26.4) in the form 


vy = ellis tkz- f(y) (28.3) 


with the wave vector k having any direction in the xz-plane. We are interested, however, 
only in the growing perturbations that are the first to appear as R increases, since these 
govern the limit of stability. It can be shown that, for a given value of the wave number, the 
first perturbation not damped has k in the x-direction, with f, = 0. It is therefore sufficient 
to consider only perturbations in the xy-plane, independent of z and two-dimensional (like 
the unperturbed fiow).tt 

The neutral curve for flow between planes is schematically shown in Fig. 17. The shaded 
area within the curve is the region of instability. The smallest value of R at which 


t The general method of establishing the type of instability is described in PK, §62. 

t See C. C. Lin, The Theory of Hydrodynamic Stability, Cambridge 1955. A discussion of these and later 
studies of the topic is to be found in the book by Drazin and Reid mentioned in a previous footnote. 

+t The proof of this statement (H. B. Squire 1933) is that the equations (26.4) with a perturbation having the 
form (28.3) can be brought to a form in which they differ from the equations for two-dimensional perturbations 
only in that R is replaced by R cos@, ¢ being the angle between k and vy in the xz-plane. The critical number R_, 
for three-dimensional perturbations with a given k is therefore R,, = Ra sec $ > R q where R,, is calculated for 
two-dimensional perturbations. 

§ The neutral curve in the kR-plane has a similar form. Since both w and k are real on the neutral curve, the 
curves in the two planes represent the same dependence expressed in terms of different variables. 
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undamped perturbations are possible is found to be R, = 5772 according to later and 
more accurate calculations by S. A. Orszag (1971); the Reynolds number is here defined as 


R = Uma h/2¥, (28.4) 


where U,,,, is the maximum flow velocity and 4h is half the distance between the planes, i.e. 
the distance over which the velocity increases from zero to its maximum value.t The value 
R = R,, corresponds to a perturbation wave number k,, = 2:04/h. As R > œ, the two 
branches of the neutral curve approach the R-axis asymptotically, with wh/U,,,, x R °! 
and R~>/’ for the upper and lower branches respectively; on each branch, œ and k are 
related by wh/U = x (kh)?. 

Thus, for any non-zero frequency w that does not exceed a certain maximum value 
(~ U/h), there is a finite range of R values in which the perturbations are amplified.t It is 
noteworthy that in this case a small but finite viscosity of the fluid has, in a sense, a 
destabilizing effect in comparison with the situation for a strictly ideal fluid.tt For, when 


P -s noaortnehatinnmo with anu Naita fraquency are damned hy rL an a Raita elon nitty 


K æ, perturoations with any nnite irequency are dampea, out wnen a finite viscosity is 
introduced we eventually reach a region of instability; a further increase in the viscosity 
(decrease in R) finally brings us out of this region. 

For flow in a pipe with circular cross-section, no complete theoretical study of the 
stability has yet been made, but the available results give good reason to suppose that the 
flow has stability (both absolute and convected) with respect to infinitesimal perturbations 
at any Reynolds number. When the unperturbed flow is axially symmetrical, the 
perturbations may be sought in the form 


v, Seller ont (r), (28.5) 


as in (27.4). It may be regarded as proved that axially symmetrical perturbations (n = 0) are 


always damped. No undamped perturbations have been found, either, among those 


t Another definition of R for two-dimensional Poiseuille flow is also used in the literature: R = Uh/v, where U 
is the fluid velocity averaged over the cross-section. Since U = 4 U max», we have Uh/v = 4R/3 when R is defined 
according to (28.4). 

t The proof that the instability of two-dimensional Poiseuille flow is convected has been given by S. V. 
lordanskii and A. G. Kulikovskii, Soviet Physics JETP 22, 915, 1966. The proof relates, however, only to the 
range of very large R, where the two branches of the neutral curve are close to the abscissa axis; that is, kh < 1 on 
each branch. The problem remains unresolved for R values such that kh ~ 1 on the neutral curve. 

tt This property was discovered by W. Heisenberg (1924). 
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without axial symmetry that have been studied (with particular values of n and in 
particular Reynolds number ranges). The stability of flow in a pipe is also suggested by the 
fact that, when perturbations at the entrance to the pipe are very carefully prevented, 
laminar flow can be maintained up to very large values of R, in practice up to R ~ 10°, 


were R = U,,,d/2v = Ud/y, (28.6) 


d being the pipe diameter and Uma the fluid velocity on the pipe axis. 

Flow between planes and in a circular pipe may be regarded as limiting cases of flow in 
an annular pipe between two coaxial cylindrical surfaces with radii R, and R, (R, > R;). 
When R, = 0 we have a circular pipe, and the limit R, —> R, corresponds to flow between 
planes. There appears to be a critical R, for all non-zero values of R,/R, < 1; when 
R,/R,70, R, > ©. 

For each of these Poiseuille flows there is also a critical number R,,’ which determines 
the limit of stability with respect to perturbations with finite amplitude. When R < Ry’, 
undamped non-steady flow in the pipe is impossible. If turbulent flow occurs in any section 
of the pipe, then for R < R- the turbulent region will be carried downstream and will 
diminish in size until it disappears completely; if, on the other hand, R > R,,’, the turbulent 
region will enlarge in the course of time to include more and more of the flow. If 
perturbations of the flow occur continually at the entrance to the pipe, then for R < R,’ 
they will be damped out at some distance down the pipe, no matter how strong they are 
initially. If, on the other hand, R > R,,’, the flow becomes turbulent throughout the pipe, 
and this can be achieved by perturbations that are weaker, if R is greater. In the range 
between R,,’ and R,, laminar flow is metastable. For a pipe with circular cross-section, 
undamped turbulence has been observed for R œ 1800, and for flow between parallel 
planes for R = 1000 and upwards. 

Since the disruption of laminar flow in a pipe is “hard”, it is accompanied by a 
discontinuous change in the drag force. For flow in a pipe with R>R,’ there are 
essentially two different dependences of the drag on R, one for laminar and the other for 
turbulent flow (see §43). The drag has a discontinuity, whatever the value of R at which the 
change from one to the other occurs. 

One further remark may be made, to complete this section. The limit of stability (neutral 
curve) obtained for flow in an infinitely long pipe has also another significance. Let us 
consider flow in a pipe whose length is very great (in comparison with its width) but finite. 
Let certain boundary conditions be imposed at each end, by specifying the velocity profile 
(for example, we can imagine the ends of the pipe to be closed with porous seals which 
create a uniform profile); everywhere except near the ends of the pipe, the unperturbed 
velocity profile may be taken to have the Poiseuille form independent of x. For a finite 
system thus defined, we can propose the problem of stability with respect to infinitesimal 
perturbations; the general procedure for establishing the condition for such global stability 
is described in PK, §65. It can be shown that the above-mentioned neutral curve for an 
infinite pipe is also the limit of global stability in a finite pipe, whatever the specific 
boundary conditions at its ends.t 


§29. Instability of tangential discontinuities 


‘Flows in which two layers of incompressible fluid move relative 
“sliding” on the other, are unstable if the fluid is ideal; the surface of separation between 


t See A. G. Kulikovskil, Journal of Applied Mathematics and Mechanics 32, 100, 1968. 
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these two fluid layers would be a surface of tangential discontinuity, on which the fluid 
velocity tangential to the surface is discontinuous (H. Helmholtz 1868, W. Kelvin 1871). 
We shall see below (§35) what is the actual nature of the flow resulting from this instability; 
here we shall prove the above statement. 

If we consider a small portion of the surface of discontinuity and the flow near it, we may 
regard this portion as plane, and the fluid velocities v, and v, on each side of it as constants. 
Without loss of generality we can suppose that one of these velocities is zero; this can 
always be achieved by a suitable choice of the coordinate system. Let v, = 0, and v, be 
denoted by v simply; we take the direction of v as the x-axis, and the z-axis along the normal 
to the surface. 

Let the surface of discontinuity receive a slight perturbation, in which all quantities— 
the coordinates of points on the surface, the pressure, and the fluid velocity—are periodic 
functions, proportional to e“*~ °°. We consider the fluid on the side where its velocity is v, 
and denote by v the small change in the velocity due to the perturbation. According to the 
equations (26.4) (with constant vọ = v and v = 0), we have the following system of 
equations for the perturbation v: 
as +(v-prad)v = _ grady : 


divv=0 = : 


Since v is along the x-axis, the second equation can be rewritten as 


ôv ôv _  gradp 


m ox p 


(29.1) 


If we take the divergence of both sides, then the left-hand side gives zero by virtue of 
div v = 0, so that p' must satisfy Laplace’s equation: 


Ap’ =0. (29.2) 


Let ¢ = ¢(x,t) be the displacement in the z-direction of points on the surface of 
discontinuity, due to the perturbation. The derivative 0C/dt is the rate of change of the 
surface coordinate ¢ for a given value of x. Since the fluid velocity component normal to 
the surface of discontinuity is equal to the rate of displacement of the surface itself, we have 


to the necessary approximation 
oC /ét = v', — vot / ðx, (29.3) 


where, of course, the value of v’, on the surface must be taken. 

We seek p’ in the form p’ = f(z) e“*~°", Substituting in (29.2), we have for f (z) the 
equation d? f/dz* — k? f = 0, whence f = constant x e*”. Suppose that the space on the 
side under consideration (side 1) corresponds to positive values of z. Then we must take 
f= constant x e~ **, so that 


p' = constant x elf**— 29 eke, (29.4) 
Substituting this expression in the z-component of equation (29.1), we findt 


v, = kp’, /ip, (kv — w). (29.5) 


+ The case kv = w, though possible in principle, is not of interest here, since instability can arise only from 
complex frequencies w, not from real œ. 
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The displacement ¢ may also be sought in a form proportional to the same exponential 
factor e“*~ 9, and we obtain from (29.3) v', = i¢ (kv — œ). This gives, instead of (29.5), 


P's = —Cp1 (kv — w)’ /k. (29.6) 


The pressure p’, on the other side of the surface is given by a similar formula, where now 
v = 0 and the sign is changed (since in this region z < 0, and all quantities must be 
proportional to e*?, not e~ **). Thus 


P’2 = Fp2.@"/k. (29.7) 


We have written different densities p, and p3 in order to include the case where we have a 
boundary separating two different immiscible fluids. 

Finally, from the condition that the pressures p’, and p’, be equal on the surface of 
discontinuity, we obtain p, (kv — œ)? = — p,m, from which the desired relation between 
œw and k is found to be 


wo = kv pi tin/(p1P2) ; (29.8) 
Pit P2 


We see that wis complex, and there are always œw having a positive imaginary part. Thus 
tangential discontinuities are unstable, even with respect to infinitely small perturbations.t 
In this form, the result is true for very small viscosities. In that case, it is meaningless to 
distinguish convected and absolute instability, since as k increases the imaginary part of w 
increases without limit, and hence the amplification coefficient of the perturbation as it is 
carried along may be as large as we please. 

When finite viscosity is taken into account, the tangential discontinuity is no longer 
sharp; the velocity changes from one value to another across a layer with finite thickness. 
The problem of the stability of such a flow is mathematically entirely similar to that of the 
stability of flow in a laminar boundary layer with a point of inflexion in the velocity profile 
(§41). The experimental and numerical results indicate that instability sets in very soon, 
and perhaps is always present. 


§30. Quasi-periodic flow and frequency lockingt t 


In the following discussion (§§30-32) it will be convenient to use certain geometrical 
representations. To do so, we define the mathematical concept of the space of states for the 
fluid, each point in which corresponds to a particular velocity distribution or velocity field 
in the fluid. States at adjacent instants then correspond to adjacent points.§ 

A steady flow is represented by a point, and a periodic flow by a closed curve in the space 
of states; these are called respectively a limit point or critical point, and a limit cycle. If the 


+ Ifthe direction of the wave vector k (in the xy-plane) is not the same as that of v but is at an angle ¢ to it, vin 
(29.8) is replaced by v cos @, as is clear from the fact that the unperturbed velocity occurs in the initial linearized 
Euler’s equation only in the combination v grad. Such perturbations also are evidently unstable. 

t Numerical calculations of the stability have been made for plane-parallel flows whose velocities vary 
between + vo according to a law such as v = vo tanh (z/h); the Reynolds number is then R = vo h/v. The neutral 
curve in the kR-plane starts from the origin, so that for each R value there is a range of k values (increasing with R) 
for which the flow is stable. 

tT§§ 30-32 were written jointly with M. I. Rabinovich. 

§ In the mathematical literature, this functional space with an infinity of dimensions (or the spaces with a finite 
number of dimensions which may replace it in some cases; see below) is often called phase space. We shall avoid 
this term here, in order to prevent confusion with its more specific usual meaning in physics. 
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flows are stable, then adjacent curves representing the establishment of the flow tend to a 
limit point or cycle as t > oo. 

A limit cycle (or point) has in the space of states a certain domain of attraction, and paths 
which begin in that region will eventually reach the limit cycle. In this connection, the limit 
cycle is called an attractor. It should be emphasized that for flow in a given volume with 
given boundary conditions (and a given value of R) there may be more than one attractor. 
Cases can occur where the space of states contains various attractors, each with its own 
domain of attraction. That is, when R > R,, there may be more than one stable flow 
regime, and the different regimes occur in accordance with the way in which the R value is 
reached. It should be emphasized that these various stable regimes are solutions of a non- 
linear set of equations of motion.f 

Let us now consider the phenomena which occur when the Reynolds number is further 
increased beyond the critical value at which the periodic flow discussed in §26 is 
established. As R increases, a point is eventually reached where this flow in its turn becomes 
unstable. The instability should in principle be examined similarly to the procedure in §26 
for determining the instability of the original steady flow. The unperturbed flow is now the 
periodic flow vo(r, t) with frequency w,, and in the equations of motion we substitute 
Y = Vo + V>, where v, isa small correction. For v, we again obtain a linear equation, but the 
coefficients are now functions of time as well as of the coordinates, and are periodic 
functions of time, with period 7, = 2x/q@,. The solution of such an equation is to be 
sought in the form 


v =II(r, t) e7'™, (30.1) 


where TI (r, t) is a periodic function of time, with the same period 7,. The instability again 
occurs when there is a frequency œ = œw, + iy, whose imaginary part y, > 0; the real part 
@, gives the new frequency which appears. 

During the period 7,, the perturbation (30.1) changes by a factor u = e~”. This factor 
is called the multiplier of the periodic flow, and is a convenient characteristic of the 


amplification or damping of perturbations in that flow. A periodic flow of a continuous 


medium (a fluid) corresponds to an infinity of multipliers and an infinity of possible 
independent perturbations. It ceases to be stable at the value R,, . for which one or more 
multipliers reach unit modulus, i.e. 4 crosses the unit circle in the complex plane. Since the 
equations are real, the multipliers must cross this circle in complex conjugate pairs, or 
singly with real values + 1 or — 1. The loss of stability of the periodic flow is accompanied 
by a particular qualitative change in the path pattern in the space of states near the now 
unstable limit cycle; this change is called a local bifurcation. The nature of the bifurcation is 
largely determined by the points at which the multipliers cross the unit circle.? 

Let us consider the bifurcation when the unit circle is crossed by a pair of complex 
conjugate multipliers having the form u = exp (+ 2nai) where « is irrational. This causes 
the occurrence of a secondary flow with a new independent frequency w, = «w4, leading 
to a quasi-periodic flow with two incommensurate frequencies. The counterpart of this 
flow in the space of states is a path in the form of an open winding on a two-dimensional 


t This is the situation, for example, when Couette flow ceases to be stable; the new flow pattern that is 
established depends in fact on the history of the process whereby the cylinders are caused to rotate with particular 
angular velocities. 

t A multiplier cannot be zero, since a perturbation cannot disappear in a finite time (one period 7). 
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torust, the now unstable limit cycle being the generator of the torus; the frequency w, 
corresponds to rotation round the generator, and w, to rotation round the torus (Fig. 18). 
Just as, when the first periodic flow appeared, there was one degree of freedom, we now 
have two arbitrary quantities (phases), so that the flow has two degrees of freedom. The 
loss of stability of a periodic motion, accompanied by the creation of a two-dimensional 
torus, is a typical phenomenon in fluid dynamics. 


Fic. 18 


Let us consider a hypothetical complication of the flow resulting from such a 
bifurcation, when the Reynolds number increases further (R > R,,,). It would be 
reasonable to suppose that, as R goes on increasing, new periods will successively appear. 
In terms of geometrical representations, this would signify loss of stability of the two- 
dimensional torus and the formation near it of a three-dimensional one, followed by a 
further bifurcation and its replacement by a four-dimensional one, and so on. The intervals 
between the Reynolds numbers corresponding to the successive appearance of new 
frequencies rapidly become shorter, and the flows are on smaller and smaller scales. The 
flow thus rapidly acquires a complicated and confused form, and is said to be turbulent, in 
contrast to the regular laminar flow, in which the fluid moves, as it were, in layers having 
different velocities. 

Assuming now that this way or scenario of development of turbulence is in fact 
possible,t we write the general form of the function vir, t), whose time dependence is 
governed by some number N of different frequencies w,. It may be regarded as a function 
of N different phases ¢; = œ;t + B; (and of the coordinates), periodic in each with period 
2x. Such a function may be expressed as a series 


vir, t) = X App, py) exp l —i X r,t (30.2) 
i=l 
which is a generalization of (26.13), the summation being over all integers p4, P2, .. - , Py- 
The flow described by this formula involves N arbitrary initial phases B; and has N degrees 
of freedom.tt 


t We use the mathematical terminology, in which torus denotes a surface without the enclosed volume. Thus a 
two-dimensional torus is the two-dimensional surface of a three-dimensional “doughnut”. 

¢ It was proposed by L. D. Landau (1944) and independently by E. Hopf (1948). 

tt If we take the phases $; 4s coordinates representing the path on an N-dimensional torus, the corresponding 
velocities are constants ġ; = œ. For this reason, quasi-periodic flow can be described as movement on a torus 
with constant velocity. 
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States whose phases differ only by an integral multiple of 27 are physically identical. 
Thus the essentially different values of each phase lie in the range 0 < ¢; < 27. Let us 
consider a pair of phases, 6, = œt + $, and @, = œt + f2. At some instant, let 6, = «. 
Then ¢, will have the “same” value as « at every time 


where s is any integer. At these times, 
2 = P2 + (02/01) («— By + 228). 


The different frequencies are incommensurate, and therefore w,/q, is irrational. If we 
reduce each value of @, to a value in the range from 0 to 27 by subtracting an appropriate 
integral multiple of 27, we therefore find thai, when s varies from 0 to œ, @2 takes values 
indefinitely close to any given number in that range. That is, in the course of a sufficiently 
long time ¢, and ġ, simultaneously take values indefinitely close to any specified pair. The 
same is true of every phase. In this turbulence model, therefore, in the course of a 
sufficiently long time, the fluid passes through states indefinitely close to any specified state 
defined by any possible set of simultaneous values of the phases ¢;. The time to do so, 
however, increases very rapidly with N and becomes so great that in practice no trace of 
any periodicity remains.f 

It should be emphasized here that the path of turbulence development discussed above 
is essentially based on linear treatments. It has in fact been assumed that, when new 


meeindin aenlutinne annear thene tha al af cannadacy inctahilitiag tha alrand: 


pcrioaic solutions appwral through tne evolution or SMe ViIiUdl y instabilities, tiv aircaay 
existing periodic solutions do not disappear, but on the contrary remain almost 
unchanged. In this model, turbulent flow is just a superposition of a large number of such 
unchanged solutions. In general, however, the nature of the solutions changes when the 
Reynolds number increases and they cease to be stable. The perturbations interact, and this 
may either simplify or complicate the flow. Here is an illustration of the first possibility. 

Let us take a simple case by supposing that the perturbed solution contains oniy two 
independent frequencies. As already mentioned, the geometrical representation of such a 
flow is an open winding on a two-dimensional torus. A perturbation with frequency @, 
arising at R = R,, , may naturally be assumed to be stronger near R = R,, . (where the 
perturbation with frequency œ, arises) and therefore taken as unchanged for relatively 
small changes in R in that neighbourhood. Then, to describe the evolution of the 
perturbation with frequency œ, against the background of the periodic flow with 
frequency w,, we use a new variable 


az (t) = [az (t)|e~ 120; (30.3) 
|a,| is the shortest distance to the torus generator (the now unstable limit cycle for 


frequency @, ), i.e. the relative amplitude of the secondary periodic flow, and @, is the phase 
of the latter. Let us consider the behaviour of a,(t) at discrete instants that are multiples of 


t In established turbulent flow of this type, the probability for the system (fluid) to be in a given small volume 
near a chosen point in the space of phases #,, $2, - - ., $y is the ratio of this volume (6¢)% to the total volume 
(2x). We can therefore say that in the course of a sufficiently long time the system will be in the neighbourhood 
of a given point only for a fraction e—* of the time, where x = log (22/59). 


FM-E 
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the period T, = 22/w,. During one period, the perturbation with frequency œ, changes by 
a factor u, where 


u = |plexp(— 2niw2/) 


is its multiplier; after an integral number t of such periods, a, is multiplied by u“. We 
assume that R — R,, is small; the growth factor of the perturbation is then also small, and 
|z|— 1 is positive but small, so that a, changes only slightly during the period 7,; the 
phase @, varies simply in proportion to t. We can thus treat the discrete variable q as if it 
were continuous and represent the variation of a,(t) by a differential equation in t. 

The concept of the multiplier relates to very short time intervals after the onset of 
instability, when the perturbation is still describable by linear equations. In this range, 
a(t) varies as u” according to the above discussion, and 


da,/drt = 


Ga,/Gt = az 
just above the critical Reynolds number, 
log u = log |u| — 2niw,/a, 
x |u| —1—2ziw,/o,. (30.4) 


This is the first term in an expansion of da,/dt in powers of a, and a,*, and when |a,| 
increases (still remaining small) the next term has to be taken into account. The term 
containing the same oscillatory factor is the third-order one œ a, la|. We thus have 


da, /dt = a, log u — B,a,\a,|’, (30.5) 


where $, like u, is a complex parameter depending on R, with re 8, >0; compare the 
corresponding discussion relating to (26.7). The real part of this equation gives 
immediately the steady value of the modulus: 


|a,|? = (|u| — 1)/re f2. 


The imaginary part gives an equation for the phase ¢,(t); with the above steady value of 
the modulus, it is 


de/d = 2rw,/w + ja, |? im Ba- (30.6) 


According to this, ġ, rotates at a constant rate, a property which is, however, valid only 
in the approximation considered: as R — R,, increases, the rotation is no longer uniform, 
and the rate of rotation on the torus is itself a function of $3. To take account of this, we 
add on the right-hand side of (30.6) a small perturbation ©(¢,); since all the physically 
different values of ġ, lie in the range from 0 to 2x, ® (¢,) is periodic with period 27. Next, 
we approximate the irrational ratio m,/a, by a rational fraction (which can be done with 
any desired degree of accuracy): w/w, = m/m, + A/2x, where m; and m, are integers. 
The equation then becomes 


do./dt = 2nm,/m, + A+ |a, |? im B, + O(g2). (30.7) 


We shall now consider phase values only at times that are a multiple of m, T, i.e. for values 
oft = m, T, where Tis an integer. The first term on the right of (30.7) causes in atime m; T, a 
change in phase by 2xm, that is, by an integral multiple of 27, which can simply be 
omitted. The whole right-hand side is then a small quantity, so that the change in the 
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function 2(t) can be described by a differential equation in the continuous variable T: 


1 dg, 


m de = A+ |a,|? im B + (2); (30.8) 


in one step of the discrete variable T, ¢,/m, changes only slightly. 

In the general case, (30.8) has steady solutions ¢, = ¢, for which the right-hand side 
of the equation is zero. The fact that @, is constant for times that are multiples of m, T, 
means that there is a limit cycle on the torus: the path is closed after m, turns. Since ®(@.) is 
periodic, such solutions occur in pairs (one pair in the simplest case): one on the ascending 
and one on the descending part of ®(@,). Of these two, only the latter is stable, for which 
(30.8) has near @, = #2 the form 


d¢./d7 = —constant x (¢2- ,) 


with the constant positive, and there is in fact a solution tending to p, = ¢,'°; the second 
solution is unstable, and the constant is negative. 

The formation of a stable limit cycle on the torus is equivalent to frequency locking — the 
disappearance of the quasi-periodic flow and the establishment of a new periodic one. This 
phenomenon, which in a system with many degrees of freedom can occur in many ways, 
prevents the occurrence of a flow that is a superposition of flows having a large number of 
incommensurate frequencies. In this sense, we can say that the probability of the actual 
occurrence of the Landau—Hopf scenario is very small; this, of course, does not mean that 
in particular cases several incommensurate frequencies may not appear before locking 
occurs. 


§31. Strange attractors 


There is as yet no complete theory of the origin of turbulence in various types of 
hydrodynamic flow. Various scenarios have, however, been proposed for the process 
whereby the fiow becomes disordered, based mainiy on computer studies of model systems 
of differential equations, partly supported by experiments. The purpose of the discussion 
in §§31 and 32 will be merely to give some account of these ideas, without going into the 
relevant results of such studies. It should only be noted that the experimental results relate 
to hydrodynamic flows in restricted volumes, and these are the flows to be considered in 
what follows.+ 

First of all, the following important general remark is to be made. In the analysis of the 
stability of periodic flow, only those multipliers are of interest whose moduli are close to 1 
and which can cross the unit circle when R changes slightly. In viscous flow, the number of 
these “dangerous. multipliers is always finite, for the following reason. The various types 
(modes) of perturbation allowed by the equations of motion have different spatial scales, 
1.e. distances over which v, varies significantly. As the scale of the motion decreases, the 
velocity gradients in it increase and it is retarded to a greater extent by the viscosity. If the 
allowed modes are arranged in order of decreasing scale, only a finite number at the 


t We shall in fact be concerned with thermal convection in restricted volumes, and with Couette flow between 
coaxial cylinders with finite length. The theoretical ideas on the mechanism of turbulence formation in the 
boundary layer and in the wake in flow past finite bodies have not so far been much developed, despite the 
existence of a considerable quantity of experimental results. 
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beginning can be dangerous; those sufficiently far along the sequence are certain to be 
strongly damped and correspond to multipliers with small modulus. This enables us to 
suppose that the possible types of instability of periodic viscous flow can be analysed in 
essentially the same way as for a dissipative discrete mechanical system described by a 
finite number of variables; hydrodynamically, these may be, for example, the amplitudes of 
the Fourier components of the velocity field with respect to the coordinates. The space of 
states correspondingly has a finite number of dimensions. 

Mathematically, we have to consider the time variation of a system that is represented by 
equations having the form 


x(t) = F(x), (31.1) 


where x(t) is a vector in the space of n quantities x), x”... , x, which describe the 
system; the function F depends on a parameter whose variation may alter the nature of the 
flow.t For a dissipative system, the divergence of x in x-space is negative; this expresses the 
contraction of the volumes in that space during the motion: 


div x = div F = dF /dx <0, (31.2) 


Let us now return to the possible results of interaction between different periodic flows. 
Frequency locking simplifies the flow, but the interaction may also eliminate the quasi- 
periodicity in such a way as to complicate the picture significantly. So far, it has been tacitly 
assumed that when the periodic flow becomes unstable an additional periodic flow occurs. 
This is not logically necessary, however. If the velocity fluctuation amplitudes are limited, 
this means only that there is a limited volume in the space of states which contains the 
paths corresponding to steady viscous flow, but we cannot say in advance what the pattern 
of paths in that volume will be. They may tend to a limit cycle or to an open winding on the 
torus (corresponding to periodic and quasi-periodic flow), or they may behave quite 
differently, taking a complicated and confused form. This possibility is extremely 
important for our understanding of the mathematical nature of turbulence formation and 
the elucidation of its mechanism. 

One can get an idea of the complicated and confused form of the paths within the 
limited volume containing them, by assuming that all the paths in the volume are unstable. 
They may include not only unstable cycles but also open paths which wind indefinitely 
through the limited region, without leaving it. The instability signifies that two points very 
close together in the space of states will move far apart as they continue along their 
respective paths; points initially close together may also belong to the same path, since the 
volume is limited and an open path can pass indefinitely close to itself. This complicated 
and irregular behaviour of the paths is associated with turbulent flow. 

This picture has a further feature: the sensitivity of the flow to small changes in the initial 
conditions. If the flow is stable, a slight uncertainty in specifying these conditions causes 
only a similar uncertainty in the determination of the final state. If the flow is unstable, the 
initial uncertainty increases with time and the ultimate state of the system cannot be 
predicted (N. S. Krylov 1944; M. Born 1952). 


t In mathematical terms, F is the vector field of the system. If it does not depend explicitly on the time, as in 
(31.1), the system is said to be autonomous. 

ł Fora Hamiltonian mechanical system, the divergence is zero by Liouville’s theorem; the components of x are 
in that case the generalized coordinates q and momenta p of the system. 
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An attracting set of unstable paths in the space of states of a dissipative system can in 
fact exist (E. N. Lorenz 1963), and it is usually called a stochastic attractor or strange 
attractor.t 

At first sight, the requirement that all paths belonging to the attractor be unstable 
appears incompatible with the requirement that all adjacent paths tend to it as t > œ, 
since the instability implies that the paths move apart. The apparent contradiction is 
eliminated if we note that the paths can be unstable in some directions in the space of states 
and stable (that is, attractive) in other directions. In an n-dimensional space of states, the 
paths belonging to a strange attractor cannot be unstable in all n—1 directions (one 
direction being along the path), since this would mean a continuous increase in the initial 
volume in the space of states, which is not possible for a dissipative system. Consequently, 
adjacent paths tend towards the attractor paths in some directions and away from them in 
other (unstable) directions; see Fig. 19. These are called saddle paths, and it is the set of 
saddle paths that forms the strange attractor. 
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The strange attractor may appear after only a few bifurcations forming new periods: 
even an infinitesimal non-linearity can eliminate a quasi-periodic regime (an open winding 
on the torus) and form a strange attractor on the torus (D. Ruelle and F. Takens 1971). 
This cannot occur, however, at the second bifurcation (from the end of the steady regime). 
Here, an open winding on the two-dimensional torus is formed. When the smali non- 
linearity is taken into account, the torus continues to exist, so that the strange attractor 
could be accommodated on it. But a two-dimensional surface cannot carry an attracting 
set of unstable paths. The reason is that paths in the space of states cannot intersect one 
another (or themselves), since this would contradict the causality principle in the 
behaviour of classical systems, whereby the state of the system at any instant uniquely 
determines its behaviour at subsequent instants. On a two-dimensional surface, the 
impossibility of intersections makes the paths so orderly that they cannot become 
sufficiently random. 

Even at the third bifurcation, however, a strange attractor can (but need not) be formed. 
This attractor, which replaces the three-frequency quasi-periodic regime, lies on a three- 
dimensional torus (S. Newhouse, D. Ruelle and F. Takens 1978). 

The complicated and confused paths in a strange attractors lie in a limited volume in the 
space of states. There is not yet a known classification of the possible types of strange 
attractor that can occur in actual problems of fluid dynamics, nor even a set of criteria on 


t Incontrast to ordinary attractors (stable limit cycles, limit points, and so on); the word “strange” reflects the 
complexity of its structure, to be discussed later. In the physics literature, “strange attractor” also denotes more 
complicated attracting manifolds containing stable as well as unstable paths, but having such small domains of 
attraction as to be undetectable in either physical or numerical experiments. 
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which such a classification should be based. The available information as to the structure 
of strange attractors is derived essentially only from a study of instances arising in the 
computer solution of model systems of ordinary differential equations, which are quite 
different from the actual equations of fluid dynamics. It is, however, possible to draw some 
general conclusions about the structure of strange attractors from the saddle-type 
instability of the paths and the dissipative property of the system. 

For clarity, we will refer to a three-dimensional space of states and imagine the attractor 
inside a two-dimensional torus. Let us consider a set of paths on the way to the attractor, which 
describe transient flow regimes leading to the establishment of “steady” turbulence. In a 
transverse cross-section the paths, or rather their traces, occupy a certain area; let us see 
how this area varies in size and shape along the paths. We note that the volume element 
near a saddle path expands in one transverse direction and contracts in the other; since the 
system is dissipative, the latter effect is the stronger, and volumes must decrease. These 
directions must vary along the paths, since otherwise the latter would get too far away and 
there would be too great a change in the fluid velocity. The net result is that the cross- 
section becomes smaller, flattened, and curved. This should apply not only to the whole 
cross-section but to every area element in it. It thus separates into nested zones separated 
by voids. In the course of time (i.e. along the paths) the number of zones rapidly increases, 
and they become narrower. The attractor formed as t — œ consists of an uncountable 
manifold of layers not in contact, whose surfaces carry the saddle paths (with their 
attracting directions “outwards”). These layers are joined in a complicated manner at their - 
sides and ends; each path belonging to the attractor wanders through all the layers and in 
the course of a sufficiently long time passes indefinitely close to any point of the 
attractor—the ergodic property. The total volume of the layers and their total cross- 
sectional area are zero. 

In mathematical language, such manifolds in one direction are Cantorian sets. The 
Cantorian structure is the most characteristic property of the attractor and more generally 
of an n-dimensional (n > 3) space of states. 

The volume of the strange attractor in its space of states is always zero. It may, however, 
be non-zero in another space with fewer dimensions. The latter is found as follows. We 
divide the whole of n-dimensional space into small cubes with edge £ and volume ¢" . Let 
N (e) be the least number of cubes which completely cover the attractor. We define the 
attractor dimension D as the limitt 

Dein oO (31.3) 

«+0 log (1/2) 

The existence of this limit signifies that the volume of the attractor in D-dimensional space 
is finite: when € is small, N (e) = Ve- (where V is a constant), and N (e) may therefore be 
regarded as the number of D-dimensional cubes covering the volume V in D-dimensional 
space. When defined in accordance with (31.3), the dimension evidently cannot exceed the 
total dimension n of the space of states, but may be less, and unlike the ordinary dimension 
it may be non-integral, as happens for Cantorian sets.$ 


t This is known in mathematics as the limiting capacity of the manifold. Its definition is similar to that of 
Hausdorff or fractal dimensions. 


¢ The n-dimensional cubes covering the set may be “almost empty”, and for this reason we can have D < n. For 
ordinary sets, the definition (31.3) gives obvious results. For example, with a set of N isolated points, N (e) = N 
and D = 0; for a line segment with length L, N (e) = L/e and D = 1; for a two-dimensional surface area A, N (e) 
= S/e? and D = 2; and so on. 
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The following point is important. If turbulent flow is already established (the strange 
attractor has been reached), then the flow in a dissipative system (a viscous fluid) is the 
same in principle as stochastic flow of a non-dissipative system with a space of states 
having fewer dimensions. This is because, for steady flow, the viscous dissipation of energy 
is compensated on the average over a long time by the energy coming from the average 
flow (or from some other source of disequilibrium). Consequently, if we trace the 
development in time of a “volume” element belonging to the attractor (in some space 
whose dimension is determined by that of the attractor), it will be conserved on average, 
the compression in some directions being compensated by the extension due to the 
divergence of adjacent paths in other directions. This property can be used to obtain a 
different estimate of the attractor dimension. 

Because the motion on the strange attractor is ergodic, as mentioned above, its average 
properties can be established by analysing the motion along one unstable path belonging 
to the attractor in the space of states. That is, we assume that an individual path reproduces 
the properties of the attractor if the motion along it lasts for a sufficient time. 

Let x = x, (t) be the equation of such a path, a solution of (31.1). Let us consider the 
deformation of a “spherical” volume element as it moves along this path. The deformation 
is given by the equations (31.1) linearized with respect to the difference č = x — Xo (t), i.e. 
the deviation of paths adjacent to the one considered. These equations, written in 
components, are 


EO = Aa (t) E®, Ax (t) = [oF ®/dx], erage (31.4) 


In the movement along the path, the volume element is compressed in some directions and 
stretched in others, the sphere becoming an ellipsoid. Both the directions and the lengths 
of the semi-axes vary; let the latter be l, (t), where s labels the directions. The Lyapunov 
characteristic indices are 
1, LO 
L = lim 710870 

where /(0) is the radius of the original sphere, at a time arbitrarily chosen as t = 0. The 
quantities thus determined are real, and equal in number to the dimension n of the space. 
One of them (corresponding to the direction along the path) is zero.f 

The sum of the Lyapunov indices gives the mean change, along the path, in the volume 
element in the space of states. The relative local change in volume at any point on the path 
is given by the divergence div x = div € = A; (t). It can be shown that the mean divergence 
along the path ist 


(31.5) 


Jae 


s=1 


m* (dived = 5 L,- (31.6) 
ò 


For a dissipative system, this sum is negative; volumes in an n-dimensional space of states 
are compressed. The dimension of the strange attractor is defined so that volumes are 


+ Of course, the solution of (31.4), with specified initial conditions at t = Q, actually represents an adiacent 


path only if all the distances l, (t) remain small. This, however, does not make meaningless the definition (31.5), 
which involves indefinitely long times: for any large t, we can choose |(0) so small that the linearized equations 
remain valid throughout the time concerned. 

t See V. I. Oseledets, Transactions of the Moscow Mathematical Society 19, 197, 1969. 
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conserved on average in “its” space. To do so, we arrange the Lyapunov indices in the order 
Lı > Lı >... > La and take account of as many stable directions as is necessary to 
compensate the stretching, by means of compression. The attractor dimension D, thus 
defined is between m and m + 1, where m is the number of indices, in the sequence, whose 
sum is still positive but becomes negative when L,,,, is included.f The fractional part of 
D, =m+d (d < 1) is found from 


m 
È L.+Lm+id =0 (31.7) 

s=1 
(F. Ledrappier 1981). Since, in calculating d, we take into account only the least stable 
directions (omitting the negative L, that are largest in modulus, at the end of the sequence), 
the estimate D, of the dimension is in general too high. This estimate offers in principle a 
way of determining the dimension of the attractor from measurements of the time 


dependence of the velocity fluctuations in the turbulent flow. 


§32. Transition to turbulence by period doubling 


Let us now consider the loss of stability of a periodic flow when the multiplier passes 
through —1 or +1. 

In an n-dimensional space of states, n— 1 multipliers determine the behaviour of the 
paths in n—1 different directions near the periodic path considered (which are not the 
same as the direction of the tangent at each point of that path). Let a multiplier near + 1 
correspond to the lth direction, say. The other n — 2 multipliers are small in modulus, and 
therefore all the paths in the corresponding n — 2 directions will in the course of time come 
close to a two-dimensional surface 2 containing the /th direction and the direction of the 
tangents. One can say that near the limit cycle the space of states is almost two-dimensional 
as t => œ (it cannot be strictly two-dimensional, since the paths can lie on either side of £ 
and go from one side to the other). Let the flux of paths near È be cut by a surface o. Each 
path, on repeatedly passing through a, determines in accordance with the initial point of 
intersection x, the next point of intersection x;,,. The relation x;,, = f (x;; R) is called a 
Poincaré mapping or sequence mapping; it depends on R, in this case the Reynolds 
number,} whose value determines the closeness to the bifurcation where the periodic flow 
ceases to be stable. Since all paths are close to È, the set of points where they meet ø is 
almost one-dimensional and can be approximated by a line; the Poincaré mapping 
becomes the one-dimensional transformation 


Xj+1 = f(x;; R), (32.1) 


with x simply a coordinate along the line.tt The discrete variable j acts as the time 
measured in units of the period. 

The mapping (32.1) affords an alternative method of determining the nature of the flow 
near the bifurcation. The periodic flow itself corresponds to a fixed point of the 
transformation (32.1)—the value x; = x, which is unchanged by the mapping, i.e. for 
which xj}, = xj. The multiplier is the derivative u = dx,,,/dx, taken at x; = x,.The 
points x; = x, + č near x, are mapped into xj4,; = x, + pë. The fixed point is ‘stable (and 


+ Including the zero Lyapunov index adds one to D,, corresponding to the dimension along the path. 
t Or the Rayleigh number in the case of thermal convection (§56). 
tt In this section x has of course nothing to do with the coordinate in physical space. 
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is an attractor of the mapping) if |u| < 1: by iterating the mapping and starting from some 
point near x,, we asymptotically approach the latter, as |u|’, where r is the number of 
iterations. If |u| > 1, however, the fixed point is unstable. 

Let us consider the loss of stability of periodic flow when the multiplier passes through 
— 1. The equation u = — 1 signifies that the initial perturbation changes sign after a time 
T,, remaining the same in magnitude: after a further time T, it returns to its original value. 
Thus a passage of „u through — 1 near a limit cycle with period Tọ creates a new limit cycle 
with period 2T, (a period-doubling bifurcation). Figure 20 gives a conventional 
representation of two successive such bifurcations; the continuous curves in diagrams a 
and b show the stable limit cycles 27, and 47), the broken curves the limit cycles that have 
become unstable. 


Stable cycles 
——-—-— Unstable cycles 


Fic. 20 


If we arbitrarily take the fixed point of the Poincaré mapping as x = 0, the mapping near 
it which describes the period-doubling bifurcation may be expressed as the expansion 


Xj+1 = —[1+(R—R,)]x; +x; +x, (32.2) 


where B > 0. For R < R, the fixed point x, = 0 is stable; for R > R, it is unstable. In 
order to see how the period-doubling occurs, we have to iterate the mapping (32.2) twice, 
i.e. consider it after two steps (two time units) and determine the fixed points of the 
re-formed mapping; if these exist and are stable, they correspond to the period-doubling 
cycle. 

The twofold iteration of the transformation (32.2) gives (with the necessary accuracy in 
respect of the small quantities x; and R — R,) the mapping 


Xj+2 = X; +2(R—R,)x;—2(1 + B)x;. (32.3) 


This always has the fixed point x, = 0. When R < R,, that point is the only one and is 
stable, with the multiplier |dx,,3/dx,| < 1; for flow with period 1 (in units of To) the time 


t In this section the basic period (that of the first periodic flow) is denoted by To, not by 7,. The critical 
Reynolds numbers corresponding to successive period-doubling bifurcations will be denoted here by R,, Ra, . - 
without the suffix cr (R, replaces the previous R,, 2). 

t The coefficient of R — R, can be made equal to unity by appropriately redefining R, and that of x;? can be 
made + 1 by redefining x,; we assume in (32.2) that this has been done. 


7? 
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interval 2 is also a period. When R = R,, the multiplier is + 1,and when R > R, the point 
x, = 0 becomes unstable. At that stage, a pair of stable fixed points are formed, 


R-R 
(1),(2) — a 1 


corresponding to a stable limit cycle of the double periodt; the transformation (32.3) leaves 
each of these points in position, while (32.2) changes each into the other. It must be 
emphasized that the single-period cycle does not disappear at this bifurcation, but remains 
a solution (unstable) of the equations of motion. 

Near the bifurcation, the motion is still “almost periodic” with period unity: the points 
x, and x, at which the paths return are close together. The interval x,“ — x, 
between them is a measure of the amplitude of the oscillations with period 2; it increases as 
gf (R — R, ), similarly to the increase (26.10) in the amplitude of periodic flow after it begins 
at the point where the steady flow becomes unstable. 

The repetition of period-doubling bifurcations is one route to the formation of 
turbulence. In this scenario the number of bifurcations is infinite, and they follow one 
another (as R increases) at ever decreasing intervals; the sequence of critical values R,, 
R,,... tends to a finite limit beyond which the periodicity disappears altogether and a 
complex aperiodic attractor is created in the space, associated in this scenario with the 
formation of turbulence. We shall see that the scenario has noteworthy properties of 
universality and scale invariance (M. J. Feigenbaum 1978).f¢ 

The quantitative theory given below starts from the hypothesis that the bifurcations 
follow one another (as R increases) so quickly that even in the intervals between them the 
region occupied by the set of paths in the space of states remains almost two-dimensional, 
and the whole sequence of bifurcations can be described by a one-dimensional Poincaré 
mapping dependent on a single parameter. 

The choice of mapping used below can be justified as follows. In a considerable part of 
the range of variation of x, the mapping must be a stretching one with |df(x; A)/dx| > 1; 
this allows instabilities to occur. The mapping must also bring back to a given range the 
paths that have left it, since otherwise the velocity fluctuations would increase without 
limit, which is impossible. The two requirements can be simultaneously satisfied only by 
non-monotonic functions f(x; À), that is, mappings (32.1) that are not one-to-one: the x; , , 
values are uniquely determined by the preceding x,, but not conversely. The simplest form 
of such a function has a single maximum, near which we put 


Xje1 = f(x; 4) = 1-Ax?, (32.5) 


with A a positive parameter which is to be regarded (in terms of fluid mechanics) as an 
increasing function of R.tt We shall arbitrarily take the segment [ — 1, +1] as the range of 


t To be called for brevity a 2-cycle. The relevant fixed points will be called cycle elements. 

t The sequence of period-doubling bifurcations (numbered below as 1, 2, . . .) need not begin with the first 
bifurcation of the periodic flow. It may in principle begin after the first few bifurcations with the appearance of 
incommensurate frequencies, when these have been locked by the mechanism discussed in §30. 

tt The admissibility of mappings that are not one-to-one depends on the approximateness of the one- 
dimensional treatment. If all the paths were exactly on one surface È, so that the Poincaré mapping would be 
strictly one-dimensional, this non-uniqueness would be impossible, since it would imply that two paths with 
different x, intersected at x,,,.In the same sense, the approximateness is responsible for the possibility of a zero 
multiplier if the fixed point of the mapping is at an extremum of the mapping function; such a point may be 
described as “superstable”, and is approached more rapidly than according to the above relationship. 
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variation of x; when A is between 0 and 2, all iterations of the mapping (32.5) leave x in that 
range. 

The transformation (32.5) has a fixed point at the root of x, = 1—Ax,”. This becomes 
unstable when 4 > A,, where A, is the value of A for which the multiplier y = —2Ax, = 
— 1; from the two equations, we find A, = 3/4. This is the first critical value of A, which 
determines the position of the first period-doubling bifurcation and the appearance of the 
2-cycle. Let us now trace the appearance of subsequent bifurcations by means of an 
approximate technique of determining some qualitative features of the process, though 
this does not give exact values of the characteristic constants; exact statements will then be 
formulated. 

Repetition of the transformation (32.5) gives 


Xj+2 = 1-A+21?x;? — 13x}. (32.6) 


Here we will neglect the term in x,t. The remaining equation is converted by the scale 
transformationt 


Xj > X;/Mo, % =1/(1-A) 
to the form 
Xj+2 = 1 — 4x), 
which differs from (32.5) only in that 4 is replaced by 
A, = 0(A) = 2A? (A— 1). (32.7) 


Repeating this operation with the scale factors «, = 1/(1—A,), etc., gives a sequence of 
mappings having the same form: 


Xjgan = 1 Anx?, Aar 6 Am 1): (32.8) 


The fixed points of the mappings (32.8) correspond to 2”-cycles.{ Since they all have the 
same form as (32.5), we can deduce at once that the 2”-cycles (m = 1, 2, 3, ...) become 
unstable when å„ = A, = 3/4. The corresponding critical values A,, of the initial 
parameter À are found by solving the coupled equations 


A, = @(A2), A, = @(A3), «++, Ami = O lAn) 
they are obtained graphically by the construction shown in Fig. 21. Evidently, as m — co 
the sequence of numbers converges to a finite limit A,,, the root of A,, = ¢(A,,); this is 
A, = (1+ v 3)/2 = 1:37. The scale factors also tend to a finite limit: &„ > «, where « 
=1/(i-A,) = —-28. 
It is easy to find how A,, approaches A,, when m is large. From the equation A,, = 
$(A,,+1) when A,, —A,, is small, we find 


Ag = An +1 7 (Aw a A,,/A, (32.9) 


t This is not possible when 4 = 1 (and the fixed point of the mapping (32.6) coincides with the central 
extremum: x, = 0). The value 4 = 1 is, however, certainly not the next critical value å, that is needed here. 

ł To avoid misunderstanding, it should be emphasized that after the scale transformations the mappings (32.8) 
must be defined over extended ranges |x] < |ag a, ... @m-1 l not |x] < 1 as in (32.5) and (32.6). However, in view 
of the terms neglected, the expressions (32.8) can in practice give a description only of the range near the central 
extrema of the mapping functions. 
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where 6 = @'(A,,) = 44+ a, 3 = 5-73. Thus A,, — A,, œ 6”, that is, A,, approaches the limit 
in geometrical progression. The same relation applies to the intervals between successive 


critical numbers: equation (32.9) can be writtcn in the equivalent form 
An+2—Am+1 os (Am+1 — An)/6. (32.10) 


As regards fluid dynamics, it has already been mentioned that A is to be regarded as a 
function of the Reynolds number, and accordingly the latter has critical values which 
correspond to successive period-doubling bifurcations and tend to a finite limit R. It is 
evident that for these values we have the same limiting relations (32.9), (32.10), with the 
same constant 6, as for A,,. 

The above arguments illustrate the origin of the basic features of the process, namely the 
infinity of bifurcations, whose times of appearance converge to the limit A,, according to 
(32.9) and (32.10), and the existence of the scale factor «. The values thus found for the 
characteristic constants are not exact, however. The exact values (found by repeated 
computer iterations of the mapping (32.5) ) of the convergence factor (Feigenbaum number) 
6 and the scale factor « are 


ô = 46692..., w= —2:5029..., (32.11) 


sate TTA 1.AN1 a ua won 
and the limiting value A,, = 1-401.¢ The value of 6 is comp 
n 


convergence has the result that the limiting relations are very 
small number of period doublings. 

A deficiency of the above derivation is that, when all powers of x 7 above the first are 
neglected, the mapping (32.8) yields only the fact that the next bifurcation occurs; it does 


Ww a 
J sarge, UWI Lapiu 


atisfied after only a 


+ The value of A „ is somewhat arbitrary, since it depends on how the parameter is used in the initial mapping, 
i.e. the function f(x; 4) (the values of ô and a, however, do not depend on this). 
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not allow all the elements of the 2”-cycle described by this mapping to be determined.t In 
reality, the iterated mappings (32.5) are polynomials in x ;* whose degree is doubled at each 
iteration. They are complicated functions of x; with a rapidly increasing number of 
extrema lying symmetrically about x; = 0 (which also always remains an extremum). 

It is noteworthy that not only the values of 6 and « but also the limiting form of the 
infinitely iterated mapping are in a certain sense independent of the form of the initial 
mapping x;+ı =f(x,;4); it is sufficient that the function f(x;4) of one parameter be 
smooth with a single quadratic maximum (let this be at x = 0)—it need not even be 
symmetrical about the maximum at great distances from it. This universality increases 
considerably the degree of generality of the theory described. The exact formulation of the 
property is as follows. 

Let us consider the mapping specified by f (x), i.e. f (x; 4) with a particular choice of A (see 
below), normalized by the condition f (0) = 1. By applying this twice, we get the function 
SUS (x) ]. We change the scale of this function and of x by a factor a = 1/f(1), obtaining a 
new function 


Si (x) = aof LS (x/%0)], 


for which again f, (0) = 1. Repeating this operation, we find a sequence of functions 
connected by the recurrence formulat 


Sn +1 ($) = Sm Sml Sn(%/%m)) = Tiny Am = 1/ fal). (32.12) 


If this sequence tends, as m — œ, toa definite limiting function f,, (x) = g(x), then the latter 
must be a “fixed function” of the operator T defined in (32.12), i.e. must satisfy the 
functional relation 


g(x) = Tg = aglg(x/a)], «= 1/90), gO =1. (32.13) 


According to the assumed properties of the admissible functions f (x), g(x) must be smooth 
and havea quadratic extremum at x = 0; the specific form of f(x) has no other influence on 
equation (32.13) or on the conditions imposed on its solution. We should emphasize that, 
after the scale transformations used in the derivation (with |«,,| > 1), the solution of the 
equation is determined for all values of the variable x in it, from — œ to + œ, and not only 
in the range —1 < x < 1. The function g(x) is necessarily even, since the admissible 
functions f(x) include even ones, and an even mapping certainly remains even, after any 
number of iterations. 

Such a solution of equation (32.13) does in fact exist and is unique, although it cannot be 
derived in an analytical form; it is a function having an infinity of extrema and unlimited in 
magnitude, the constant « being determined along with g(x). In practice, it is sufficient to 
derive the function in the range [ — 1, 1], after which it can be continued outside the range 
by iterating the operation 7. Note that at each stage of iteration of Tin (32.12) the values of 
fa+1(x) in the range [—1, 1] are determined by those of f,,(x) in a part of this range 


+ That is, all the 2” points x,", x,°,. . . which change successively into one another (and are periodic) when 
the mapping (31.5) is iterated, and are fixed (and stable) with respect to the 2"-fold iterated mapping. To avoid any 
doubts, it may be noted that the derivatives dx, , »»/dx, are necessarily the same at all points Xp, X_?),.. (and 
therefore pass simultaneously through —1 at the next bifurcation); we shall not give here the proof of this 
property (which is evidently necessary). 

t There is an obvious analogy between this procedure and the one used previously in deriving (32.8). 
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shortened by a factor |a,,| = |a|. This means that in the limit of many iterations, the 
determination of g(x) in the range [— 1, 1] (and therefore on the whole of the x-axis) is 
governed by smaller and smaller parts of the initial function near its maximum, and herein 
lies the ultimate cause of the universality.t 

The function g(x) determines the structure of the aperiodic attractor formed by an 
infinite sequence of period doublings. This occurs at a parameter value à = A,, which is 
quite definite for a given function f(x; A). It is therefore clear that the functions formed 
from f(x; À) by repeated iteration of the transformation (32.12) do in fact converge to g(x) 
only for this isolated value of A. It follows in turn that the fixed function of the operator Tis 
unstable with respect to small changes corresponding to small deviations of A from the 
value A,,. The study of this instability enables us to determine the universal constant ð, 
again independent of the specific form of f(x). 

The scale factor « determines the change (decrease) in the geometrical characteristics (in 
the space of states) of the attractor at each stage of period doubling; these characteristics 
are the distances between limit cycle elements on the x-axis, However, since each doubling 
is accompanied by a further increase in the number of cycle elements, this statement must 
be made more specific and precise. It is clear a priori that the scale cannot vary in the same 
way for the distances between every pair of points.t{ For, if two adjacent points are 
transformed by an almost linear section of the mapping function, the distance between 
them is reduced by a factor |«|; but if the transformation takes place by a section of the 
mapping function near its extremum, the distance is reduced by a factor a’. 

At the bifurcation (A = A,,) each element (point) of the 2”-cycle splits into two adjacent 
points, the distance between which gradually increases, but the points remain close over 
the whole range of variation of Aas far as the next bifurcation. If we follow the conversions 
of cycle elements into one another in the course of time, i.e. in successive mappings x; +, 
= f(x; À), each component of the pair changes into the other after 2” time units. This 
means that the distance between the points in the pair is a measure of the oscillation 
amplitude of the newly formed double period, and in this sense has especial physical 
interest. 

Let us arrange all the elements of the 2”* '-cycle in the order in which they are traversed 
in the course of time, and denote them by x,,, ; (t), where the time t, measured in units of 
the basic period To, takes integral values: t/T, = 1, 2,. . .,2"* 1. These elements are formed 
from those of the 2”-cycle by splitting into pairs. The intervals between the points in each 
pair are 


m+ 1 (6) = Xm + 1 (6) — Xm + 1 (t+ Tm), (32.14) 
where T,, = 2"T) = 4T, +1 is the period of the 2”-cycle, or half that of the 2"*!-cycle. We 


t The statement that there exists a unique solution of equation (32.13)is founded on computer simulation. The 
solution is sought, in the range [ — 1, 1], as a polynomial of high degree in x’; the accuracy of the simulation must 
increase with the width of the x value range (outside that mentioned) to which we wish to continue the function by 
iteration of T. In the range [—1, 1], g(x) has one extremum, near which g(x) = 1 — 1-528x’ if it is taken to be a 
maximum, a choice which is arbitrary in view of the invariance of equation (32.13) under a change in the sign of g. 

t See the original papers by M. J. Feigenbaum, Journal of Statistical Physics 19, 25, 1978; 21, 669, 1979. 

tt These are distances in the unstretched range [ — 1, 1] which is arbitrarily taken, from the start, as the range of 
x containing all cycle elements. Since a is negative, the bifurcations are accompanied by inversion of the positions 
of the elements relative to x = 0. 
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use the function c„(t), a scale factor which determines the change in the intervals (32.14) 
from one cycle to the nextt: 


m+1(€)/Sm(t) = Cm (t). (32.15) 
Evidently 
Sm+i(t+ Tm) = —Sm+i (t), (32.16) 
and therefore 
Omt + T,,) = —a,,(t). (32.17) 


The function g,,(t) has complicated properties, but it can be shown that its limiting form 
for large m is very closely approximated by the simple expressions 


m? (32.18) 


with the appropriate choice of zero for t.f 

These formulae yield some conclusions as to the change in the flow frequency spectrum 
when period doubling occurs. In fluid dynamics terms, x,,(t) is to be regarded as a 
characteristic of the fluid velocity. For a flow with period T, the spectrum of the function 
Xm(t) of the continuous time t contains frequencies kw,, (k= 1, 2,3, ...), i.e. the 
fundamental frequency w,, = 27/T,, and its harmonics. After the period doubling, the flow 
is described by the function x,,, (t) with period 7,,,, = 27,,. Its spectrum contains not 
only the same frequencies ko, but also the subharmonics of @,,, the frequencies Hom, 
a Wo eens 

Let us write 


Xm+i(t) = Zf Gma 1 (E) + Nm +1 (t)}, 
where ¢,,, is the difference (32.14) and 


Nm + ı (É) = Xm+1(t)+ Xm +1 (t + Tm). 


The spectrum of 7,, -+ ı (t) contains only the frequencies kw,,; the Fourier components for 
the subharmonics, 


Tt 


Tm 
1 ; 1 
T. | Nin+1 (t)ettlt/Tn dt = FT. | {Nm +1 (t) —Nm+i (t + Tn) } einlt/Ty dt 
0 


mt+1 


are zero, since 4,41(t+ Tm) = Nm+1(t). On the other hand, in the first approximation the 
quantities 7,,(f) are unchanged in the bifurcation: 7,,,1(t) = 7,,(t); this means that the 


ae Pa eee P ee ete 


ete nee nsh Af tha 2114: A 1. Spa S Ta Pa SONS, a a M A 1 
SUCHEUT OF UIC OSUINALIOHS WITT H CYUCHCICS KW&,, disO remains unchanged. 


t Since the two cycles exist in different ranges of values of å, (A,,_ 1, Am) and (Am, A,,41), and the quantities 
(32.14) vary considerably in these ranges, their significance in the definition (32.15) needs to be made more precise. 
We shall take them for the values of 4 where the cycles are superstable (see the footnote following (32.5)); one such 
value occurs in the range where each cycle exists. 

t We shall not give here the study of the properties of ,,(t), which is simple in principle but laborious; see M. J. 
Feigenbaum, Los Alamos Science 1, 4, 1980. 
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The spectrum of čm + ı (t), on the other hand, contains only the subharmonics }/q,,, the 
new frequencies which appear at doubling stage m+ 1. The total strength of these 
components is given by the integral 


Tn +1 


Enti (tdt. (32.19) 


I = 
m+1 i ame 
0 


Expressing ¢,,4,(t) in terms of €,,(t), we can write 


Tm 


1 2 2 
=] Om (t) Emn (t) dt. 


Lats = 


© 


and finally 
Im/Im+1 = 10:8. (32.20) 


Thus the strength of the new components which appear after a period-doubling 
bifurcation exceeds the one for the next bifurcation by a definite factor independent of the 
bifurcation number (M. J. Feigenbaum 1979).+ 

Let us now consider the development of the flow properties when A increases further 
beyond A,, (the Reynolds number R > R), in the turbulent range. Since, at the moment 
of its formation (at å = A,,), the aperiodic attractor is described by a one-dimensional 
Poincaré mapping, we can suppose that even for values of A slightly above A,, it is 
permissible to treat the properties of the attractor in terms of such a mapping. 

The attractor formed by an infinite sequence of period doublings is at its appearance not 
a strange attractor as defined in §31: the 2”-cycle occurring as the limit of stable 2”-cycles 
when m —> œ is also stable. The points of this attractor form on the interval [ — 1, 1] an 
uncountable Cantorian set. Its measure on this interval, i.e. the total “length” of its 
elements, is zero; its dimension is between 0 and 1, and is found to be 0-54.t 

When å > A,,, the attractor becomes a strange attractor, i.e. an attracting set of unstable 
paths. On the interval [ — 1, 1], the points belonging to it occupy ranges whose total length 
is not zero. These ranges are the traces on the sectional plane o of a continuous two- 
dimensional band which makes a large number of turns and is closed. In this connection, it 
should be remembered that the one-dimensional treatment is approximate. In reality, the 


f This applies not only to the total strength of the subharmonics but also to each of them. For each 
subharmonic that appears after bifurcation m there are two (one to the right and one to the left) after bifurcation 
m+ 1. The ratio of strengths of the individual peaks that appear after two successive bifurcations is therefore 
twice (32.20). A more exact value of this quantity is 10-48. This is found by analysing the state at the point à = A» 
itself by means of the universal function g(x); at this point, all frequencies are already present, and the problem 
corresponding to that raised in the last footnote but one does not arise. See M. Nauenberg and J. Rudnick, 
Physical Review B 24, 493, 1981. 

Í See P. Grassberger, Journal of Statistical Physics 26, 173, 1981. 
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band has a small but non-zero thickness. The segments forming its cross-section are 
therefore really strips with non-zero width. Across this width, the strange attractor has the 
layered Cantorian structure described in §31. This structure will not be of interest, and we 
shall return to a discussion in terms of the one-dimensional Poincaré mapping. 

The general development of the strange attractor as À increases beyond A,, is as follows. 
For a given A > A,, the attractor occupies a number of ranges in the interval [ — 1, 1]; the 
spaces between these ranges are the attraction domains, and contain the elements of 
unstable cycles with periods not exceeding some 2”. When A increases, the rate of 
divergence of the paths on the strange attractor increases, and it “expands”, successively 
absorbing the cycles with periods 2”, 2”*',...; the number of ranges occupied by the 
attractor decreases, and their lengths increase. Thus the number of turns of the band 
mentioned above is successively halved, while their widths increase. There is then a sort of 
reverse cascade of successive simplifications of the attractor. The absorption of an 
unstable 2”-cycle by the attractor is called a reverse doubling bifurcation. Figure 22 
illustrates this process for two successive reverse bifurcations. In Fig. 22a, the band makes 
four turns and the reverse bifurcation converts it into one with two (Fig. 22b); the final 
bifurcation gives a band with only one turn and closed after a twist (Fig. 22c). 


AACA 
O'O OF 


Fic. 22 


Let the values of A corresponding to successive reverse doubling bifurcations be denoted 
by A,, 41, arranged in the order Am > Am+1- We shall show that they are in geometrical 
progression with the same universal factor 6 as for forward bifurcations. 

Before the final (as 4 increases) reverse bifurcation, the attractor occupies two ranges 
separated by a gap containing the fixed point x, of the mapping (32.5), which corresponds 
to an unstable cycle with period 1: 


J(1+4a)-1 

2A i 
The bifurcation takes place at the value A = A,, when this point is reached by the limits of 
the expanding attractor. Figure 22b shows that the outer limit of the attractor band 


becomes the inner limit after one loop and the boundary of the gap between turns after 
another. It follows that A = A, is given by the condition xj+2 = x,, where 


x2 =1-4(1—4} 


t Thedimension of the attractor in this direction is much less than unity, but it is not a universal property, and 
depends on the specific mapping. 
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is the result of twice iterating the mapping over the point x; = 1, the limit of the attractor; 
A, = 1:543. The previous reverse bifurcations ^2, A3,...can be approximately de- 
termined in succession by means of the recurrence relation between A,,,, and Am. This 
approximate relation is derived by the same method as was used above to deal with the 
sequence of forward doubling bifurcations, and has the form A,, = (A,,+,) with the same 
function $(A) from (32.7). The corresponding graphical construction is shown in the 
upper part of Fig. 21. Since (A) is the same for the forward and reverse bifurcation 
sequences, so is the expression governing the convergence of the sequences of numbers A, 
and A,, (from below and above respectively) to their common limit A,, = A,: 


Anta — Nw = (1/8) (An — Avo): (32.21) 

The development of the strange attractor properties for 4 > A, is accompanied by 
corresponding changes in the frequency spectrum. The randomness of the flow is 
represented in the spectrum by the presence of a “noise” component whose strength 
increases with the width of the attractor. Against this background there are discrete peaks 
corresponding to the fundamental frequency of the unstable cycles and their harmonics 
and subharmonics; at successive reverse bifurcations, the relevant subharmonics disap- 
pear, in the opposite order to that of their appearance in the sequence of forward 
bifurcations. The instability of the cycles which create these frequencies is shown by the 
broadening of the peaks. 


TRANSITION TO TURBULENCE BY ALTERNATION 

Let us consider finally the elimination of periodic flow when the multiplier passes 
through the value u = +1. 

This type of bifurcation is described (in the one-dimensional Poincaré mapping) by a 
function x;,, = f(x; R), which for a certain value R = Rọ of the Reynolds number 
touches the line x;,, =x,;. Taking the point of contact as x; = 0, we can write the 
expansion of the mapping function near it ast 


Xje1 = (R-R,)+xj+x;”. (32.22) 
When R < R,, (see Fig. 23), there are two fixed points 
Xyp = F Ra —R), 


of which x,” corresponds to stable and x, to unstable periodic flow. When R = Re, the 
multiplier at both points is + 1, the two periodic flows coalesce, and when R > R,, they 
disappear, the fixed points passing into the complex domain. 

When R — R,, is small, the curve (32.22) and the straight line xj}, = x; are close together 
(near x; = 0). In this range of x, therefore, each iteration of the mapping (32.22) moves the 
trace of the path only slightly, and many steps are needed for it to cover the whole range. In 
other words, over a comparatively long interval of time the path is regular and almost 
periodic in the space of states. Such a path corresponds to regular laminar flow in physical 
space. This yields another theoretically possible scenario for the onset of turbulence (P. 
Manneville and Y. Pomeau 1980). 

It can be imagined that the particular region of the mapping function is adjacent to 
regions which randomize the paths, corresponding in the space of states to a set of locally 


t The coefficient of R—R,, and the positive coefficient of x,? can be made equal to unity by appropriate 
definitions of R and x,, and this is assumed in (32.22). 
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unstable paths. This set is not itself an attractor, however, and in the course of time the 
point representing the system moves out of the set. When R < R,,, the path reaches a stable 
cycle, and periodic laminar flow is established in physical space. When R. > R,,, there is no 
stable cycle, and a motion arises in which the turbulent periods alternate with laminar 
ones, the scenario therefore being called the transition to turbulence by alternation. 
No general conclusions can be drawn as to the duration of the turbulent periods. The 


dependence of the laminar period duration on R — R,, is easily ascertained, however. To do 
so, we write the difference equation (32.22) as a differential equation. Since x; changes only 
slightly in one mapping step, we replace x,,, — x; by the derivative dx/dt with respect to 


the continuous variable t: 
dx/dt = R — Ra + x?, (32.23) 


Let us find the time t needed to traverse the segment between the points x, and x, lying on 
either side of x = 0 at distances much greater than R — R,, but still within the range where 
the expansion (32.22) is valid. We have 


1 
nee JR-RJ [tan-? {x//(R-R,)} 12, 


whence 


to 1/,/(R—-R,); (32.24) 


this gives the required dependence. Thus the duration of the laminar periods decreases as 
R—R,, increases. 

This scenario leaves unresolved both the way in which its starting-point is approached 
and the nature of the turbulence that occurs. 


§33. Fully developed turbulence 


Turbulent flow at fairly large Reynolds numbers is characterized by the presence of an 
extremely irregular disordered variation of the velocity with time at each point. This is 
called fully developed turbulence. The velocity continually fluctuates about some mean 
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value. A similar irregular variation of the velocity exists between points in the flow at a 
given instant. No complete quantitative theory of turbulence has yet been evolved. 
Nevertheless, several important qualitative results are known, and the present section gives 
an account of these. 

We introduce the concept of the mean velocity, obtained by averaging over long 
intervals of time the actual velocity at each point. By such an averaging the irregular 
variation of the velocity is smoothed out, and the mean velocity varies smoothly from 
point to point. In what follows we shall denote the mean velocity by u. The difference 
v = v—u between the true velocity and the mean velocity varies irregularly in the manner 
characteristic of turbulence; we shall call it the fluctuating part of the velocity. 

Let us consider in more detail the nature of this irregular motion which is superposed on 
the mean flow. This motion may in turn be qualitatively regarded as the superposition of 
turbulent eddies of different sizes; by the size of an eddy we mean the order of magnitude of 
the distances over which the velocity varies appreciably. As the Reynolds number 
increases, large eddies appear first; the smaller the eddies, the later they appear. For very 
large Reynolds numbers, eddies of every size from the largest to the smallest are present. 
An important part in any turbulent flow is played by the largest eddies, whose size (the 
fundamental or external scale of turbulence) is of the order of the dimensions of the region 
in which the flow takes place; in what follows we shall denote by l this order of magnitude 
for any given turbulent flow. These large eddies have the largest amplitudes. The velocity in 
them is comparable with the variation of the mean velocity over the distance l; we shall 
denote by Au the order of magnitude of this variation. We are speaking here of the order of 
magnitude, not of the mean velocity itself, but of its variation, since it is this variation Au 
which characterizes the velocity of the tubulent flow. The mean velocity itself can have any 
magnitude, depending on the frame of reference used. t The frequencies corresponding to 
these eddies are of the order of u/I, the ratio of the mean velocity u (and not its variation 
Au) to the dimension l. For the frequency determines the period with which the flow 
pattern is repeated when observed in some fixed frame of reference. Relative to such a 
frame, however, the whole pattern moves with the fluid at a velocity of the order of u. 

The small eddies, on the other hand, which correspond to large frequencies, participate 
in the turbulent flow with much smaller amplitudes. They may be regarded as a fine 
detailed structure superposed on the fundamental large turbulent eddies. Only a 
comparatively small part of the total kinetic energy of the fluid resides in the small eddies. 

From the picture of turbulent flow given above, we can draw a conclusion regarding the 
manner of variation of the fluctuating velocity from point to point at any given instant. 
Over large distances (comparable with |), the variation of the fluctuating velocity is given 
by the variation in the velocity of the large eddies, and is therefore comparable with Au. 
Over small distances (compared with 1), it is determined by the small eddies, and is 
therefore small (compared with Au) (but large compared with the variation of the mean 
velocity over these small distances). The same kind of picture is obtained if we observe the 
variation of the velocity with time at any given point. Over short time intervals (compared 
with T ~ l/u), the velocity does not vary appreciably; over long intervals, it varies by a 
quantity of the order of Au. 

The length l appears as a characteristic dimension in the Reynolds number R, which 
determines the properties of a given flow. Besides this Reynolds number, we can introduce 


+ It seems that in fact the size of the largest eddies is actually somewhat less than /, and their velocity is 
somewhat less than Au. 
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the qualitative concept of the Reynolds numbers for turbulent eddies of various sizes. If A is 
the order of magnitude of the size of a given eddy, and v, the order of magnitude of its 
velocity, then the corresponding Reynolds number is defined as R, ~ v,A/v. This number 
decreases with the size of the eddy. 

For large Reynolds numbers R, the Reynolds numbers R, of the large eddies are also 
large. Large Reynolds numbers, however, are equivalent to small viscosities. We therefore 
conclude that, for the large eddies which are the basis of any turbulent flow, the viscosity is 
unimportant. It follows from this that there is no appreciable dissipation of energy in the 
large eddies. 

The viscosity of the fluid becomes important only for the smallest eddies, whose 
Reynolds number is comparable with unity. We denote the size of these eddies by 4), which 
we shall determine later in this section. It is in these small eddies, which are unimportant as 
regards the general pattern of a turbulent flow, that the dissipation of energy occurs. 

We thus arrive at the following conception of energy dissipation in turbulent flow (L. 
Richardson 1922). The energy passes from the large eddies to smaller ones, practically no 
dissipation occurring in this process. We may say that there is a continuous flow of energy 
from large to small eddies, i.e. from small to large frequencies. This flow of energy is 
dissipated in the smallest eddies, where the kinetic energy is transformed into heat. For a 
steady state to be maintained, it is of course necessary that external energy sources should 
be present which continually supply energy to the large eddies. 

Since the viscosity of the fluid is important only for the smallest eddies, we may say that 
none of the quantities pertaining to eddies of sizes å > A) can depend on v (more exactly, 
these quantities cannot be changed if v varies but the other conditions of the motion are 
unchanged). This circumstance reduces the number of quantities which determine the 
properties of turbulent flow, and the result is that similarity arguments, involving the 
dimensions of the available quantities, become very important in the investigation of 
turbulence. 

Let us apply these arguments to determine the order of magnitude of the energy 
dissipation in turbulent flow. Let ¢ be the mean dissipation of energy per unit time per unit 
mass of fluid.t We have seen that this energy is derived from the large eddies, whence it is 
gradually transferred to smaller eddies until it is dissipated in eddies of size ~ 4). Hence, 
although the dissipation is ultimately due to the viscosity, the order of magnitude of € can 
be determined only by those quantities which characterize the large eddies. These are the 
fluid density p, the dimension / and the velocity Au. From these three quantities we can 
form only one having the dimensions of £, namely erg/g sec = cm?/sec*. Thus we find 


e ~ (Au)*/I, (33.1) 


and this determines the order of magnitude of the energy dissipation in turbulent fiow. 

In some respects a fluid in turbulent motion may be qualitatively described as having a 
“turbulent viscosity” Vrp Which differs from the true kinematic viscosity v. Since Viurb 
characterizes the properties of the turbulent flow, its order of magnitude must be 
determined by p, Au and I. The only quantity that can be formed from these and has the 
dimensions of kinematic viscosity is /Au, and therefore 


Viurb ~ lâu. (33.2) 


+ In this chapter ¢ denotes the mean dissipation of energy, and not the internal energy of the fluid. 
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The ratio of the turbulent viscosity to the ordinary viscosity is consequently 
Viurb/v ~ R (33.3) 


i.e. it increases with the Reynolds number.t 
The energy dissipation € is expressed in terms of viurb by 


e~ vuro (Au/l)? (33.4) 


in accordance with the usual definition of viscosity. Whereas v determines the energy 
dissipation in terms of the space derivatives of the true velocity, vur relates it to the 
gradient (~ Au/l) of the mean velocity. 

We may also apply similarity arguments to determine the order of magnitude Ap of the 
variation of pressure over the region of turbulent flow. The only quantity having the 
dimensions of pressure which can be formed from p, l and Au is p(Au)?. Hence we must 
have 


Ap ~ p(Au)’. (33.5) 


Let us now consider the properties of the turbulence as regards eddy sizes 4 which are 
small compared with the fundamental eddy size I. We shall refer to these properties as local 
properties of the turbulence. We shall consider fluid that is far from all solid surfaces (more 
precisely, that is at distances from them large compared with 4). 

It is natural to assume that such small-scale turbulence, far from solid bodies, is 
homogeneous and isotropic. The latter property means that, over regions whose 
dimensions are small compared with I, the properties of the turbulent flow are independent 
of direction; in particular, they do not depend on the direction of the mean velocity. It must 
be emphasized that here, and everywhere in the present section, when we speak of the 
properties of the turbulent flow in a small region of the fluid, we mean the relative motion 
of the fluid particles in that region, and not the absolute motion of the region as a whole, 
which is due to the larger eddies. 

It is found that several important results concerning the local properties of turbulence 
can be obtained immediately from similarity arguments. These results are due to A. N. 
Kolmogorov and to A. M. Obukhov (1941). To obtain them, we shall first determine which 
parameters can be involved in the properties of turbulent flow over regions small 
compared with l but large compared with the distances / at which the viscosity of the fluid 
begins to be important. It is these intermediate distances which we shall discuss below. The 
parameters in question are the fluid density p and another quantity characterizing any 
turbulent flow, the energy e dissipated per unit time per unit mass of fluid. We have seen 
that e is the energy flux which continually passes from larger to smaller eddies. Hence, 
although the energy dissipation is ultimately due to the viscosity of the fluid and occurs in 
the smallest eddies, the quantity ¢ determine the properties of larger eddies. It is natural to 
suppose that (for given p and e) the local properties of the turbulence are independent of 
the dimension / and velocity Au of the flow as a whole. The fluid viscosity v also cannot 
appear in any of the quantities in which we are at present interested (we recall that we are 
concerned with distances A > Ay). 


+ In reality, however, a fairly large numerical coefficient should be included. This is because, as mentioned 
above, / and Au may differ quite considerably from the actual scale and velocity of the turbulent flow. The ratio 
Veurb/¥ may be more accurately written v,,,,/v ~ R/R,,, which formula takes into account the fact that v,,-, and v 
must in reality be comparable in magnitude not for R ~ 1, but for R ~ Ra- 
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Let us determine the order of magnitude v, of the turbulent velocity variation over 
distances of the order of À. It must be determined only by € and, of course, the distance A 
itself. From these two quantities we can form only one having the dimensions of velocity, 
namely (eå}. Hence we can say that the relation 


va x (e4} (33.6) 


must hold. We thus find that the velocity variation over a small distance is proportional to 
the cube root of the distance (Kolmogorov and Obukhov's iaw). The quantity v, may also be 
regarded as the velocity of turbulent eddies whose size is of the order of å: the variation of 
the mean velocity over small distances is small compared with the variation of the 
fluctuating velocity over those distances, and may be neglected. 

The relation (33.6) may be obtained in another way by expressing a constant quantity, 
the dissipation g, in terms of quantities characterizing the eddies of size A; e must be 
proportional to the squared gradient of the velocity v, and to the appropriate turbulent 
viscosity coefficient Viurb 4 OC vA: 


EX Viurb, g(g/A)? oc 043/A, 


whence we obtain (33.6). 

Let us now put the problem somewhat differently, and determine the order of 
magnitude v, of the velocity variation at a given point over a time interval t which is short 
compared with the time 7 ~ l/u characterizing the flow as a whole. To do this, we notice 
that, since there is a net mean flow, any given portion of the fluid is displaced, during the 
interval t, over a distance of the order of tu, u being the mean velocity. Hence the portion of 
fluid which is at a given point at time t will have been at a distance tu from that point at the 
initial instant. We can therefore obtain the required quantity v, by direct substitution of tu 
for A in (33.6): 


v, oœ (eu). (33.7) 


The quantity v, must be distinguished from v,', the variation in velocity of a portion of 
fluid as it moves about. This variation can evidently depend only on e, which determines 
the local properties of the turbulence, and of course on 7 itself. Forming the only 
combination of ¢ and q that has the dimensions of velocity, we obtain 


v, x (€t)4 (33.8) 


Unlike the velocity variation at a given point, it is proportional to the square root of z, not 
to the cube root. It is easy to see that, for t small compared with T, v,’ is always less than v,. 
Using the expression (33.1) for ¢, we can rewrite (33.6) and (33.7) as 


eee 


v, x Au(t/T}. (33.9) 


This form shows clearly the similarity property of local turbulence: the small-scale 
characteristics of different turbulent flows are the same apart from the scale of 
measurement of lengths and velocities (or, equivalently, lengths and times). tt 


_ t The dimensions of ¢ are erg/g sec = cm?/sec?, and do not include mass; the only quantity involving the mass 
dimension is the density p. The latter is therefore not involved in quantities whose dimensions do not include 
mass. 

ł The inequality v; < v, has in essence been assumed in the derivation of (33.7). 
tt In this connection, the term self-similarity is often used in recent literature. 
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Let us now find at what distances the fluid viscosity begins to be important. These 
distances Ay also determine the order of magnitude of the size of the smallest eddies in the 
turbulent flow (called the “internal scale” of the turbulence, in contradistinction to the 
“external scale” 1). To determine 14), we form the local Reynolds number R, 
~ vaAjy ~ Au-A* vl! ~ R(A/L)*?, with the Reynolds number R ~ /Au/v for the flow 
as a whole. The order of magnitude of A, is that for which R, ~ 1. Hence we find 


3 

Ag ~ 1/R*. (33. 

The same expression can be obtained by forming from s and v the only combination having 
the dimensions of length, namely 


do ~ (v3 /eF. (33.11) 


Thus the internal scale of the turbulence decreases rapidly with increasing R. For the 
_ corresponding velocity we have 


v, ~ Au/R*; (33.12) 


this also decreases when R increases. t 

The range of scales 4 ~ lis called the energy range; the majority of the kinetic energy of 
the fluid is concentrated there. Values A < A, form the dissipation range, where the kinetic 
energy is dissipated. For very large values of R, these two ranges are quite far apart, and 
between them lies the inertial range, in which A) < A <I; the results derived in this section 
are valid there. 

Kolmogorov and Obukhov’s law can be expressed in an equivalent spatial spectrum 
form. We replace the scales A by corresponding wave numbers k ~ 1/A of the eddies; let 
E(k)dk be the kinetic energy per unit mass of fluid in eddies with k values in the range dk. 
The function E(k) has the dimensions cm?/sec?; the combination of e and k having these 
dimensions gives 


E(k) œ e? k75’, (33.13) 


The equivalence of this expression and (33.6) is easily seen by noting that v;? gives the order 
of magnitude of the total energy in eddies with all scales of the order of A or less. The same 
result is reached by integration of (33.13): 


œ 


| zoak oc 67/3 /k7/3 ~ (6AP P ~ v,? 
k 


Together with the spatial scales of the turbulent eddies, we can also consider their time 
characteristics (treguencies) The lower end of the frequency spectrum of turbulent motion 


io at frannanniac = The namnrr on 


19 aL irequencies ~uf l. Ziv upper ond i iS 
Wy ~ u/ào ~ uR>/*/1, (33.14) 


corresponding to the internal scale of turbulence. The inertial range corresponds to 
frequencies 
ujl < œ < (u/1)R>". 


t Formulae (33.10)-(33.12) give the manner of variation of the relevant quantities with R. Quantitatively, it 
would be more correct to replace R in them by R/R,,. 
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The inequality œ > u/l signifies that as regards the local properties of turbulence the 
unperturbed flow may be treated as steady. The energy distribution in the frequency 
spectrum in the inertial range is found from (33.13) by substituting k ~ w/u: 


E(q@) oc (ue)??? @~ 5, (33.15) 


where E(w)dq is the energy in the frequency range dw. 

The frequency @ gives the time repetition period in the region of space concerned, as 
observed from a fixed frame of reference. it is to be distinguished from the frequency œw 
which gives the flow repetition period in a given portion of fluid moving in space. The 
energy distribution in this frequency spectrum cannot depend on u, and must be 
determined only by € and the frequency w itself. Again using dimensional arguments, we 
find 


This is in the same relationship to (33.15) as (33.8) is to (33.7). 

Turbulent mixing causes a gradual separation of fluid particles that were originally close 
together. Let us consider two particles at a distance À that is small (in the inertial range). 
Again, by dimensional arguments, the rate of change of this distance with time is 


dA/dt oc (eA)!/3, (33.17) 


Integration of this shows that the time t over which two particles initially at a distance A, 
move apart to a distance A, > A, is in order of magnitude 


t~ Agta, (33.18) 


Note that the process is self-accelerating: the rate of separation increases with 4. This 
occurs because only eddies with scales < A contribute to the separation of particles at a 
distance å; the larger eddies carry both particles and do not cause them to separate. 

Finally, let us consider the properties of the flow in regions whose dimension å is small 
compared with 2o. In such regions the flow is regular and its velocity varies smoothly. 
Hence we can expand v, in a series of powers of A and, retaining only the first term, obtain 
v, = constant x A. The order of magnitude of the constant is v, /åo, since for 1 ~ Ag we 
must have v, ~ v,- Thus 


va ~ v, Alay ~ Au-RIA/L. (33.19) 


This formula may also be obtained by equating two expressions for the energy dissipation 
e: the expression (Au)? /l (33.1), which determines ¢ in terms of quantities characterizing the 
large eddies, and the expression v(v,/A)?, which determines £ in terms of the velocity 
gradient for the eddies in which the energy. dissipation actually occurs. 


§34. The velocity correlation functions 


Formula (33.6) determines qualitatively the correlation of velocities in local turbulence, 
i.e. the relation between the velocities at two neighbouring points. Let us now introduce 


t These results can be applied to particles suspended in the fluid, which are passively conveyed by its motion. 
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functions which will serve to characterize this correlation quantitatively. f One is the rank- 


two correlation tensor 
By = ( (V2; — 015) (Ve — Vin) D> (34.1) 


where v, and v; are the fluid velocities at two neighbouring points, and the angle brackets 
denote an average with respect to time. The radius vector from point 1 to point 2 will be 
denoted by r = r, —r,. In discussing local turbulence, we shall suppose this distance much 
less than the fundamental scale l, but not necessarily much greater than the internal scale 
Ào of the turbulence. 

The velocity variation over short distances is due to the small eddies. The properties of 
local turbulence, however, do not depend on the averaged flow. We can therefore simplify 
the study of the correlation functions of local turbulence by considering instead an 
idealized case of turbulent flow in which there is isotropy and homogeneity not only on 


small scales fas in local turbulence) but also on every scale: the averaged velocity is then 


Sla GUTEEUO [EO ALE Vvs LUi esas Uur WOY Uii WT WSF YvGiws tiiv Gyvi apyu Tvi wis] su vases 


zero. This completely isotropic and homogeneous turbulence} can be regarded as 
occurring in a fluid subjected to vigorous shaking and then left to itself. Such a flow will, of 
course, necessarily decay in the course of time, and so the components of the correlation 
tensor are also time-dependent.tt The relations derived below between the various 
correlation functions apply to homogeneous isotropic turbulence on every scale, and to 
local turbulence at distances r < l. 

Since local turbulence is isotropic, the tensor B;, cannot depend on any direction in 
space. The only vector that can appear in the expression for B; is the radius vector r. The 
general form of such a symmetrical tensor of rank two is 


Bix = A(r)0x + B(r)nin,, (34.2) 
where n is a unit vector in the direction of r. 
To see the significance of the functions A and B, we take the coordinate axes so that one 


of them is in the direction of n, denoting the velocity component along this axis by v, and 
the component perpendicular to n by v,. The correlation tensor component B,, is then the 


mean square relative velocity of two fluid particles along the line joining them. Similarly, 


B,, is the mean square transverse velocity of one particle relative to the other. Since n, 
= 1, n, = 0, we have from (34.2) 


B,, = A+B, B,=A, B,=9 
The expression (34.2) may now be written as 
By, = Bu (r) (64, — ning) + B,, (r) nny. (34.3) 
Expanding the parentheses in the definition (34.1) gives 
Bi = (01014) + 2iP2~ > — KVLV? — 1K Y2i- 


Because of the homogeneity, the mean values of viv, at points 1 and 2 are the same, and 
because of the isotropy, (v,,v2,> is unaltered when points 1 and 2 are interchanged (i.e. 
when r = r, — r, changes sign); thus 


LVVK? = (2:22) = <v? Y Ôi C ViVa > = (02:01 >- 


t Correlation functions were first used in the dynamics of turbulence by L. V. Keller and A. A. Fridman (1924). 

t The concept is due to G. I. Taylor (1935). 
tt The averaging in the definition (34.1) must here, strictly speaking, be taken not as time averaging but as 
averaging over all possible positions of the points 1 and 2 (for a given distance between them) at a given instant. 
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Hence 


By = 3 ¢ v? > Sin —2birs bin = CVV )- (34.4) 
The symmetrical auxiliary tensor b tends to zero as r— œ; for the turbulent flow 
velocities at infinitely distant points may be regarded as statistically independent, so that 
the mean value of their product reduces to the product of the means of each factor 
separately, which are zero by hypothesis. 
We differentiate (34.4) with respect to the coordinates of point 2: 


OB, Obi, O25 
= ees) eee 
OX 2% ? axa, (vu OX24 


By the equation of continuity, 0v,,/0x, = 0, and so 


ô B,, / OX, = 0. 
Since B,, is a function only ofr = r, —r,, differentiation with respect to x, is equivalent to 
that with respect to x,. Substituting (34.3) for B;,, we easily find 
B,,’ + (2/r)(B,, — B,,) = 0 


where the prime denotes differentiation with respect to r. Thus the longitudinal and 
transverse correlation functions are related by 


B, => __(r’ B,,). (34.5) 


According to (33.6), the velocity difference over a distance r in the inertial range is 
proportional to r'3. Hence the correlation functions B,, and B,, are proportional to r?° in 
that range. We then get from (34.5) the simple relation 


B, = $B,, (Ao < r < 1). (34.6) 


For distances r < A, , the velocity difference is proportional to r, and therefore B,, and B,, 


nE KLE N_A r> r+ 


are proportional to r°. Formulas (34.5) then gives 
B„ = 2B,, (r < Ag). (34.7) 


For these distances, B,, and B,, can also be expressed in terms of the mean energy 
dissipation e. We write B,, = ar’, where a is a constant, and combine (34.3), (34.4) and 
(34.7) to find 


2 1 
bi =4 <0? Y ôi — ar? ôi + ZAXiXy. 


Differentiating this relation, we have 


1A, A \ / A. A. ` 
ba x) T 15a OÙ; OÙ ) = 0 
= s — —— = U. 


Since these hold for arbitrarily small r, we can put r, = r,, obtaining 


< (0v:/3x1} > = 15a, ees )> =0. 
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whence a = £/15v.t We thus obtain the following final expressions for the correlation 
functions in terms of the energy dissipation: 


a = 2er7/15v, B, = er? /15v (34.8) 


(A. N. Kolmogorov 1941). 
We next define the rank-three tensor 


a an ay a" ay — 1 (2A o 
Bia = ( (02; — 01;) (82x — Vik) (21 — Vu)? (oUF) 

and the auxiliary tensor 
bix,ı = Ç ViiVikVa > = — L 0{V2, 01) D- (34.10) 


The latter is symmetrical in the first pair of suffixes; the second equation (34.10) results 
from the fact that interchanging points 1 and 2 is equivalent to changing the sign of r, i.e. 
inverting the coordinates, and therefore changes the sign of the rank-three tensor. When 
r = Q and the points 1 and 2 coincide, b;, ;(0) = 0: the mean value of the product of an odd 
number of fluctuating velocity components is zero. Expanding the parentheses in the 
definition (34.9) gives B,,, in terms of bj, ;: 


Biu = 2(bix ıı + Ban + On, i)- (34.11) 


As r > œ, the tensor b; , and therefore B,,, tend to zero. 

Isotropy shows that b,,, must be expressible in terms of the unit tensor ô; and the 
components of the unit tensor n. The general form of such a tensor symmetrical in the first 
pair of suffixes is 


Bik = C (r)ôxn + Dr) (un, + ôn) + F(r)nym. (3412) 


Differentiating this with respect to the coordinates of point 2 and using the equation of 
continuity, we find 


Substitution of (34.12) leads, after a sim 
[r?3C+2D+ F’)]' =0, C’+2(C + D)/r = 0. 
Integration of the former gives 
3C +2D+ F =constant/r?. 


When r = 0, C, D and F must be zero; the constant is therefore zero, and 3C + 2D +F = 0. 
The two equations found then give 


D= —C-iC’, F=rcC'—-C. (34.13) 


Substitution of these in (34.12) and thence in (34.11) gives Biu = —2(rC’ + C)(6,n, 
+ ôa + ôn) + 60°C’ — C)nn,n,. Again taking one of the coordinate axes to be parallel to 
n, we find as the components of B;,,; 


Bir oS 12C, B, = —2(C+ rC’), Be = Bit = 0. (34.14) 


tł For isotropic turbuience, the mean dissipation is related to the mean square vorticity by the simpie formuia 
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From this, we see that the non-zero correlation functions B,,, and B,,, are related by 
ld 
Bpo === : 4. 
ret 6dr (rB,,,) (3 15) 


We shall also need an expression for bı in terms of the components of Bu. From 
(34.12) (34.14), 


: | re Poen aiar Stes oy tate e a a e 
Dix, = — -z Brrr Oi“ + 54 Prr F 2B,,,) (Oi ny + Oxi; ) EET (Brrr re B, nN. 


12 
(34.16) 


The relations (34.5) and (34.15) follow from the continuity equation alone. With the 
Navier-Stokes equation, we can derive a relation between the correlation tensors B and 
Bix (T. von Karman and L. Howarth 1938; A. N. Kolmogorov 1941). 

To do so, we calculate the derivative ôb;,/ôt (a completely homogeneous and isotropic 
turbulent flow, it will be remembered, decays in the course of time). Expressing the 
derivatives ĝv;;/ðt and dv, /dt by means of the Navier-Stokes equation, we find 

2 C Viitak > = -5 C040 11V2% D -5 € 04024021 D -5 € P1¥2% > — 


1 ô 
an, SP2? + vA, C0424) +VA2 ViVa D- (34.17) 
p OX2 
The correlation function for the pressure and the velocity is 
< Pi Vo > == 0. (34.18) 
For isotropy implies that this function must have the form f (r)n. And, from the equation 
of continuity, 
div, < pı Y2 > = (pidiv2 v2 > = 0. 
The only vector having the form f (r)n and zero divergence is constant x n/r”, and this 
would not be finite at r = 0; the constant must therefore be zero. 
Now replacing the derivatives with respect to x,; and x2; in (34.17) by those with respect 
to — x; and x;, we get 
0 
ôt 
Here we have to substitute b, and b;, , from (34.4) and (34.16). The time derivative of the 
kinetic energy per unit mass, + < v? ), is just the energy dissipation — £. Hence 


0 
bx = gy Èi + by, i) + 2vA biz- (34.19) 
l 


A. ,,; P 
ge) = -$e 
A straightforward but lengthy calculation givest 


ðB 1 oa v ô ðB 
E E a a De ie a Care 34.20 
36—32 ôt 6r ôr (Brrr) r* or ( ) ( ) 


t The result of the calculation corresponds to (34.20) with the operator 1 + $rô/ôr applied to each side, but 
since the only solution of {+4rdf/dr = 0 finite when r = 0 is f = 0, the operator may be omitted. 
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The value of B,, varies considerably with time only over an interval corresponding to the 
fundamental scale of turbulence ( ~ l/u). In relation to local turbulence the unperturbed 
flow may be regarded as steady, as already mentioned in §33. This means that for local 
turbulence it is sufficiently accurate to neglect the derivative 0B,,/dt on the left-hand side 
of (34.20) in comparison with e. Multiplying the resulting equation by r* and integrating 
with respect to r we find, since the correlation functions are zero when r = 0, the following 
relation between B,, and B,,,: 


rrr’ 
aR 
Mas, 


B,,, = —ter + 6v 


(34.21) 


(A. N. Kolmogorov 1941). This is valid when r is either greater or less than 44. When 
r > åo, the viscosity term is small, and we have simply 


B,,, = —4er. (34.22) 


If we substitute in (34.21) for r < A, the expression (34.8) for B,,, the result is zero, because 
in this case we must have B,,, œ r°, and so the first-order terms must cancel. 

The one equation (34.20) relates two independent functions B,, and B,,,, and therefore 
does not by itself enable us to find these. The presence of the correlation functions of two 
orders is due to the non-linearity of the Navier-Stokes equation. For the same reason, 
calculating the time derivative of the third-order correlation function would give an 
equation containing also a fourth-order one, and so on. This leads to an infinite sequence 
of equations. It is not possible to arrive in this way at a closed system of equations without 
making some additional assumptions. 

One further general remark} should be made. It might be thought that the possibility 
exists in principle of obtaining a universal formula, applicable to any turbulent flow, which 
should give B,, and B, for all distances r that are small compared with l. In fact, however, 
there can be no such formula, as we see from the following argument. The instantaneous 
value of (vz; — v1;) (v2, — ¥1,) might in principle be expressed as a universal function of the 
energy dissipation ¢ at the instant considered. When we average these expressions, 
however, an important part will be played by the manner of variation of ¢ over times of the 
order of the periods of the large eddies (with size ~ J), and this variation is different for 
different flows. The result of the averaging therefore cannot be universal.{ 


LOITSYANSKIVS INTEGRAL 
We can rewrite equation (34.20) with b,, and b,, , in place of B,, and B,,,: 
ôb 1 ô ôb 
T = | 2yr+—™ + r+ f 34.23 
ôt r* | Wor ae br ( ) 


We multiply this by r* and integrate over r from 0 to œ. The expression in square brackets 


is zero when r = 0. Assuming that it tends also to zero as r > œ, we find 
fo 6] 


A= | r*b,,dr = constant (34.24) 


0 


+ Due to L. D. Landau (1944). 

t The question whether fluctuations of £ should be reflected in the form of the correlation functions in the 
inertial range can scarcely be resolved with certainty until we have a consistent theory of turbulence; it has been 
posed by A. N. Kolmogorov (Journal of Fluid Mechanics 13, 82, 1962) and A. M. Obukhov (ibid. 77). Existing 
attempts to apply relevant corrections to Kolmogorov and Obukhov’s law are based on hypotheses about the 
statistical properties of the dissipation, whose correctness it is difficult to assess. 
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(L. G. Loitsyanskiti 1939). The integral converges if b,, decreases at infinity faster than r~°, 
and is in fact constant if b,, , decreases faster than r~*. 

The functions b, and b,, are related by a formula similar to (34.5) for B,, and B,,. We 
therefore have (under the same conditions) 


3 
[ bart ar = -3( b,,1* dr. 


0 


Since b,, +2b,„ = <¥,°V¥2 >, the integral (34.24) can be put in the form 


1 
Sa fr <v ey dV, (34.25) 


where dV = d? (x, — x2). This integral is closely related to the angular momentum of a 
fluid in a state of homogeneous and isotropic turbulence. It can be shown (though we shall 
not pause to do so) that the square of the total angular momentum M of the fluid in some 
large volume V within an infinite fluid is M? = 47 p? A V; the increase of M as af; Vand not 
as V occurs because M is the sum of a large number of statistically independent terms (the 
angular momenta of separate small portions of fluid) with zero mean values. 

The value of M? in a given volume V may vary because of the interaction with 
surrounding regions of the fluid. If this interaction decreased sufficiently rapidly with 
increasing distance, it would be a surface effect for the part of the fluid considered. The 
times during which M? could change considerably would then increase with the 
dimensions of V; these times and dimensions are to be regarded as very large, and in this 
sense M? would be conserved. 

The condition stated is closely related to the conditions, formulated in deriving (34.24) 
from (34.23), for a sufficiently rapid decrease in the correlation functions. In incompressible 
fluid theory, however, it is doubtful whether they are satisfied. The physical point lies in the 
infinite speed of propagation of perturbations in an incompressible fluid. Mathematically, 
this is shown by the integral form of the fluid pressure dependence on the velocity 
distribution: if the right-hand side of (15.11) is regarded as given, the solution is 


p [= (rdu) dV’ 


P= 4n] ôxiôx', -rT 


As a result, any local perturbation of the velocity instantaneously affects the pressure in all 
space, and the pressure affects the acceleration of the fluid, and therefore the subsequent 
change in the velocity. 

A natural way of formulating the problem is as follows. At the initial instant (t = 0), let 
an isotropic turbulent flow be set up, in which the functions b; (r, t) and b; (r, t) decrease 
exponentially with increasing distance. Expressing the pressure in terms of the velocities by 
means of the above formula, we can then use the equations of motion of the fluid in an 
attempt to determine the dependence of the time derivatives of the correlation functions at 
t = 0 on the distance as r > œ. This determines also the dependence of the correlation 
functions themselves on r for t > 0. The investigation yields the following results.t 


¢ See I. Proudman and W. H. Reid, Philosophical Transactions of the Royal Society A 247, 163, 1954; G. K. 
Batchelor and I. Proudman, ibid. 248, 369, 1956. These researches have also been described by A. S. Monin and A. 
M. Yaglom, Statistical Fluid Mechanics: Mechanics of Turbulence, Vol. 2, §15.5, 15.6, Cambridge (Mass.) 1975. 
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For t > 0, b,,(r,t) decreases at infinity at least as r~°, and perhaps exponentially. 
Loitsyanskii’s integral is therefore convergent. The decrease of b,, „is only as r~*, and Ais 
therefore not conserved. Its time derivative is some non-zero negative (since b,, , is found 
empirically to be negative) function of time. This function is entirely governed by inertial 
forces. It is reasonable to suppose that, as the turbulence decays, these forces become less 
important, and in the final stage they may be neglected in comparison with the viscous 
forces. Thus A decreases (the angular momentum “spreads” uniformly through infinite 
space), tending to a constant iimit which it reaches in the finai stage of turbuience. 

It is therefore possible to determine for this stage the law of time variation of the 
fundamental scale / and characteristic velocity v of the turbulence. An estimate of the 
integral (34.25) gives A ~ v7/° = constant. Another relation is obtained by estimating 
the rate of energy decrease by viscous dissipation. The dissipation £ is proportional to the 
square of the velocity gradients; estimating these as v/I, we find £ ~ v(v/1)?. Equating it to 
the derivative 0(v7)/dt ~ v*/t, where t is reckoned from the start of the final stage of 
turbulence, we have | ~ (vt)'/* and so 


v = constant x 17 >/4 (34.26) 
(M. D. Millionshchikov 1939). 


CORRELATION FUNCTION SPECTRUM 

As well as the coordinate representation of the correlation functions discussed above, 
there is a spectral (wave vector) representation of these functions that has methodological 
and physical interest. It is obtained by expansion as a Fourier space integral: 


n 


B,(t) = | Ba (kje™"d?k/(27}, 


Ba (k)= fa (r)e-*"d?x; 


the spectral correlation function is denoted by the same symbol B,, with a different 
independent variable, the wave vector k. Since in isotropic turbulence B,,(—r) = B (r), we 
have B,,(k) = B,,(—k) = B;,* (k), and the spectral functions B;,(k) are therefore real. 

As r > œ, the functions B, (r) tend to a finite limit given by the first term in (34.4). 
Accordingly, their Fourier components contain a delta function: 


Bi, (k) = $(27)° 5(k) <v? > — 2b; (k). (34.27) 


The components with k 40 are the same for the functions B and — 2b,,. 

Differentiation with respect to the coordinates x, in the coordinate representation is 
equivalent to multiplication by ik, in the spectral representation. The continuity equation 
Obj, (r)/0x; = 0 therefore reduces in the spectral representation to the condition that the 
tensor b (k) be transverse to the wave vector: 


kiba (k) = 0. (34.28) 


Because of the isotropy, the tensor b; (kK) must be expressible in terms of k and the unit 
tensor ô; only. The general form of such a symmetrical tensor satisfying the condition 
(34.28) is 


bu (k) =F )(k) (Six kik; /k? ), (34.29) 


where F ° (k) is a real function of the wave number. 


§34 The velocity correlation functions 143 


The spectral representation of the rank-three correlation tensor is found similarly, 
Bı (k) being expressed in terms of b,, (k) by (34.11); these tensors do not contain a delta 
function. The continuity equation ôb, ,(r)/0x, = 0 gives the condition that b,, ,(k) be 
transverse as regards the third suffix: 


k, bi, (k) = 0. (34.30) 

The general form of such a tensor is 
bix i(k) = iF © (k) {Sky /k + Ok, /k — 2k ky, k,/k? }. (34.31) 
Since b,, ;(—r) = — bix (r), the spectral functions b;, ,(k) are imaginary; a factor i has been 


included in (34.31), so as to make F °)(k) real. 
Equation (34.19) in the spectral representation is 


a 


o ; 
zt (k) = ik, [bin x (k)+ bu, i(k)] — 2vk? bi, (k). 
Substitution of (34.29) and (34.31) gives 


OF 2(k,t)/dt = —2kF © (k,t) —2vk2 F ® (k, t). (34.32) 


The function F ‘?)(k) has an important physical significance. To understand this, let us 
approach the definition of the spectral correlation function at a somewhat earlier stage.t 
We use the customary Fourier expansion of the fluctuating velocity v(r) itself: 


The latter integral is in fact divergent, since v(r) does not tend to zero at infinity. This is 
unimportant, however, in the formal derivations below, whose purpose is to calculate the 
mean squares, which are certainly finite. 

The correlation tensor b,, (r)is expressed in terms of the velocity Fourier components by 
the integral 


bi (r) = | < Uke > ein +k r) d3k d3k' /(22)*. (34.33) 

For this to be a function only of r = r, — r, , the integrand must contain a delta function of 
k + k’, i.e. must be 

<Va Vw > = (27)? (vvi) (k + k’). (34.34) 


This relation is to be regarded as a definition of a quantity here symbolically denoted by 
(v,v,),- Substituting (34.34) in (34.33) and eliminating the delta function by integration over 
d?k’, we find 


b,(r) = Jeane d? k(27)*; 


that is, the (v,v,), are the Fourier components of b; (r), and are therefore symmetrical in i 
and l, and real. In particular, b;;(k) = (v?),, and we can now say that this quantity is 


ł The following arguments are a paraphrase of the proof given in SP 1, §122. 


PM-P 


144 Turbulence §34 


positive, as is evident from its relation (34.34) to the positive quantity <v,v,> = <|v,P>, 
the mean square modulus of the fluctuating velocity Fourier component. 

The value of the correlation function b; (r) for r = 0 determines the mean square velocity 
of the fluid at any point in space. It is expressed in terms of the spectral function by 


<v? > = bi(r = 0) = [ecto a?k/(2ny 
or, substituting b;;(k) from (34.29), 


2<V >= [Fome 


an 


7 | F ® (k)-4nk? dke/(2n)°. (34.35) 


o 


The meaning of this expression is clear from the foregoing: the positive quantity 
F )(k)/(22)° is the spectral density of the kinetic energy per unit mass of the fluid in k- 
space. The energy in the fluctuations whose wave number is in the range dk is E (k)dk, 
where 


E(k) = k? F (k)/2n?. (34.36) 


The first term on the right of (34.32) arises as the Fourier component of the first term on 
the right of (34.19). When r — 0, the latter reduces to the derivative 


0 ô ô 
(Pang PrP 2+ (Pug Pu» = ox, C01 :M1KU > 


and is zero on account of the homogeneity. In the spectral representation, this means that 


| k F (k)d3k = 0, (34.37) 


so that F °)(k) has variable sign. 

Equation (34.32) has a simple meaning: it represents the energy balance of the various 
spectral components in the turbulent flow. The second term on the right is negative; it gives 
the energy loss due to dissipation. The first term (due to the non-linear term in the 
Navier-Stokes equation) describes the energy redistribution in the spectrum, i.e. the 
energy transfer from the components with smaller k to those with larger k. The energy 
density E(k) has a maximum at k ~ 1/1; the majority of the total energy of the turbulent 
flow is concentrated near the maximum (in the energy range, §33). The energy dissipation 
density 2vk?E (k) is greatest for k ~ 1/49; the majority of the total dissipation is 
concentrated in the dissipation range. At very high Reynolds numbers, these two regions 
are far apart and the inertial range lies between them. 

Integrating (34.32) over d*k/(27)° gives on the left the time derivative of the total kinetic 
energy of the fluid; this is equal to the total energy dissipation —«. We thus find the 
following “normalization condition” for E (k): 
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» f k? E (k,t)dk = e. (34.38) 
0 


In the inertial range of wave numbers (1/1 < k < 1/A9), the spectral functions, like the 
correlation functions in the coordinate representation, may be regarded as time- 
independent. According to (33.13), we have in this range 


E (k) = C, €? k-5%, (34.39) 
where C, is a constant coefficient, related to the coefficient C in the correlation function 
B, (r) = C {er}? (34.40) 


by C, = 076C; see the Problem. The empirical values are C = 2, C, = 1-5.t Then 
|B, |/ B>? = 4/50 = 0:3. 


PROBLEM 


Relate the coefficients C, and C in formulae (34.39) and (34.40) for the correlation function and the spectral 
density of energy in the inertial range. 


SOLUTION. The functions 
Bi (r) = 2B,,(r) + B, (r) = (11/3)B,, (r) 
(from (34.6)) and 
B,(k) = —2b,(k) = —4 F ?)(k) = — 8n? E(k)/k? 
(k # 0) are related through the Fourier integral 


Bi (k) = [Butre-#rrars 


If the wave number is in the inertial range (1/1 < k < 1/29), the oscillatory factor cuts off the integral at an upper 
limit r ~ i/k <i. At smail distances, the integral converges, since B;; (r) + 0 as r — 0. In practice, therefore, the 
integral is governed by distances that lie in the inertial range (Ay < r < l), and we can substitute in it B,,(r) from 
(34.40), at the same time extending the integration to all space. In the integral 


[= [rrewrets 


we first integrate over the directions of r, obtaining 


© kee] 
4n 


4 ; ; 
1= Sim | 73 ef dr = i | ES ei dE, 
o 0 


The remaining integral is found by rotating the contour of integration in the complex ¢-plane from the right-hand 
half of the reai axis to the upper haif of the imaginary axis. The result is 


F 4x 10x 
~ kA OP (1/3)" 
Combining these expressions, we have finally 


C, = ————-C = 0-76. 
! ITa) i 


t The majority of the experiments relate to turbulence in the atmosphere or the ocean. The Reynolds numbers 
in these measurements were as high as 3 x 108. 
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§35. The turbulent region and the phenomenon of separation 


Turbulent flow is in general rotational. However, the distribution of the vorticity in the 
fluid has certain peculiarities in turbulent flow (for very large R): in “steady” turbulent flow 
past bodies, the whole volume of the fluid can usually be divided into two separate regions. 
In one of these the flow is rotational, while in the other the vorticity is zero, and we have 
potential flow. Thus the vorticity is non-zero only in a part of the fluid (though not in 


general only in a finite part). 


That such a limited region of rotational flow can exist is a consequence of the fact that 
turbulent flow may be regarded as the motion of an ideal fluid, satisfying Euler’s 
equations. t We have seen (§8) that, for the motion of an ideal fluid, the law of conservation 
of circulation holds. In particular, if at any point on a streamline the curl of the velocity is 
zero, then the same is true at every point on that streamline. Conversely, if at any point ona 
streamline curl v + 0, then it does not vanish anywhere on the streamline. Hence it is clear 
that the existence of limited regions of rotational and irrotational flow is compatible with 
the equations of motion if the region of rotational flow is such that the streamlines within it 
do not penetrate into the region outside it. Such a distribution of the vorticity will be 
stable, and it will remain zero beyond the surface of separation. 

One of the properties of the region of rotational turbulent flow is that the exchange of 
fluid between this region and the surrounding space can occur only in one direction. The 
fluid can enter this region from the region of potential flow, but can never leave it. 

We should emphasize that the arguments given here cannot, of course, be regarded as 
affording a rigorous proof of the statements made. However, the existence of limited 
regions of rotational turbulent flow secms to be confirmed by experiment. 

The flow is turbulent both in the rotational and in the irrotational region. The nature of 
the turbulence, however, is totally different in the two regions. To elucidate the reason for 
this difference, we may point out the following general property of potential flow, which 
obeys Laplace’s equation A ¢ = 0. Let us suppose that the flow is periodic in the xy-plane, 
so that ¢ involves x and y through a factor having the form e:*+ #2», Then 


8? p/0x? + 6?b/dy? = — (k? +k,”)o = —k’¢, 


and, since the sum of the second derivatives must be zero, the second derivative of @ with 
respect to z must equal @ multiplied by a positive coefficient: 67/027 = k’@. The 
dependence of ¢ on z is then given by a damping factor of the form e~*? for z > 0 (the 
unlimited increase given by e" is clearly impossible). Thus, if the potential flow is periodic 
in some plane, it must be damped in the direction perpendicular to that plane. Moreover, 
the greater k, and k, (i.e. the smaller the period of the flow in the xy-plane), the more 
rapidly the flow is damped along the z-axis. All these arguments remain qualitatively valid 
in cases where the motion is not strictly periodic, but has only some periodic quality. 

From this the following result is obtained. Outside the region of rotational flow, the 
turbulent eddies must be damped, and must be so more rapidly for the smaller eddies. In 
other words, the small eddies do not penetrate very far into the region of potential flow. 
Consequently, only the largest eddies are important in this region; they are damped at 
distances of the order of the (transverse) dimension of the rotational region, which is just 
the fundamental scale of turbulence in this case. At distances greater than this dimension 
there is practicaily no turbulence, and the flow may be regarded as laminar. 


t The applicability of these equations to turbulent flow ends at distances of the order of 4p. The sharp 
boundary between rotational and irrotational flow is therefore defined only to within such distances. 
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We have seen that the energy dissipation in turbulent flow occurs in the smallest eddies; 
the large eddies do not involve appreciable dissipation, which is why Euler’s equation is 
applicable to them. From what has been said above, we reach the important result that the 
energy dissipation occurs mainly in the region of rotational turbulent flow, and hardly at 
all outside that region. 

Bearing in mind all these properties of the rotational and irrotational turbulent flow, we 
shall henceforward, for brevity, call the region of rotational turbulent flow simply the 
region of turbulent flow or the turbulent region. In the following sections we shall discuss 
the form of this region in various cases. 

The turbulent region must be bounded in some direction by part of the surface of the 
body past which the flow takes place. The line bounding this part of the surface is called the 
line of separation. From it begins the surface of separation between the turbulent fluid and 
the remainder. The formation of a turbulent region in flow past a body is called the 
phenomenon of separation. 

The form of the turbulent region is determined by the properties of the flow in the main 
body of the fluid (i.e. not in the immediate neighbourhood of the surface). A complete 
theory of turbulence (which does not yet exist) would have to make it possible, in principle, 
to determine the form of this region by using the equations of motion for an ideal fluid, 
given the position of the line of separation on the surface of the body. The actual position 
of the line of separation, however, is determined by the properties of the flow in the 
immediate neighbourhood of the surface (known as the boundary layer), where the 
viscosity plays a vital part (see §40). 

In referring (in subsequent sections) to a free boundary of the turbulent region, we shall 
of course mean its time-averaged position. The instantaneous position of the boundary is a 
highly irregular surface; these irregular distortions and their time variation are due mainly 
to the large eddies and accordingly extend to depths comparable with the fundamental 
scale of the turbulence. The irregular movement of the boundary surface has the result that 
a point in the flow fixed in space and not too far from the average position of the surface is 
alternately on opposite sides of the boundary. When the flow pattern is observed at such a 
point, there will be alternate periods where small-scale turbulence is present and absent. 


§36. The turbulent jet 


The form of the turbulent region, and some other basic properties of it, can be 
established in certain cases by simple similarity arguments. These cases include, among 
others, various kinds of free turbulent jet in a space filled with fluid (L. Prandtl 1925). 

Asa first example, let us consider the turbulent region formed when a flow is separated at 
an angle formed by two infinite intersecting planes (shown in cross-section in Fig. 24). For 
laminar flow (Fig. 3, §10), the flow along one side of the angle (AO, say) would turn 
smoothly and flow along the other side away from the angle (OB). In turbulent flow, the 
pattern is totally different. 

The flow along one side of the angle now does not turn on reaching the vertex, but 
continues in its former direction. A flow appears along the other side in the direction BO. 


+ This is called the alternation (or intermittency) of turbulence. It is to be distinguished from the similar 
property of the flow structure within a turbulent region, called by the same name. The available models of such 
phenomena will not be discussed here. 
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The two flows mix in the turbulent region; the boundaries of this region are shown, 
dashed, in cross-section in Fig. 24. The origin of this region can be seen as follows. Let us 
imagine a flow in which a uniform stream along AO continues in the same direction, 
occupying the whole space above the plane AO and its continuation into the fluid to the 
right, while the fluid below this plane is at rest. In other words, we have a surface of 
separation (the plane AO produced) between fluid moving with constant velocity and 
stationary fluid. Such a surface of discontinuity, however, is unstable, and cannot exist in 
practice (see §29). This instability leads to mixing and the formation of a turbulent region. 
The flow along BO arises because fluid must enter the turbulent region from outside. 

Let us determine the form of the turbulent region. We take the x-axis in the direction 
shown in Fig. 24, the origin being at O. We denote by Y, and Y, the distances from the xz- 
plane to the upper and lower boundaries of the turbulent region, and require to determine 
Y, and Y, as functions of x. This can easily be done from similarity considerations. Since the 
planes are infinite in all directions, there are no constant parameters at our disposal having 
the dimensions of length. Hence it follows that Y, , Y, can only be directly proportional to 
the distance x: 


Yı = x tan Ais Y, = x tan Qa. (36.1) 
l 
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FIG. 24 


The proportionality coefficients are simply numerical constants; we write them as tan a4, 
tan a2, so that a, and «, are the angles between the two boundaries of the turbulent region 
and the x-axis. Thus the turbulent region is bounded by two planes intersecting along the 
vertex of the angle. 

The values of a,, a, depend only on the size of the angle, and not, for example, on the 
velocity of the main stream. They cannot be calculated theoretically; the experimental 
results for flow round a right angle are «, = 5°, a, = 10°.t 

The velocities of the flows along the two sides of the angle are not the same; their ratio is 


i ; i i lea Wh +h lai + 
a definite number, again depending only on the size of the angle. When the angle is not 


Close to zero, one of the velocities is considerably the greater, namely that of the main 
stream, which is in the same direction (AQ) as the turbulent region. For example, in flow 
round a right angle, the velocity along the plane AO is thirty times that along BO. 


+ We recall that, outside the turbulent region, there is irrotational turbulent flow which gradually becomes 
laminar as we move away from the boundaries of this region. 

} Here, and elsewhere, we refer to experimental results on the velocity distribution in a transverse cross-section 
of the turbulent jet, reduced by means of calculations based on a semi-empirical theory (see the final note to the 
present section). 
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We may also mention that the difference between the fluid pressures on the two sides of 
the turbulent region is very small. For example, in flow round a right angle it is found that 
pı — pa = 0-:003p U,?, where U, is the velocity of the main stream (along AO), p, the 
pressure in that stream, and p, the pressure in the stream along BO. 

In the limiting case of flow round an angle of zero, we have simply the edge of a plate 
with fluid moving along both sides. The angle «, + «, of the turbulent region is zero, i.e. 
there is no turbulent region; the velocities of the flows along the two sides of the plate 
become equal. As the angle AOB increases, a point is reached when the plane BO forms the 
lower boundary of the turbulent region; the angle AOB is by then obtuse. As the angle 
increases further, the turbulent region continues to be bounded by the plane BO on one 
side. Here we have simply a separation, with the line of separation along the vertex of the 
angle. The angle of the turbulent region remains finite. 

As asecond example, let us consider the problem of a turbulent jet of fluid issuing from 
the end of a narrow tube into an infinite space filled with the same fluid. The problem of 
laminar flow in such a “submerged jet” has been solved in §23. At distances (the only ones 
we shall consider) large compared with the dimensions of the mouth of the tube, the jet is 
axially symmetrical, whatever the actual shape of the opening. 

Let us determine the form of the turbulent region in the jet. We take the axis of the jet as 
the x-axis, and denote by R the radius of the turbulent region; we require to determine R as 
a function of x (which is measured from the end of the tube). As in the previous example, 
this function is easily determined directly from dimensional considerations. At distances 
large compared with the dimensions of the mouth of the tube, the actual shape and size of 
the opening cannot affect the form of the jet. Hence we have at our disposal no 
characteristic parameters with the dimensions of length. It therefore follows as before that 
R must be proportional to x: 


R = xtana, (36.2) 


where the numerical constant tan « is the same for all jets. Thus the turbulent region is 
a cone; the experimental value of the angle 2« is about 25 degrees (Fig. 25).t 


\\ 


+ Formula (36.2) gives R = 0 for x = 0; that is, the coordinate x is measured from the point where the jet 
would start from a point source. This need not coincide with the actual position of the outlet aperture, but may be 
behind it by a distance of the same order of magnitude as is needed to establish the dependence (36.2). Since we are 
interested in the asymptotic form for large x, this difference may be neglected. 
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The flow in the jet is mainly axial. Because there are no parameters having the 
dimensions of length or velocity which could describe the flow in the jet,f the longitudinal 
velocity u, (time-averaged) in it must have a distribution 


u, (7, x) = Uo (x) f [r/R(x)], (36.3) 


where r is the distance from the jet axis and uo is the velocity on the axis. Thus the velocity 
profiles in different cross-sections of the jet differ only as regards the scales of 
measurement of distance and speed; the jet structure is said to be self-similar. The function 
f(E), equal to 1 when € = 0, decreases rapidly as the argument increases. It is equal to 4 for 
č = 0-4, and reaches ~ 0-01 at the boundary of the turbulent region. The transverse 
velocity has about the same order of magnitude over the cross-section of the turbulent 
region, and at the boundary of the region is about — 0-025 uo (being directed into the jet 
there). This transverse velocity is responsible for the inflow into the turbulent region. The 
flow outside the turbulent region can be found theoretically; see Problem 1. 

The dependence of the velocity in the jet on the distance x can be determined from the 
following simple arguments. The total momentum flux in the jet through a spherical 
surface centred at its point of emergence must remain constant when the radius of the 
surface is varied. The momentum flux density in the jet is of the order of pu’, where u is of 
the order of some mean velocity in the jet. The area of the part of the jet cross-section 
where the velocity is appreciably different from zero is of the order of R?. Hence the total 
momentum flux is P ~ pu? R?. Substituting (36.2), we get 


u ~ (P/P) (1/x), (36.4) 


that is, the velocity diminishes inversely as the distance from the point of emergence. 

The mass Q of fluid which passes per unit time through a cross-section of the turbulent 
region of the jet is of the order of puR?. Substituting (36.2) and (36.4), we find that 
Q =constant x x: we write an equals sign because, if two quantities which vary within 
wide limits are always of the same order of magnitude, they must be proportional. The 
proportionality factor is conveniently expressed not in terms of the momentum flux P but 
in terms of the mass Q, of fluid which issues from the tube per unit time. At distances of the 
order of the linear dimensions a of the tube aperture, we must have Q ~ Qo. Thus the 
constant is ~ Q,/a, and 


Q = BQox/a, pe) 


where $ is a numerical coefficient which depends only on the form of the aperture. If the 
latter is circular with radius a, the empirical value is $ = 1-5. Thus the discharge through 
the cross-section of the turbulent region increases with x, and fluid is drawn into the 
turbulent region.t 

The flow in any section of the length of the jet is characterized by the Reynolds number 
for that section, defined as uR/v. By virtue of (36.2) and (36.4), however, the product uR is 
constant along the jet, so that the Reynolds number is the same for all such sections. It can 
be taken, for instance, as Q)/pav. The constant Q,)/a which appears here is the only 
parameter which determines the flow in the jet. When the “strength” Qo of the jet increases 


+ Note once more that we are considering fully developed turbulence in the jet, and the viscosity therefore 
should not appear in the formulae concerned. 

t The total flux through any infinite plane across the jet is infinite, i.e. a jet issuing into an infinite space carries 
with it an infinite amount of fluid. 
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(the value of a remaining constant), the Reynolds number eventually reaches a critical 
value, after which the flow simultaneously becomes turbulent along the whole length of the 
jet.t 


PROBLEMS 


PROBLEM 1. Determine the mean flow in the jet outside the turbulent region. 


SOLUTION. We take spherical polar coordinates r, 0, @, with the polar axis along the axis of the jet, and the 
origin at its point of emergence. Because the jet is axially symmetrical, the component u, of the mean velocity is 
zero, while u, and u, are functions only of rand 0. The same arguments as were used in the problem of the laminar 
jet (§23) show that u, and u, must have the forms u, = f (6)/r, u, = F(0)/r. Outside the turbulent region we have 
potential flow, i.e. curl u = 0, so that 0u,/00—(ru,)/dr = 0. But ru, is independent of r, so that du,/00 
= (1/r)dF/d@ = 0, whence F = constant = —b, say, or 


ie bye (1) 
From the equation of continuity, 


1 a : 
25, 7 u,) + Fan 8 gg (He Sin 8) = 0, 


we then obtain 


_ constant — b cos í 0 
sin 0 


The constant of integration must be — b if the velocity is not infinite for 8 = x (it does not matter that f is infinite 
for @ = 0, since the solution in question refers only to the space outside the turbulent region, whereas 0 = 0 lies 
inside that region). Thus 


Ue = = Trane —L cot 40. (2) 
rsin 0 r 
The component of the velocity in the direction of the jet (u,) and its absolute magnitude are 
b b b cos | 9 b 
=- = = . 3 
eS e A agin 40 ©) 


The constant b can be related to the constant B = BQ, /a in (36.5). Let us consider a segment of the cone formed 
by the turbulent region, bounded by two infinitely close cross-sections of the cone. The mass of fluid entering this 
segment per unit time is dQ = —2arpsina-ugdr = 2xbp(1+cosa)dr, while from formula (36.5) we have 


dQ = B dx = Bcosadr. Comparing the two expressions, we obtain 
Boos a 
=. (4) 
2nxp(1+cos a) 


At the boundary of the turbulent region, the velocity u is directed into this region, making an angle }(x — a) 
with the positive direction of the x-axis. 


t In order to make more detailed calculations for various kinds of turbulent flow, it is customary to employ 


certain eee ern Loe S nn Ree ami man mmaa ee = damnandanna af slame anonn a 


CELLAL “semi-empirical tTECOLICS, based oñ assumptions CONCI ng the t aaa VI the tur bulent viscosity 
coefficient on the gradient of the mean velocity. For example, in Prandtl’s theory it is assumed that (for plane 
flow) 


Vturb = P |u,/dy|, 


where the dependence of } (called the mixing length) on the coordinates is chosen in accordance with the results of 
similarity arguments; for instance, in free turbulent jets we put | = cx, c being an empirical constant. Such theories 
usually give good agreement with experiment, and are therefore useful for interpolatory calculations. However, it 
is not possible to give universal values to the empirical constants which characterize each theory; for example, the 
value of the ratio of the mixing length I to the transverse dimension of the turbulent region has to be chosen 
diffierently in various particular cases. It should also be mentioned that good agreement with experimental results 
can be obtained with various expressions for the turbulent viscosity. 
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Let us compare the mean velocity u, inside the turbulent region (defined as ï, = Q/xpR? = B/xpx tan? a) 
with the velocity (ux)pþot at the boundary of the region. Taking the first equation (3) with 0 = a, we find 
(Ux)pot/ Hx a (l — cos a). 


For a = 12°, this ratio is 0-011, i.e. the velocity at the boundary of the turbulent region is small compared with the 
mean velocity inside the region. 


PROBLEM 2. Determine the law of variation of size and velocity in a submerged turbulent jet issuing from an 
infinitely long thin slit. 


SOLUTION. By the same reasoning as for the axial jet, we conclude that the turbulent region is bounded by two 
planes intersecting along the slit, i.e. the half-width of the jet is Y = x tan «. The momentum flux in thej jet (per unit 
length of the slit) is of the order of pu’ Y. The dependence of the mean velocity u on x is therefore given by u 
~ constant/ V. x. The discharge through a cross-section of the turbulent region is Q ~ puY, whence Q = constant 

x. The local Reynolds number R = uY/v increases in the same way with x. The experimental data give a value 
2a z 25° for the angle of a plane jet, about the same as for a circular jet. 


§37. The turbulent wake 


For Reynolds numbers considerably above the critical value, in flow past a solid body, a 
long region of turbulent flow is formed behind the body. This is called the turbulent wake. 
At distances large compared with the dimension of the body, simple arguments enable us 
to determine the form of this wake and the way in which the fluid velocity decreases there 
(L. Prandtl 1926). 

As in the investigation of the laminar wake in §21, we denote by U the velocity of the 
incident stream, and take the direction of U as the x-axis. The fluid velocity at any point, 
averaged over the turbulent fluctuations, is written as U + u. Denoting by a some mean 
width of the wake, we shall find a as a function of x. If there is no lift, then at large distances 
from the body the wake is axially symmetrical and circular in cross-section; in this case, a 
may be the radius of the wake. If a lift force is present, a direction is selected in the yz- 
plane, and the wake is not axially symmetrical at any distance from the body. 


The longitudinal fluid velocity comnonent in the wake ic of the order of U, while the 
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transverse component is of the order of some mean value u of the turbulent velocity. The 
angle between the streamlines and the x-axis is therefore of the order of u/U. 
The boundary of the wake is, as we know, the boundary beyond which the streamlines of 
the rotational turbulent flow cannot pass. Hence it follows that the angle between the 
boundary of the longitudinal cross-section of the wake and the x-axis is also of the order of 
u/U. This means that we can write 


da/dx ~ u/U. (37.1) 
Next we use formulae (21.1), (21.2), which determine the forces on the body in terms of 
integrals of the fiuid velocity in the wake (the velocity now being interpreted as its mean 
value). The region of integration in these integrals is of the order of a?. Hence an estimate 
of the integral gives F ~ pUua’, where F is of the order of the drag or the lift. Thus 
u ~ F/pUa?. (37.2) 
Substituting in (37.1), we find da/dx ~ F/pU?a’, from which we have by integration 


a ~ (Fx/pU?}. (37.3) 
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Thus the width of the wake increases as the cube root of the distance from the body. For 
the velocity u, we have from (37.2) and (37.3) 


u ~ (FU/px?)}, (37.4) 


i.e. the mean fluid velocity in the wake is inversely proportional to x$. 
The flow in any section of the wake is characterized by the Reynolds number R ~ au/v. 
Substituting (37.3) and (37.4), we obtain 


R ~ F/vpUa ~ (F/P Ux?) 


We see that this number is not constant along the wake, unlike what we found for the 
turbulent jet. At sufficiently large distances from the body, R becomes so small that the 
flow in the wake is no longer turbulent. Beyond this point we have the laminar wake, whose 
properties have been investigated in §21. 

In §21 formulae have been obtained which describe the flow outside the wake and far 
from the body. These formulae hold for flow outside the turbulent wake as well as outside 
the laminar wake. 

We may mention here some general properties of the velocity distribution round the 
body. Both inside and outside the turbulent wake, the velocity (by which we always mean 
u) decreases away from the body. However, the longitudinal velocity u, falls off more 
rapidly ( ~ 1/x*) outside the wake than inside it. Far from the body, therefore, we may 
suppose u, to be zero outside the wake. We may say that u, falls from some maximum 
value on the axis of the wake to zero at the boundary of the wake. The transverse 
components u,, u, at the boundary are of the same order of magnitude as they are inside 
the wake, diminishing rapidly as we move away from the wake at a given distance from the 
body. 
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The velocity distribution round a body, described at the end of the last section, does not 
hold for exceptional cases where the thickness of the wake formed behind the body is very 
small compared with its width. A wake of this kind is formed in flow past bodies whose 
thickness (in the y-direction) is small compared with their width (in the z-direction); the 
length (in the direction of flow, the x-direction) may be of any magnitude. That is, we are 
considering flow past bodies whose cross-section transverse to the flow is very elongated. 
These bodies include, in particular, wings, i.e. bodies whose width, or span, is large in 
comparison with their other dimensions. 

It is clear that, in such a case, there is no reason why the velocity component u, 
perpendicular to the plane of the turbulent wake should fall off appreciably at distances of 
the order of the thickness of the wake. On the contrary, this component will now be of the 
same order of magnitude inside the wake and at considerable distances from it, of the order 
of the span. Here, of course, we assume that the lift is not zero, since otherwise the 
transverse velocity practically vanishes. 

Let us consider the vertical lift force F, resulting from such a flow. According to formula 
(21.2), it is given by the integral 

rc 
F, = =pU | pity de (38.1) 


where, on account of the nature of the distribution of u,, the integration must now be 
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taken over the whole transverse plane. Furthermore, since the thickness of the wake (in the 
y-direction) is small, while the velocity u, inside the wake is not large compared with its 
value outside, we can with sufficient accuracy take the integration over y to be over the 
region outside the wake, writing 


a a J2 
| ways | wdy+ [ wax 
-%0 yı ~œ 


where y, and y, are the coordinates of the boundaries of the wake (Fig. 26). 


Pa “a 
Va NJ 
( EE r, 
\ / Ne 
N 7 | 
N 7 
Sa AT l 
a | 
Fic. 26 


Outside the wake, however, we have potential flow, and u, = 0¢/d0y; bearing in mind 
that @ = 0 at infinity, we therefore obtain 


[uy = $2 — 94, 


where @, and @, are the values of the potential on the two sides of the wake. We may say 
that ¢, — ¢; is the discontinuity of the potential at the surface of discontinuity which may 
be substituted for a thin wake. The derivative u, = 0¢/@y must remain continuous. A 
discontinuity in the velocity component normal to the surface of the wake would mean 
that some quantity of fluid flows into the wake; in the approximation in which the 
thickness of the wake is neglected, however, this inflow must be zero. Thus we replace the 
wake by a surface of tangential discontinuity. Next, in the same approximation, the 
pressure also must be continuous at the wake. Since the variation of the pressure is given in 
the first approximation, according to Bernoulli’s equation, by pUu, = pUdd/dx, it 
follows that the derivative 6¢/0x must also be continuous. The derivative 0¢/0z (the 
velocity along the wing) is in general discontinuous, however. 

Since the derivative 0@/éx is continuous, the discontinuity ¢, — 6, depends only on z, 


and not on the coordinate x along the wake. Thus we have the following formula for the 
lift: 


Fy= —pU | ($2 — $1) dz. (38.2) 


The integration over z may be taken over the width of the wake (of course, ¢, —¢, = 0 
outside the wake). 
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This formula can be put in a somewhat different form. To do so, we notice that, using 
well-known properties of an integral of the gradient of a scalar, we can write the difference 
$2 — $, as a contour integral 


eraa ġ-di = fusas+ u,.dx), 


taken along a contour which starts fram the point yi encircles tha hadu and endc at the 
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point yz, thus passing at every point through the region of potential flow. Since the wake is 
thin we can, without changing the integral except by quantities of higher order, close this 
contour by means of the short segment from y, to yı. Denoting by T the velocity 
circulation round the closed contour C enclosing the body (Fig. 26), we have 


i = ea 2-9,; (38.3) 
and for the lift force the formula 
Fy = pu |r dz. (38.4) 


The sign of the velocity circulation is always chosen to be that obtained for a counter- 
clockwise path. The sign in formula (38.3) also depends on the chosen direction of flow. We 
always suppose that the flow is in the positive direction of the x-axis (from left to right). 

The relation between the lift and the circulation given by formula (38.4) constitutes 
Zhukovskiřs theorem, first derived by N. E. Zhukovskii in 1906. Cf. §46 for the application 
of this theorem to streamlined wings. 


PROBLEMS 


PROBLEM 1. Determine the manner of widening of the turbulent wake formed in transverse flow past a 
cylinder with infinite iength. 


SoLUTION. The drag f, per unit length of the cylinder is of the order of pUuY. Combining this with the relation 
(37.1), we find the width Y of the wake to be 


Y= A\/(xf,/pU?), (1) 


where A is a constant. The mean velocity u in the wake falls off in accordance with u ~ Mh (f,/px). The Reynolds 
number R ~ Yu/v ~ £,/pUv is independent of x, and there is therefore no laminar wake. 

We may mention that, according to experimental results, the constant coefficient in (1) is A = 0-9 (Y being 
the half-width of the wake; if Y is taken as the distance at which the velocity u, falls to half its maximum value (at 
the centre of the wake), then A = 0-4). 


PROBLEM 2. Determine the flow outside the wake formed in transverse flow past a body of infinite length. 


SOLUTION. Outside the wake we have potential flow; we shall denote the potential by to distinguish it from 
the angle ¢ in the system of cylindrical polar coordinates which we take, with the z-axis along the length of the 
body. As in (21.16), we conclude that we must have 


f u-df = $ grad ® -df = f,/pU, 


where now the integration is over the surface of a cylinder with large radius and unit length with its axis in the x- 
direction, and f, is the drag per unit length of the body. The solution of the two-dimensional Laplace’s equation 
A® = 0 that satisfies this condition is ® = (f,/2xpU) logr. Next, we have for the lift, by formula (38.2), f 
= pU (®, — ®,). The solution of Laplace’s equation that diminishes least rapidly with increasing distance and has 
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a discontinuity of the plane $ =0 is ® = constant x d= — Of, /2xpU, the constant being determined by 
$2 — $, = 2x. The flow is given by the sum of these two solutions, i.e. 


= 5 (heer of) D 
The cylindrical components of the velocity u are 
u, = ôb /ðr = f,/2npUr, = (1/r)0O/dgd = —f,/2npUr. (3) 
The velocity w is at a constant angle tan“ !{ f/f) to i Pedirection, 


PROBLEM 3. Determine the manner of bending of the wake behind a body with infinite length when there is a 
lift force. 


SOLUTION. Ifthereisa lift force, the wake (regarded as a surface of discontinuity) is curved in the xy-plane. m 
function y = y(x) which determines this is given by the equation dx/(u, + U) = dy/u,. Substituting, by (3), u, 
~f,/2npUx and neglecting u, in comparison with U, we obtain 


dy/dx = —f,/2npU*x, 
whence 


y = constant — ( f,/2rpU °) log x. 


CHAPTER IV 


BOUNDARY LAYERS 


§39. The laminar boundary layer 


We have several times mentioned the fact that very large Reynolds numbers are 
equivalent to very small viscosities, and consequently a fluid may be regarded as ideal if R is 


large. However, this approximation can never be used when the flow in question occurs 
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near solid walls. The boundary conditions for an ideal fluid require only the normal 
velocity component to vanish; the component tangential to the surface in general remains 
finite. For a viscous fluid, however, the velocity at a solid wall must vanish entirely. 

From this we can conclude that, for large Reynolds numbers, the decrease of the velocity 
to zero occurs almost exclusively in a thin layer adjoining the wall. This is called the 
boundary layer, and is thus characterized by the presence in it of considerable velocity 
gradients. The flow in the boundary layer may be either laminar or turbulent. In this 
section we shall consider the properties of the laminar boundary layer. The boundary of 
the layer is not, of course, sharp; the transition from the laminar flow in it to the main 
stream of fluid is continuous. 

The rapid decrease of the velocity in the boundary layer is due ultimately to the viscosity, 
which cannot be neglected even if R is large. Mathematically, this appears in the fact that 
the velocity gradients in the boundary layer are large, and therefore the viscosity terms in 
the equations of motion, which contain space derivatives of the velocity, are large even if v 
is small.t 
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simplicity, we consider two-dimensional flow along a plane portion of the surface. This 
plane is taken as the xz-plane, with the x-axis in the direction of flow. The velocity 
distribution is independent of z, and the velocity has no z-component. 

The exact Navier-Stokes equations and the equation of continuity are then 


ov, ov, 1 dp ôv, 670, 
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The flow is supposed steady, and the time derivatives are therefore omitted. 


t Theconcept and basic equations of the laminar boundary layer theory were formulated by L. Prandtl (1904). 
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Since the boundary layer is thin, it is clear that the flow in it takes place mainly parallel to 
the surface, i.e. the velocity v, is small compared with v, (as is seen immediately from the 
equation of continuity). 

The velocity varies rapidly along the y-axis, an appreciable change in it occurring at 
distances of the order of the thickness 6 of the boundary layer. Along the x-axis, on the 
other hand, the velocity varies slowly, an appreciable change in it occurring only over 
distances of the order of a length / characteristic of the problem (the dimension of the body, 
say). Hence the y-derivatives of the velocity are large in comparison with the x-derivatives. 
It follows that, in equation (39.1), the derivative 07v,/0x? may be neglected in comparison 
with 070, /Oy?; comparing (39.1) with (39.2), we see that the derivative @p/dy is small in 
comparison with dp/0x (the ratio being of the same order as v, /v,). In the approximation 
considered we can put simply 

op/dy = 0, (39.4) 
i.e. suppose that there is no transverse pressure gradient in the boundary layer. In other 
words the pressure in the boundary layer is equal to the pressure p(x) in the main stream, 
and is a given function of x for the purpose of solving the boundary-layer problem. In 
equation (39.1) we can now write, instead of dp/dx, the total derivative dp(x)/dx; this 
derivative can be expressed in terms of the velocity U (x) of the main stream. Since we have 
potential flow outside the boundary layer, Bernoulli’s equation, p +4pU* = constant, 
holds, whence (1/p)dp/dx = —UdU/dx. 

Thus we obtain the equations of motion in the laminar boundary layer in the form of 
Prandtl’s equations: 

av, év, 670, 1 dp 


oe Oy | bye = ~ pdx 
= gov. (39.5) 
dx 
dv, ôv, 
Ox + T =0. (39.6) 


The boundary conditions on these equations are that the velocity be zero at the wall: 
v, =v,=0 for y=0. (39.7) 


Away from the wall, the longitudinal velocity must tend asymptotically to that of the main 
stream: 
v, = U(x) for y> œ. (39.8) 


It is not necessary to specify a separate condition for v, at infinity. 

It can easily be shown that equations (39.5) and (39.6), though derived for flow along a 
plane wall, remain valid in the more general case of any two-dimensional flow (transverse 
flow past a cylinder with infinite length and arbitrary cross-section). Here x is the distance 
measured along the circumference of the cross-section from some point on it, and y is the 
distance from the surface along the normal. 

Let U, be a velocity characteristic of the problem (for example, the velocity of the main 
stream at infinity). Instead of the coordinates x, y and the velocities v,, v,, we introduce the 


dimensionless variables x’, y’, v’,, v’,: 


x=lx,  y=ly'//R, 0, =Upv’,, v, = Ugv'’y//R (39.9) 
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(and correspondingly U = U, U’), where R = Upl/v. Then the equations (39.5) and (39.6) 
take the form 


dv, , Ov, 6v', dU’ 


> By dy’? = ‘dx’ 
mt Ae a (39.10) 


These equations (and the boundary conditions on them) do not involve the viscosity. This 
means that their solutions are independent of the Reynolds number. Thus we reach the 
important result that, when the Reynolds number is changed, the whole flow pattern in the 
boundary layer simply undergoes a similarity transformation, longitudinal distances and 
velocities remaining unchanged, while transverse distances and velocities vary as 1/ af. R. 

Next, we can say that the dimensionless velocities v’,, v’, obtained by solving equations 
(39.10) must be of the order of unity, since they do not depend on R. From formulae (39.9) 
we can therefore conclude that 


v, ~ Up//R, (39.11) 


i.e. the ratio of the transverse and longitudinal velocities is inversely proportional to F. R. 
The same is true of the boundary layer thickness ô: in the dimensionless coordinates x’, y’ 
we have 6’ = 1, and hence in the coordinates x and y 


ô ~1/./R. (39.12) 


Let us apply the equations for the boundary layer to the case of piane-parailei fiow along 

a semi-infinite flat plate (H. Blasius 1908). Let the plane of the plate be the xz half-plane 

with x > 0 (the leading edge of the plate thus being the line x = 0). The velocity of the main 

stream in this case is constant (U = constant). The equations (39.5) and (39.6) become 
Ov, Ov, 070, dv, dv, 


Vem t+ Vy 5 = Vos ae a (39.13) 
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In the solution of Prandtl’s equations, we have seen that v,/U and vy/ (I/U v) can 
only be functions of x’ = x/land y’ = y./(U/Iv). The problem of a semi-infinite plate has 
no characteristic length l, however. Hence v,/U can depend only on a combination of x’ 
and y’ which does not involve /, namely y’/ af x = y/ (U/vx). Similarly, the product 
v, y x’ must be a function of y’/ F x. 


In order to take into account immediately the relation between v, and v, expressed by 
the equation of continuity, we use the stream function y as defined by (10.9): 


v, = OW/dy, v, = —dp/dx. (39.14) 
The above-mentioned properties of v,(x, y) and v,(x, y) correspond to a stream function 
w= JSWxUS(E E=y/(U/x). (39.15) 

Then 
ve = USO, v =$ VOU- (39.16) 


An important conclusion can be drawn without determining quantitatively the function 
J (é). The chief characteristic of the flow in the boundary layer is the distribution of the 
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longitudinal velocity v, in it (since v, is small). The velocity v, increases from zero at the 
surface of the plate to a definite fraction of U for a given value of č. Hence we can conclude 
that the thickness of the boundary layer in flow along a plate (defined as the value of y for 
which v,/U reaches a certain value ~ 1) is given in order of magnitude by 

5 ~ \/(vx/U). (39.17) 


Thus, as we move away from the edge of the plate, ô increases as the square root of the 
distance from the edge. 
Substituting (39.16) in the first equation (39.13), we get an equation for f (€): 
Hf" +2f” =0. (39.18) 
The boundary conditions (39.7) and (39.8) become 
fO=fO=0,  f(w)=1; (39.19) 
the velocity distribution is evidently symmetrical about the plane y = 0, and it is therefore 
sufficient to consider the side y > 0. Equation (39.18) has to be solved numerically; a graph 


of the function f’(é) thus obtained is shown in Fig. 27. We see that f'(¢) tends very rapidly 
to its limiting value of unity. The limiting form of f (€) itself for small ¢ is 


f (2) = ač? + O(E), a = 0-332; (39.20) 


there cannot be terms in £ or &, as is easily seen from (39.18). The limiting form for large ¿é 
is 
fQ=€-B, B=t-72; (39.21) 
it can be shown that the error in this expression in exponentially small. 
The frictional force on unit area of the surface of the plate is 
Oxy = 0(00,/OY), = 0 = ny (U*/vx) f"(0) 
or 
Oxy = 0332 /(npU3/x). (39.22) 
If the plate has a length / (in the x-direction), then the total frictional force on it per unit 
length along the edge is 


F=2 | 6, dx = 1-328 ./(nplU?). (39.23) 
o 


The factor 2 is due to the fact that the plate has two sides exposed to the fluid.t The 
frictional force is proportional to the 3 power of the velocity of the main stream. Formula 
(39.23) can be applied, of course, only to long plates, for which R = UI/v is sufficiently 
large. Instead of the force, it is customary to define the drag coefficient as the dimensionless 
ratio 


C = F/tpU?-21. (39.24) 


t The boundary layer approximation is not valid near the leading edge of the plate, where ô 2 x. This, however, 
is not important in calculating the total force F, because the integral converges rapidly at the lower limit. 
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By (39.23), this quantity for laminar flow past a plate is inversely proportional to the square 
root of the Reynolds number: 


C = 1:328/,/R. (39.25) 


As an exactly definable characteristic of the boundary layer thickness, we can use the 
displacement thickness 5* defined by 


Ud* = | (U —v,)dy. (39.26) 
(0) 
Substitution of v, from (39.16) gives 
r 
ò* = (x/U) | -fdk 
(0) 


= /(vx/U)[E-f Ole- 0 


and, with the limiting expression (39.21), 


ô* = B /vx/U) = 1:72 ,/(vx/U). (39.27) 


The expression on the right of the definition (39.26) is the amount by which the discharge 
in the boundary layer is less than in a homogeneous flow with velocity U. We can therefore 
say that 5* is the distance by which the flow is displaced outwards from the plate because of 
the retardation of the fluid in the boundary layer. This displacement has the result that the 
transverse velocity v, in the boundary layer tends, as y > œ, not to zero but to the non-zero 
value 


vy =$ V VUD -S le- e = 3B V (WU/x) = 0:86./(VU/x). (39.28) 


The quantitative formulae obtained above relate, of course, only to flow along a flat 
plate. The qualitative results, however, such as (39.11) and (39.12), hold for flow past bodies 
of any shape; in such cases l is the dimension of the body in the direction of flow. 

We may make special mention of two cases of the boundary layer. If we have a plane 
disk, with large radius, rotating in the fluid about an axis perpendicular to its plane, then to 
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estimate the thickness of the boundary layer we must replace U in (39.17) by Qx, where Q is 
the angular velocity of rotation. We then find 


ô ~ ./(v/Q). (39.29) 


We see that the thickness of the boundary layer may be regarded as a constant over the 
surface of the disk, in accordance with the exact solution of this problem obtained in §23. 
The moment of the frictional forces on the disk, as obtained from the equations for the 
boundary layer, is of course (23.4), since this formula is exact and therefore holds for 
laminar flow with any value of R. 

Finally, let us consider the laminar boundary layer formed at the walls of a pipe near the 
point of entry of fluid. The fluid usually enters the pipe with a velocity distribution which is 
almost constant over the cross-section, and the velocity falls to zero entirely within the 
boundary layer. As we move away from the entrance to the pipe, the fluid layers nearer the 
axis are retarded. Since the mass of fluid that passes each cross-section is the same, 
the inner part of the stream, where the velocity is almost uniform, must be accelerated as its 
diameter is reduced. This continues until a Poiseuille velocity distribution is asymptoti- 
cally reached; this distribution is thus found only at some distance from the entrance to the 
pipe. It is easy to determine the order of magnitude of the length / of the “inlet section”. It is 
given by the fact that, a distance | from the entrance, the thickness of the boundary layer is 
of the same order of magnitude as the radius a of the pipe, so that the boundary layer filis 
almost the whole cross-section. Putting in (39.17) x ~ l and 6 ~ a, we obtain 


l~ @U/v ~ aR. (39.30) 


Thus the length of the inlet section is proportional to the Reynolds number.t 


PROBLEMS 


PROBLEM 1. Determine the thickness of the boundary layer near a stagnation point (see §10). 


SOLUTION. Near the stagnation point the fluid velocity (outside the boundary layer) is proportional to the 
distance x from that point, so that we can put U = cx. By estimating the magnitudes of the terms in the equations 
(39.5) and (39.6) we find ô ~ J (v/c). Thus the thickness of the boundary layer near the stagnation point is finite. 


PROBLEM2. Determine the flow in the boundary layer in a converging channel (§23) between two non-parallel 
planes (K. Pohlhausen 1921). 


SOLUTION. Considering the boundary layer along one of the planes, we measure the coordinate x along that 
plane from the point O (Fig. 8, §23). For an ideal fluid we should have the velocity U = Q/axp; this simply 
expresses the conservation of the discharge Q in the flow, « being the angle between the planes. Thus we have on 
the right-hand side of (39.5) UdU/dx = — Q?/a?p?x?. It is easily seen that equations (39.5) and (39.6) then 
become invariant under the transformation x — ax, y > ay, Vx —> v,/a, v, > v,/a, a being any constant. This 
means that we can look for v, and v, in the forms 


vx = (Q/apx) f (È) v, = Q/apx)fi(d), Š= y/x, 


which is likewise invariant under the transformation mentioned. From the continuity equation (39.6) we find that 
fi = čf, and then (39.5) gives the following equation for f (¢} 


(pva/Q)f" =1-f?. (1) 


t We shall not discuss the theory of the boundary layer for a compressible fluid, which is considerably more 
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complicated than that for an incompressible fluid. The compressibility has to be taken into account when the 


velocity is comparable with that of sound, or greater than this. Because of the then considerable heating of the gas 
and the body past which it flows, we have to deal with the equations of motion in the boundary layer together with 
the equation of heat transfer in it. It may also be necessary to take account of the temperature dependences of the 
viscosity and thermal conductivity of the gas. 
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The boundary conditions (39.8) show that we must have f(0) = 0, f (00) = 1. The first integral of (1) is 
(pva/2Q)f’? = f—4 f° + constant. 


Since, as č > oo, f tends to unity, we see that f’ also tends to a definite limit, and it is clear that this can only be 
zero. The constant is thus determined, and 
(pva/2Q)f'? = —4(f—1) (f+2). (2) 


Since the right-hand side is negative in the range 0 < f < 1, we must have Q < 0: a boundary layer of the type 
under consideration is formed only in converging flow {with large Reynolds numbers R = |Q |/pæv), not in 
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diverging flow, in apr cement with the results Ol 9432. A fur tner integration gives finally 
f= 3 tanh?[tanh~!\/(2/3)+./ GRE] —2. (3) 
The thickness of the boundary layer 6 ~ x/ J R. The derivative f'(0) = 2/ GR), as is seen from (2). The 
frictional force per unit wall area is therefore 


a = (QU/x) f'(0) = ./(4U2np/3x) = (2/x?) V 010/3830). 


§40. Flow near the line of separation 


In describing the line of separation (§35) we have already mentioned that the actual 
position of this line on the surface of the body is determined by the properties of the flow in 
the boundary layer. We shall see below that, from a mathematical point of view, the line of 
separation is a line whose points are singular points of the solutions of (Prandtl’s) 
equations of motion in the boundary layers. The problem is to determine the properties of 
these solutions near such a line of singularities.t 

We know already that, from the line of separation, there begins a surface which extends 
into the fluid and marks off the region of turbulent flow. The flow is rotational throughout 
the turbulent region, whereas in the absence of separation it would be rotational only in the 
boundary layer, where the viscosity is important; the curl of the velocity would be zero in 
the main stream. Hence we can say that separation causes this quantity to penetrate from 
the boundary layer into the fluid. By the conservation of circulation, however, this 
penetration can occur only by the direct mixing of fluid moving near the surface (in the 
boundary layer) with the main stream. In other words, the flow in the boundary layer must 
be separated from the surface of the body, the streamlines consequently leaving the surface 
layer and entering the interior of the fluid. This phenomenon is therefore called separation 
or separation of the boundary layer. 

The equations of motion in the boundary layer lead, as we have seen, to the result that 
the tangential velocity component (v,) in the boundary layer is large compared with the 
component (v,) normal to the surface of the body. This relation between v, and v, derives 
from our basic assumptions regarding the nature of the flow in the boundary layer, and 
must necessarily be found wherever Prandtl’s equations have physically meaningful 
solutions. Mathematically, it is found at all points not lying in the immediate 
neighbourhood of singular points. But, if v, < v, it follows that the fluid moves along the 
surface of the body, and moves away from the surface only very slightly, so that there can 
be no separation. We therefore reach the conclusion that separation can occur only on a 
line whose points are singularities of the solution of Prandtl’s equations. 

The nature of these singularities also follows immediately. For, as we approach the line 
of separation, the flow deviates from the boundary layer towards the interior of the fluid. 


+ Thetreatment of the problem given here, due to L. D. Landau (1944), is somewhat different from that usually 
given. 
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In other words, the normal velocity component ceases to be small compared with the 
tangential component, and is now of at least the same order of magnitude. We have seen 
(cf. (39.11)) that the ratio v, /v, is of the order of 1/ a R, so that an increase of v, to the point 
where v, ~ v, means an increase by a factor of g R. Hence, for sufficiently large Reynolds 
numbers (which, of course, we are considering) we may suppose that v, increases by an 
infinite factor. If we use Prandtl’s equations in dimensionless form (see (39.10)), the 
situation just described is formally equivalent to an infinite value of the dimensionless 
velocity v’, on the line of separation. 

In order to simplify the subsequent discussion a little, we shall consider the two- 
dimensional problem of transverse flow past a body with infinite length. As usual, x is the 
coordinate along the surface in the direction of flow, while y is the distance from the 
surface of the body. Instead of a line of separation, we now have a point of separation, 
namely the intersection of the line of separation with the xy-plane; in the coordinates used, 
this is the point x = constant = Xo, y = 0. Let x < xq be the region in front of the point of 
separation. 

According to the above results, we have for allt y 


v, (xo, y) = 0. (40.1) 


In Prandtl’s equations, however, v, is a kind of parameter, which is usually of no interest 
(on account of its smallness) in investigating the flow in the boundary layer. Hence it is 
necessary to ascertain the properties of the function v, near the line of separation. 

It is clear from (40.1) that, for x = x, the derivative dv, /dy also becomes infinite. From 
the equation of continuity, 


v, /ðx + dv, /dy = 0, (40.2) 
it then follows that (dv,/0x), _ ,, is infinite, or 
dx/dv, = 0 (40.3) 


for v, = vo, where x is regarded as a function of v, and y, and vp (y) = v,(Xo, y). Near the 
point of separation, the differences v, — vg and X9 — x are small, and we can expand xy — x 
in powers of v, — vo (fora given y). From (40.3), the first-order term in this expansion must 
vanish identically, and we have as far as terms of the second order xo — x = f (y) (v,—Uo)’, 
or 


By = p(y) + af y) (Xo — x), (40.4) 


where a = 1/ a J is some function of y alone. Putting now 


ov, Ov, ay) 
ôy x  2,//(xọ-x) 


and integrating, we have for v, 
vy = BO) V (o =x), (40.5) 


where f(y) is another function of y. 


+ Except y = 0, where we must always have v, = 0 in accordance with the boundary conditions at the surface 
of the body. 
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Next, we use the first equation (39.5): 


ð 2 
Ov, vy “v. _ldp- (40.6) 


oe by Bye pdx 


The derivative d7v,/dy? does not become infinite for x = xp, as we see from (40.2). The 
same is true of dp/dx, which is determined by the flow outside the boundary layer. Both 
terms on the left-hand side of equation (40.6) become infinite, however. In the first 
approximation we can therefore write for the region near the point of separation 
v,0v,/0x + v,0v,/dy = 0. With the equation of continuity (40.2), we can rewrite this as 


dv, ðv. 2 [v 
— - py = 0, — | | = 0. 
5 dy of oy e oy (2) 


Since the velocity v, does not in general vanish for x = Xo, it follows that the ratio v,/v, is 
independent of y. From (40.4) and (40.5), we have to within terms of higher order 

vy _ BW) 

vy voly) V (xo — x) 


If this is a function of x alone, we must have (y) =4Av (y), where A is a numerical 
constant. Thus 


_  Avo(y) 
y= 2/ (Xo = x) (40.7) 


Finally, noticing that « and £ in (40.4) and (40.5) obey the relation « = 2’, we obtain 
a = Advy/dy, so that 


vx = vo( y) + A(dvo/dy) V (xo — x). (40.8) 


Formulae (40.7) and (40.8) determine v, and v, as functions of x near the point of 
separation. We see that each can be expanded in this region in powers of k: (xo — x), the 
expansion of v, beginning with the — 1 power, so that v, becomes infinite as (xo — x) -t for 
x — xo. For x > Xo, i.e. beyond the point of separation, the expansions (40.7) and (40.8) are 
physically meaningless, since the square roots become imaginary; this means that the 
solutions of Prandtl’s equations which give the flow up to the point of separation cannot 
meaningfully be continued beyond that point. 

From the boundary conditions at the surface of the body, we must always have v, = v, 
= 0 for y = 0. We therefore conclude from (40.7) and (40.8) that 


v9(0)=0, (dv /dy), =o = 0. (40.9) 


Thus we have the important result (due to Prandtl) that, at the point of separation itself 
(x = Xo, y = 0), not only the velocity v, but also its first derivative with respect to y is zero. 

It must be emphasized that the equation dv,/dy = 0 on the line of separation holds only 
when v, becomes infinite for that value of x. If the constant A in (40.7) happens to be zero, 
so that v,(xo, y) # 90, then the point x = Xo, y = Oat which the derivative 6v, /dy vanishes 
would have no other particular properties, and would not be a point of separation. A can 
vanish, however, only by chance, and such an event is therefore unlikely. In practice a point 
on the surface of the body at which dv,/dy = 0 is always a point of separation. 

If there is no separation at the point x = xọ (i.e. if A = 0), then for x > xọ we have 
(6v,/0y), =0 < 0, i.e. v, becomes negative (with increasing absolute magnitude) as we move 
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away from the surface, y being still small. That is, the fluid beyond the point x = x9 moves, 
in the lower parts of the boundary layer, in the direction opposite to that of the main 
stream; there is a “back-flow” of fluid at this point. It must be emphasized that from such 
arguments we cannot conclude that there is necessarily a point of separation where dv,/dy 
= 0; the whole flow pattern with the “back-flow” might lie (as it does for A = 0) entirely 
within the boundary layer and not enter the main stream, whereas it is characteristic of 
separation that the flow enters the main body of the fluid. 

It has been shown in the previous section that the flow pattern in the boundary layer is 
similar for different Reynolds numbers, and, in particular the scale in the x-direction 
remains unchanged. It follows from this that the value xo of the coordinate x for which the 
derivative (dv, /@y), = o is zero is the same for all R. Thus we have the important result that 
the position of the point of separation on the surface of the body is independent of the 
Reynolds number (so long as the boundary layer remains laminar, of course; see §45). 

Let us also ascertain the properties of the pressure distribution p(x) near the point of 
separation. For y = 0 the left-hand side of equation (40.6) is zero together with v, and v,, 
and there remains 


v(0?v,/8y")y = 0 = (1/p)dp/dx. (40.10) 


It is clear from this that the sign of dp/dx is the same as that of (07v,/dy’), =o. When 
(6v,,/Oy), = 9 > 0 we can say nothing regarding the sign of the second derivative. However, 
since v, is positive and increases away from the surface (in front of the point of separation), 
we must always have (47v,/0y?),-9 > 0 at x = xo itself, where dv,/dy = 0. Hence we 
conclude that 


(dp/dx), =x, > 0, (40.11) 


i.e. the fluid near the point of separation moves from the lower pressure to the higher 
pressure. The pressure gradient is related to the gradient of the velocity U (x) outside the 
boundary layer by (1/p)dp/dx = — UdU/dx. Since the positive direction of the x-axis is 
the same as the direction of the main stream, U > 0, and therefore 


(dU/dx), =x, < 0, (40.12) 


i.e. the velocity U decreases in the direction of flow near the point of separation. 

From the results obtained above we can deduce that there must be separation 
somewhere on the surface of the body. For there is on both the front and the back of the 
body a point (the stagnation point) at which the fluid velocity is zero for potential flow of 
an ideal fluid. Consequently, for some value of x, the velocity U(x) must begin to decrease, 
and finally it becomes zero. It is clear, however, that the fluid moving over the surface of the 
body is retarded more strongly closer to the surface (i.e. for smaller y). Hence, before the 
velocity U(x) is zero at the outer limit of the boundary layer, the velocity in the immediate 
neighbourhood of the surface must be zero. Mathematically, this evidently means that the 
derivative Ov, /dy must always vanish (and therefore there must be separation) for some x 
less than the value for which U(x) = 0. 

In flow past bodies of any form the calculations can be carried out in an entirely similar 
manner, and they lead to the result that the derivatives 0v,/dy, dv,/dy of the two velocity 
components v, and v, tangential to the surface of the body vanish on the line of separation 
(the y-axis, as before, is along the normal to the portion of the surface considered). 

We may give a simple argument which demonstrates the necessity of separation in cases 
where'the fluid would otherwise have a rapid increase of pressure (and therefore a rapid 


§41 Stability of flow in the laminar boundary layer 167 


decrease in the velocity U) in the direction of its flow past the body. Over a small distance 
Ax = x, — x;, let the pressure p increase rapidly from p, to pz (P2 > pı). Over the same 
distance Ax, the fluid velocity U outside the boundary layer falls from its initial value U, to 
a considerably smaller value U, determined by Bernoulli’s equation: 


3(U,? — Uz”) = (p2 —p1)/p. 


Since p is independent of y, the pressure increase p, — p; is the same at all distances from 
the surface. If the pressure gradient dp/dx ~ (pa —p,)/Ax is sufficiently high, the term 
vd7v,/dy? involving the viscosity may be omitted from the equation of motion (40.6) (if, of 
course, y is not small). Then, to estimate the change in the velocity v in the boundary layer, 
we can use Bernoullis equation, putting $(v.?—v,”) = —(p.—p,)/p, or, from the 
equation previously obtained, v,? = v,? — (U,? — U,”). The velocity v, in the boundary 
layer is less than that of the main stream, and we can select a value of y for which v,? < 
U,? —U,*. The velocity v, is then imaginary, showing that Prandtl’s equations have no 
physically significant solutions. In fact, there must be separation in the distance Ax, as a 
result of which the pressure gradient is reduced. 

An interesting case of the appearance of separation is given by flow at an angle formed 
by two intersecting solid surfaces. For laminar potential! flow outside an angle (Fig. 3), the 
fluid velocity at the vertex of the angle would become infinite (see §10, Problem 6), 
increasing in the stream approaching the vertex and diminishing in the stream leaving the 
vertex. In reality, the rapid decrease in velocity (and corresponding increase in pressure) 
beyond the vertex would lead to separation, the line of separation being the line of 
intersection of the surfaces. The resulting flow pattern is that discussed in §36. 

In laminar fiow inside an angle (Fig. 4), the fiuid velocity is zero at the vertex. In this case 
the velocity diminishes (and the pressure increases) in the flow approaching the vertex. The 
result is in general the appearance of separation, the line of separation being upstream 
from the vertex of the angle. 


PROBLE) 


va 


Determine the order of magnitude of the least possible increase Ap in the pressure which can occur (in the main 
stream) over a distance Ax and cause separation. 


SOLUTION. Let y be a distance from the surface of the body at which, firstly, Bernoulli’s equation can be 
applied and, secondly, the squared velocity v? (y) in the boundary layer is less than the change | AU? | in the 
squared velocity outside that layer. For v(y) we can write, in order of magnitude, v(y) = y de/dy ~ Uy/ô, where ô 
~ ./(vl/U) is the thickness of the boundary layer and / the dimension of the body. Equating, in order of 
magnitude, the two terms on the right-hand side of equation (40.6), we find 

(1/p)Ap/Ax ~ vo(y)/y? ~ vU/dy. 
From the condition v? = | AU? | = (2/p)Ap we have U*y?/5? ~ Ap/p. Eliminating y, we finally obtain 


Ap ~ pU?(Ax/I¥. 


§41. Stability of flow in the laminar boundary layer 


Laminar flow in the boundary layer, like any other laminar flow, becomes to some extent 
unstable at sufficiently large Reynolds numbers. The manner of the loss of stability in the 
boundary layer is similar to that which occurs for flow in a pipe (§28). 

The Reynolds number for flow in the boundary layer varies over the surface of the body. 
For example, in flow along a plate we could define the Reynolds number as R, = Ux/v, 
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where x is the distance from the leading edge of the plate, and U the fluid velocity outside 
the boundary layer. A more suitable definition for the boundary layer, however, is one in 
which the length parameter directly characterizes the thickness of the layer; such, for 
instance, is the displacement thickness 6* defined as in (39.26): 


R; = Ud*/v = 172 / Rx; (41.1) 


the numerical factor is for a boundary layer on a flat surface. 

Because the change in the layer thickness with distance is comparatively slow, and the 
transverse velocity in the layer is small, in investigating the stability of flow in a small 
portion of the layer, we may consider a plane-parallel flow with a velocity profile that does 
not vary along the x-axis.t Then, from a mathematical point of view, the problem is 
analogous to that of the stability of flow between two parallel planes discussed in §29. The 
only difference is in the form of the velocity profile: instead of a symmetrical profile with 
v = 0 on both sides, we now have an unsymmetrical profile in which the velocity varies from 
zero at the surface of the body to some given value U, the velocity of the flow outside the 
boundary layer. The investigation leads to the following results (W. Tollmein 1929; 
H. Schlichting 1933; C. C. Lin 1945). 

The form of the neutral curve in the wR-plane (see §28) depends on the form of the 
velocity profile in the boundary layer. If the velocity profile has no point of inflexion, and 
the velocity v, increases monotonically with the curve v, = v,(y) everywhere convex 
upwards (Fig. 28a), then the boundary of the stable region is completely similar in form to 
that which is obtained for flow in a pipe: there is a minimum value R = R,, at which 
amplified perturbations first appear, and for R > œ both branches of the curve are 
asymptotic to the axis of abscissae (Fig. 29a). For the velocity profile which occurs in the 
boundary layer on a flat plate, the critical Reynolds number is found by calculation to be 
R5 op & 420.ł 

A velocity profile of the kind shown in Fig. 28a cannot occur if the fluid velocity outside 
the boundary layer decreases downstream. In this case the velocity profile must have a 
point of inflexion. For, let us consider a small portion of the surface, which we may regard 
as plane, and let x be again the coordinate in the direction of flow, and y the distance from 
the wall. From (40.10) we have 


v(0°v,/8y")y =o = (1/p)dp/dx = — U dU/éx, 


whence we see that, if U decreases downstream (0U/0x < 0), we must have 67v,/dy? > 0 
near the surface, i.e. the curve v, = v,(y) is concave upwards. As y increases, the velocity v, 
must tend asymptotically to the finite limit U. It is then clear from geometrical 
considerations that the curve must become convex upwards, and therefore must have a 
point of inflexion (Fig. 28b). In this case the form of the curve defining the stable region is 
slightly changed: the two branches have different asymptotes for R > œ, one tending as 
before to the axis of abscissae and the other to a non-zero value of œ (Fig. 29b). The 
presence of a point of inflexion also reduces considerably the value of R,,. 


t In so doing, of course, we pass over the question of the effect which the curvature of the surface may have on 
the stability of the boundary layer. There is also some inconsistency in the approximations made, because the only 
plane-parallel flows (with the velocity profile depending on only one coordinate) that satisfy the Navier-Stokes 
equation are those with a linear profile (17.1) or a parabolic profile (17.4), whereas Euler’s equation is satisfied bya 
plane-parallel flow with any profile. Thus the main stream flow considered in the theory of boundary layer 
stability is not, strictly speaking, a solution of the equations of motion. 

t For R,— œ, œ tends to zero, on the two branches I and II of the neutral curve, as R,~? and R715 
respectively. The point R = R,, corresponds to a frequency wer = 0-15 U/d* and a wave number k = 0-36/6*. 
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The fact that the Reynolds number increases along the boundary layer makes the 
behaviour of the perturbations as they are carried downstream somewhat unusual. Let us 
consider flow along a flat plate, and suppose that a perturbation with a given frequency œ 
occurs at some point in the boundary layer. Its propagation downstream corresponds to a 
movement in Fig. 29a to the right along a horizontal line w = constant. The perturbation is 
at first damped: then, on reaching branch I of the stability curve, it begins to be amplified. 
This continues until branch II is reached, whereupon the perturbation is again damped. 
The total amplification coefficient for the perturbation during its passage through the 
region of instability increases very rapidly as this region moves towards large R (i.e. as the 
corresponding horizontal segment between branches I and II moves downwards). 

There is as yet no complete answer regarding the (absolute or convected) instability of 
the boundary layer under infinitesimal perturbations. For a velocity profile with no point 
of inflexion, the instability is convected for R values where both branches of the neutral 
curve (Fig. 29a) are close to the abscissa axis; the proof is the same as for plane Poiseuille 
flow in §28. For lower values of R and for velocity profiles having a point of inflexion, the 
problem is still unsolved. 

Since the Reynolds number varies along the boundary layer, the whole layer does not 
become turbulent immediately, but only that part of it for which R, exceeds a certain value. 
For a given velocity of the incident flow, this means that turbulence begins at a particular 
distance from the leading edge, which becomes smaller as the velocity increases. The 
experimental results show that the point where turbulence begins in the boundary layer 
also depends considerably on the strength of the perturbation in the incident flow. As this 
decreases, the onset of turbulence moves to higher values of R;. 

There is a fundamental difference between the neutral curves in Figs. 29a and 29b. The 
fact that, as R; — œ, the frequency on the upper branch tends to a non-zero limit signifies 
that the flow becomes unstable for any viscosity, however small, whereas for a curve as in 
Fig. 29a perturbations with any non-zero frequency decay as v > 0. This difference is 
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caused by the presence or absence of a point of inflexion on the velocity profile v, = v(y). 
Its origin may be traced mathematically by considering the stability problem for an ideal 
fluid (Rayleigh 1880). 

We substitute, in the equation (10.10) fo 
stream function in the form 


PEEP He e ae eae Iams Wen c hae | 1a mae | al 
tr CWO-GHnCHSIONal HOW OF an 1d€ali NUI, tne 


ý = Wo (y)+ Wi (x, ys t), 


where Wo is the stream function for the unperturbed flow, so that Yo’ = v (y); Y, is a small 
perturbation, which we seek in the form 


y, = (yji. 
Substitution in (10.10) gives the following linearized equationțt for w,: 


(v — w/k) i” —k? o)—v"d = 0. (41.2) 


If the flow is bounded (in the y-direction) by a solid wall, @ = 0 there (since v, = 0); if the 
flow is unlimited in width on one or both sides, a similar condition must be applied at 
infinity, where the flow is uniform. We shall regard k as a given real quantity; the frequency 


w is then determined from the eigenvalues of the boundary-value problem for equation 
(41.2). 


t Any function wp (y) satisfies (10.10) identically; cf. the first footnote to this section. 
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We divide (41.2) by v — w/k, multiply by *, and integrate with respect to y between the 
limits of the flow y, and yz. Integration by parts of the product ¢*@” gives 


J2 J 
v” 

RT lel ay =0. (41.3) 

—w/k 

yı Yi 
The first term is always real. Assuming the frequency to be complex and separating the 
imaginary part of the equation, we = 
v" |p|? 

—dy=0. 41.4 
lv —w/k|2 Y a 


In order to have im w + 0, the T must be zero, and this certainly implies that v” is 
zero somewhere in the range of integration. Thus instability can occur (when v = 0) only 
for velocity profiles having a point of inflexion).t 

Physically, this instability is due to the resonance-type interaction between the 
oscillations of the medium and the movement of its particles in the main stream; in this 
sense, it is analogous to the Landau damping (or amplification in the case of instability) of 
oscillations in a collisionless plasma (PK, §30).ł 

According to (41.2), the natural oscillations (if any) of the flow are associated with the 
part of it where v” (y) # 0.tt It is convenient to examine the mechanism of oscillation 
amplification for the case where the velocity profile has an oscillation source localized in 
one iayer of the flow. Let us take a profile v( y) whose curvature is smali everywhere except 
near a point y = yo. Replacing this simply by a kink in the profile, we get a term Að (y — yo) 
in v"(y). This makes the main contribution to the integral in (41.3). We will describe the 
flow by means of coordinates in which the source is at rest, i.e. v(y)) = 0, as shown in 
Fig. 30. Separating the real part of equation (41.3), we have 


J2 
| doP teig ay- 


Yi 


Alb Yo)l  re(w/k) 


ake 79 


Let A > 0, as in Fig. 30. Since the first term in this equation is certainly positive, we must 
then have re (w/k) > 0, the phase velocity of the wave being towards the right. The 
resonance point y, at which the phase velocity is the same as the local flow velocity, v(y,) 
= re(w/k), is to the right of yọ. Fluid particles moving near the resonance point and 
overtaking the wave transfer energy to it; those leaving the wave absorb energy from it; the 
wave is amplified (there is instability) if there are more of the first particles than of the 


+ It should be noted that the formulation of the stability problem with the exact equation v = 0 is physically 
not quite correct. It ignores the fact that a real fluid necessarily has a small but non-zero viscosity. This causes 
various mathematical difficulties: some solutions disappear, because of the lower order of the differential 
equation for ġ, and new ones appear which do not occur when v + 0. The latter effect is related to the singularity 
of equation (41.2) (which is absent when v + 0): at the point where v(y) = w/k, the coefficient of the highest-order 
derivative in the equation is zero. 

t This analogy was noted by A. V. Timofeev (1979) and by A. A. Andronov and A. L. Fabrikant (1979). The 
discussion below is as given by Timofeev. 

tt When v”(y) = 0, equation (41.2) has no solutions satisfying the necessary boundary conditions. 
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second. t Because the fluid is assumed incompressible, the number of particles reaching an 
element d y of the width of the fiow is proportionai to d y; thus the number of particies with 
velocities in the range dv is proportional to dy = (dy/dv)dv = dv/v'(y), so that 1/v’(y) 
acts as a velocity distribution function. Consequently, for instability to occur, it is 
necessary that the function 1/v' (y) should increase, and v’ (y) decrease, as we pass the point 
y, from left to right. That is, we must have v”(y,) < 0; since v” is positive at yo, the velocity 
profile must have a point of inflexion somewhere between yo and y,. 

The case where A < Ocan be treated similarly, and gives the same result; here, the phase 
velocity of the wave and the velocity of the resonance particles are to the left. 


§42. The logarithmic velocity profile 


Let us consider plane-parallel turbulent flow along an unbounded plane surface; the 
term “plane-parallel” applies, of course, to the time average of the flow.t We take the 
direction of the flow as the x-axis, and the plane of the surface as the xz-plane, so that y is 
the distance from the surface. The y and z components of the mean velocity are zero: 
u, = u, u, = u, = 0. There is no pressure gradient, and all quantities depend on y only. 

We denote by ø the frictional force on unit area of the surface; this force is clearly in the 
x-direction. The quantity o is just the momentum transmitted by the fluid to the surface 
per unit time; it is the constant flux of the x-component of momentum, which is in the 
negative y-direction, and gives the amount of momentum continuously transmitted from 
the layers of fluid remote from the surface to those nearer it. 

The existence of this momentum flux is due, of course, to the presence of a gradient, in 
the y-direction, of the mean velocity u. If the fluid moved with the same velocity at every 
point, there would be no momentum flux. The converse problem can also be stated: given 
some definite value of o, what must be the motion of a fluid with a given density p to give 
rise to a momentum flux a? With a view to deriving the asymptotic behaviour for very large 


atures el Ien hb nen again otare fanme thea cumenncatinn that thio hahanane will nant 


Reynolds numocers, we agaul Oolalt LLULL tne supposition tnat tro ocnaviour Win noc 
explicitly involve the fluid viscosity v, although the latter becomes important for very small 
distances y; see below. 


t The flow in the wave is steady with respect to the resonance particles; the energy exchange between them and 
the wave is therefore not zero when averaged over time (as it is for other particles relative to which the flow in the 
wave oscillates). It may also be noted that the above-mentioned direction of energy exchange corresponds to a 
tendency for the velocity gradient in the flow to decrease, and in this sense is equivalent to allowing for a very 
small viscosity. 

t The results given in §§42-44 are due to T. von Karman (1930) and L. Prandtl (1932). 
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Thus the value of the velocity gradient du/dy at any distance from the wall must be 
determined by the constant parameters p, o, and of course the distance y itself. The only 
combination of p, o and y that has the right dimensions is Ri (o/ py”). Hence we must have 


du/dy = v,/Ky, (42.1) 


with the quantity v, (having the dimensions of velocity), which is convenient later, defined 
L.. 
vy 


o = pv,? (42.2) 


and x a numerical constant, the von Kármán constant, whose value cannot be calculated 
theoretically and must be determined experimentally. It is found to bet 


k = 0-4. (42.3) 
Integration of (42.1) gives 
u = (v,/x) (log y +0), (42.4) 


where cis aconstant of integration. To determine this constant we cannot use the ordinary 
boundary conditions at the surface, since for y = 0 the first term in (42.4) becomes infinite. 
The reason for this is that the above expression is really inapplicable at very small distances 
y from the surface, since the effect of the viscosity then becomes important, and cannot be 
neglected. There are also no conditions at infinity, since for y = oo the expression (42.4) 
again becomes infinite. This is because, in the idealized conditions which we have imposed, 
the surface is unbounded, and its influence therefore extends to infinitely great distances. 

Before determining the constant c, we may first point out the following important 
property of the flow considered: contrary to what usually happens, it has no characteristic 
constant parameters of length which might give the fundamental scale of the turbulence. 
This scale is therefore determined by the distance y itself: the scale of turbulent flow at a 
distance y from the surface is of the order of y. The fluctuating velocity of the turbulence is 
of the order of v,. This also follows at once from dimensional arguments, since v, is the 
only quantity having the dimensions of velocity which can be formed from the quantities o, 
p, y at our disposal. It should be emphasized that, whereas the mean velocity decreases with 
decreasing y, the fluctuating velocity remains of the same order of magnitude at all 
distances from the surface. This result is in accordance with the general rule that the order 
of magnitude of the fluctuating velocity is determined by the variation Au of the mean 
velocity (§33). In the present case, there is no characteristic length | over which the 
variation of the mean velocity could be taken; Au must now be defined, reasonably, as the 
change in u when the distance y changes appreciably. According to (42.4), such a change in 
y causes a change in the velocity u that is just of the order of v,. 

At sufficiently small distances from the surface, the viscosity of the fluid begins to be 
important; we denote the order of magnitude of these distances by yo, which can be 
determined as follows. The scale of the turbulence at these distances is of the order of yo, 
and the velocity is of the order of v,. Hence the Reynolds number which characterizes the 


+ This value, and that of another constant in (42.8), are obtained from measurements of the velocity profile 
near the walls of pipes and rectangular channels, and in the boundary layer on flat surfaces. 
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flow at distances of the order of yọ is R ~ v, yo/v. The viscosity begins to be important 
when R becomes of the order of unity. Hence we find that 


Yo ~ V/Vy, (42.5) 


and this determines yo. 

At distances from the surface small compared with yo, the flow is determined by 
ordinary viscous friction. The velocity distribution here can be obtained directly from the 
usual formula for viscous friction: o = pv du/dy, whence 


u = oy/pv = v,7y/v. (42.6) 


Thus, immediately adjoining the surface, there is a thin layer of fluid in which the mean 
velocity varies linearly with y; the velocity is small throughout this layer, varying from zero 
at the surface itself to values of the order of v, for y ~ yo. We shall call this layer the viscous 
sublayer. There is no sharp boundary between it and the rest of the flow, of course, and in 
this sense the concept is a purely qualitative one. It must be emphasized that the flow in the 
viscous sublayer is turbulent.t 

We shall not be further interested in the flow in the viscous sublayer. Its presence has to 
be taken into account only in making the appropriate choice of the constant of integration 
in (42.4). This constant must be chosen so that the velocity becomes of the order of v, at 
distances of the order of yọ. For this to be so, we must take c = — log yo, so that 


u = (v, /K) log (yu, /¥). (42.7) 


This formula determines (for a certain range of y) the velocity distribution in the turbulent 
stream which flows along the surface. This distribution is called the logarithmic velocity 
profile.t 

The argument of the logarithm in formula (42.7) should include a numerical coefficient. 
As written, it has only “logarithmic” accuracy. This means that the argument of the 
logarithm is supposed so large that the logarithm itself is large. The introduction of a small 
numerical coefficient in the argument of the logarithm in (42.7) is equivalent to adding a 
term of the form constant x v,, where the constant is of the order of unity; in the 
logarithmic approximation, such a term is negligible in comparison with that containing 
the large logarithm. In practice, however, the argument of the logarithm in the expressions 
derived here and below is still not very large, and therefore the accuracy of the logarithmic 
approximation is not high. The accuracy of the formulae can be improved by including an 
empirical numerical factor in the argument of the logarithm, or, equivalently, adding an 
empirical constant to the logarithm. For example, a more accurate expression for the 
velocity profile is 

u = v [2-5 log (yu, /v) + 5-1] 


The two formulae (42.6) and (42.8) have the form 
u=v,f(€), = yr,/V, (42.9) 


+ In this respect the name “laminar sublayer” still sometimes used is unsuitable. The resemblance to laminar 
flow lies only in the fact that the mean velocity is distributed according to the same law as the true velocity would 
be for a laminar flow under the same conditions. 

The fluctuating flow in the viscous sublayer has some peculiar features that have not yet been given an adequate 
theoretical explanation. 

t This simple derivation of the logarithmic profile is due to L. D. Landau (1944). 
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where f (¢) is a universal function. This is a direct consequence of the fact that € is the only 
dimensionless combination that can be formed from the available parameters p, c, v and 
the variable y. For this reason, such a dependence must hold at all distances from the 
surface, including the region intermediate between the ranges of applicability of (42.6) and 
(42.8). Figure 31 shows a graph of f (č) on a decimal log scale. The continuous curves 1 and 
2 correspond to (42.6) and (42.8) respectively; the dashed curve is the empirical dependence 
in the intermediate region, which occurs for values of č between about 5 and about 30. 
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It is not difficult to determine the energy dissipation in this turbulent flow. The value of o 
is the mean value of the component Il ,,, of the momentum flux density tensor. Outside the 
viscous sublayer, the viscosity term may be omitted, leaving T,, = pv,v,. With the 
fluctuating velocity v’, and noting that the mean velocity is in the x-direction, we have 
V, = U+ v's, V, =0v',. Then} 


O = pV V, >= pCv',v',>+pucv’,> 


l , 
=p vt, >- (42.10) 
. . . . . 1 2 . . . . 
The energy flux density in the y-direction as (p+ pv )v,, the viscosity term being again 


omitted. Putting v? = (u+v',)? +v',?+0',? and averaging the whole expression, we get 
< p'r,’ +2P < v’.?v', + v? + CP be > +pu < v’.v', >- 


Here only the last term need be retained. The reason is that the fluctuating velocity is of the 
order of v,, and hence, to logarithmic accuracy, it is small compared with u. The turbulent 


t Fhe momentum flux tensor for the transfer by turbulent eddies is called the Reynolds stress tensor; the 
concept is due to O. Reynolds (1895). 
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fluctuations in the pressure are p' ~ pv,”, and so we can, to the same accuracy, neglect the 
first term in the above expression. Thus we have for the mean energy flux density 


<q y = pucv’,v’, > = ue. (42.11) 


As the surface is approached, this flux decreases, because energy is dissipated. The derivative 
d<q>/dy gives the dissipation per unit volume of the fluid; dividing it by p, we get the 
dissipation per unit mass: 

e = v,°/Ky = (1/xy)(a/p)?”. (42.12) 


So far, we have assumed that the surface is sufficiently smooth. If it is rough, the 
formulae derived may be somewhat modified. As a measure of the roughness, we can take 
the order of magnitude d of the projections from the surface. What is important is the 
comparative size of d and the sublayer thickness yọ. If the latter is much the greater, the 
roughness is not significant, and this is what is meant by a sufficiently smooth surface. If yo 
and d have the same order of magnitude, no general formulae can be obtained. 

In the opposite limiting case of a very rough surface (d > yo), some general relationships 
can again be established. In this case, we obviously cannot speak of a viscous sublayer. 
Near the projections on the surface, turbulent flow occurs, with characteristics p, ø, d; the 
viscosity v, as usual, will not appear explicitly. The flow velocity is of the order of v,, the 
only available quantity having the dimensions of velocity. Thus we see that in flow along a 
rough surface the velocity is small ( ~ v,) at distances y ~ d, instead of y ~ yo as for flow 
along a smooth surface. It is therefore clear that the velocity distribution will be given by a 
formula obtained from (42.7) on replacing v/v, by d: 


u = (v,/x) log(y/d). (42.13) 


§43. Turbulent flow in pipes 


Let us now apply the above results to turbulent flow in a pipe. Near the walls of the pipe 
(at distances small compared with its radius a), the surface may be approximately regarded 
as plane, and the veiocity distribution must be given by formula (42.7) or (42.8). Since the 
function log y varies only slowly, we can use formula (42.7) to logarithmic accuracy to give 
the mean velocity U of the flow in the pipe if we replace y in that formula by a: 


U = (v,,/K) log (av, /v). (43.1) 


By U we mean the volume of fluid that passes through a cross-section of the pipe per unit 
time, divided by the cross-sectional area: U = Q/pna’. 

In order to relate the velocity U to the pressure gradient Ap/! which maintains the flow 
(Ap being the pressure difference between the ends of the pipe, and / its length), we notice 
that the force on a cross-section of the flow is za? Ap. This force overcomes the friction at 
the walls. Since the frictional force per unit area of the wall is o = pv’, the total frictional 
force is 2nalpv,”. Equating the two forces, we have 


Ap/! = 2pv,?/a. (43.2) 


Equations (43.1) and (43.2) determine, through the parameter v,, the relation between the 
velocity of flow in the pipe and the pressure gradient. This relation is called the resistance 
law of the pipe. Expressing v, in terms of Ap/I by (43.2), and substituting in (43.1), we 
obtain the resistance law in the form 


U = \/(aAp/2x*pl) log[ (a/v) / (aAp/2pl)]. (43.3) 
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In this formula it is customary to introduce what is called the resistance coefficient of the 
pipe, a dimensionless quantity defined as 


2aAp/I 
zpU* ` 


The dependence of 4 on ssa dimensionless Reynolds number R = 2aU/v is given in 
implicit form by the e n 
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A= (43.4) 


1 “aii = 0-88 log (R./A) — 0°85. (43.5) 


We have here substituted for x the value (42.3) and added to the logarithm an empirically 

determined constant. t The resistance coefficient determined by this formula is a slowly 

decreasing function of the Reynolds number. For comparison, we give the resistance law 
+e laminar Aw: the €ecietance an are emaila (171N 


for laminar flow in a pipe. Introducing the resistance coefficient in formula (li. i0), we 
obtain 


A = 64/R. (43.6) 


In laminar flow the resistance coefficient diminishes with increasing Reynolds number 
more rapidly than in turbulent flow. 

Figure 32 shows a logarithmic graph of A as a function of R. The steep straight line 
corresponds to laminar flow (formula (43.6)), and the less steep curve (which is almost a 
straight line also) to turbulent flow. The transition from the first line to the second occurs, 


as the Reynolds number increases, at the point where the flow becomes turbulent; this may 
occur for various Revnolds numbers. denendina on the actual conditions (the intensity of 
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the perturbations). The resistance coefficient increases abruptly at the transition point. 
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+ The coefficient of the logarithm in this formula is given to correspond with that in formula (42. 8) for the 
logarithmic velocity profile. Only in this case does formula (43.5) have the theoretical significance of being a 
limiting formula for turbulent flow at sufficiently large values of the Reynolds number. If the values of the two 
constants appearing in formula (43.5) are chosen arbitrarily, it can only be a purely empirical formula for the 
dependence of å on R. In that case, however, there would be no reason to prefer it to any other simpler empirical 
formula which adequately represents the experimental results. 
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The formulae above are for smooth-walled pipes. Similar ones for pipes with very rough 
walls are obtained on simply replacing v/v, by d; cf. (42.13). The resistance is then, instead 
of (43.3), 


U = ,/(aAp/2x7pl) log (a/d). (43.7) 


The argument of the logarithm is now a constant, and does not involve the pressure 
gradient as (43.3) did. We see that the mean velocity is now simply proportional to the 


square root of the pressure gradient in the pipe. If we introduce the resistance coefficient, 
(43.7) becomes 
A = 8x? /log? (a/d) = 1-3/log(a/d), (43.8) 


i.e. À is a constant and does not depend on the Reynolds number. 


§44. The turbulent boundary iayer 


The fact that we have obtained a logarithmic velocity distribution which formally holds 
in all space for plane-parallel turbulent flow is due to our having considered flow along a 
surface with infinite area. In flow along the surface of a finite body, only the motion at short 
distances from the surface—in the boundary layer—has a logarithmic profile. The 
thickness of the boundary layer increases along the surface of the body in the direction of 
flow, according to a law which we shall determine below. This explains why, for flow in a 
pipe, the logarithmic profile holds for the whole cross-section of the pipe. The thickness of 
the boundary layer at the wall of the pipe increases away from the point of entry of the 
fluid. At some finite distance from this point, the boundary layer fills almost the whole 
cross-section of the pipe. Hence, if we suppose the pipe sufficiently long and ignore its inlet 
section, the flow in the whole pipe will be of the same kind as in the turbulent boundary 
layer. We may recall that a similar situation occurs for laminar flow in a pipe. This is always 
in accordance with formula (17.9); the viscosity is important at all distances from the walls, 
and its effect is never limited to a thin layer adjoining them. 

The decrease in the mean velocity, both in the turbulent and in the laminar boundary 
layer, is due ultimately to the viscosity of the fluid. The effect of the viscosity appears in the 
turbulent boundary layer in a rather unusual manner, however. The manner of variation of 
the mean velocity in the layer does not itself depend directly on the viscosity; the latter 
appears in the expression for the velocity gradient only in the viscous sublayer. The total 
thickness of the boundary layer, however, is determined by the viscosity, and vanishes 
when the viscosity is zero (see below). If the viscosity were exactly zero, there would be no 
boundary layer. 

Let us apply the results of §43 to a turbulent boundary layer formed in flow along a thin 
flat plate, such as was discussed in §39 with respect to laminar flow. At the boundary of the 
turbulent layer, the fluid velocity is almost equal to the velocity of the main stream, which 
we denote by U. To determine this velocity at the boundary we can, however, use formula 
(42.7) with logarithmic accuracy, putting the thickness 6 of the boundary layer instead of 
y.t Equating the two expressions, we obtain 


= (v,/k) log(v,6/v). (44.1) 


+ In practice, the logarithmic profile is not observed over the whole thickness of the boundary layer. The last 
20-25 % of the velocity increase at the outside of the layer occurs faster than logarithmically. These deviations 
seem to be due to irregular oscillations of the layer boundary; cf. the discussion of turbulent region boundaries at 
the end of §35. 
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Here U is a constant parameter for a given flow; the thickness 6, however, varies along the 
plate, and v, is therefore also a slowly varying function of x. Formula (44.1) is inadequate 
to determine these functions; we need some other equation, relating v, and 6 to x. 

To obtain this, we use the same arguments as in deriving formula (37.3) for the width of 
the turbulent wake. As there, the derivative dé/dx must be of the order of the ratio of the 
velocity along the y-axis to that along the x-axis at the boundary of the layer. The latter 
velocity is of the order of U, while the former is due to the fluctuating velocity, and is 
therefore of the order of v,. Thus dô/dx ~ v,/U, whence 


ô ~ v,x/U. (44.2) 


Formulae (44.1) and (44.2) together determine v, and 6 as functions of the distance x.t 
These functions, however, cannot be written explicitly. We shall express 6 in terms of an 
auxiliary quantity. Since v, is a slowly varying function of x, it is seen from (44.2) that the 
thickness of the layer varies essentially as x. We may recall that the thickness of the laminar 
boundary layer increases as of x, i.e. more slowly than that of the turbulent boundary layer. 

Let us determine the dependence on x of the frictional force o acting on unit area of the 
plate. This dependence is given by two formulae: 


o=pv,’, U = (v,/Kx)log(v,?x/Uv). 


The latter is obtained by substituting (44.2) in (44.1), and is valid to logarithmic accuracy. 
We introduce a drag coefficient c (referred to unit area of the plate), defined as the 
dimensionless ratio 


= 2(v,/U). (44.3) 


Then, eliminating v, from the two equations given, we obtain the following equation, 
which gives (to logarithmic accuracy) c as an implicit function of x: 


J2r?/0) = log(cR,), R, = Ux/v. (44.4) 


The drag coefficient c given by this formula is a slowly decreasing function of the distance 
Ks 


Let us express the thickness of the boundary layer in terms of the function c(x). We have 
v, = i (c/p)=U X. (4c). Substituting in (44.2), we find 


ô = constant x N. c. (44.5) 


The empirical value of the constant is about 0-3. 
Similarly, we can derive expressions for the turbulent boundary layer on a rough surface. 
According to (42.13), (44.1) is then replaced by 


U = (v,/k)log(6/d), 
where d is the size of the projections on the surface. Substituting 6 from (44.2), we get 
U = (v,/k) log (xv,,/Ud), 
or, with the drag coefficient (44.3), 
V (2x?/e) = log(x./c/d). (44.6) 


+ Here x must, strictly speaking, be reckoned as approximately the distance from the point where the laminar 
layer becomes turbulent. 
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§45. The drag crisis 


From the results obtained in the previous sections we can draw important conclusions 
concerning the law of drag for large Reynolds numbers, i.e. the relation between the drag 
force acting on the body and the value of R when the latter is large. 

The flow pattern for large R (the only case we shall discuss) has already been described, 
and is as follows. Throughout the main body of the fluid (i.e. everywhere except in the 


h dod ideal ath 
boundary layer, which does not here concern us) the fluid may be regarded as ideal, with 


potential flow everywhere except in the turbulent wake. The width of the wake depends on 
the position of the line of separation on the surface of the body. It is important to note that, 
although this position is determined by the properties of the boundary layer, it is found to 
be independent of the Reynolds number, as we have seen in §40. Thus we can say that the 
whole flow pattern for large Reynolds numbers is almost independent of the viscosity, i.e. 
of R (so long as the boundary layer remains laminar; see below). 

Hence it follows that the drag also must be independent of the viscosity. There remain at 
our disposal only three quantities: the velocity U of the main stream, the fluid density p and 
the dimension / of the body. From these we can construct only one quantity having the 
dimensions of force, namely pU 27. Instead of the squared linear dimension of the body /?, 
we introduce, as is customarily done, the proportional quantity S, the area of a cross- 
section transverse to the direction of flow, putting 


F = constant x pU’S, (45.1) 
where the constant is a number depending only on the shape of the body. Thus the drag 


must be (for large R) proportional to the cross-sectional area of the body and to the square 


of the main-stream velocity. We may recall for comparison that, for very small R ( < 1), the 
drag is proportional to the linear dimension of the body and to the velocity itself 
(F ~ vplU; see §20). 

It is customary, as we have said, to introduce, in place of the drag force F, the drag 
coefficient C defined by C = F /$pU7S. This is a dimensionless quantity, and can depend 


manlar =- D Tarnai (AS 1) bn 2 
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C = constant, (45.2) 


i.e. the drag coefficient depends only on the shape of the body. 

The above behaviour of the drag force cannot continue to arbitrarily large Reynolds 
numbers. The reason is that, for sufficiently large R, the laminar boundary layer (on the 
surface of the body as far as the line of separation) becomes unstable and hence turbulent. 
However, the whole boundary layer does not become turbulent, but only some part of it. 
The surface of the body may therefore be divided into three parts: at the front there is a 
laminar boundary layer, then a turbulent layer, and finally the region beyond the line of 


senaration 
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The onset of turbulence in the boundary layer has an important effect on the whole 
pattern of flow in the main stream. It leads to a considerable displacement of the line of 
separation towards the rear of the body (i.e. downstream), so that the turbulent wake 
beyond the body is contracted, as shown in Fig. 33, where the wake region is shaded. { The 


+ The flow past a bubble of gas is a special case, where the drag remains proportional to U even for large R; see 
Problem. 

t For example, in transverse flow past a long cylinder, the onset of turbulence in the boundary layer moves the 
point of separation from 95° to 60° (where the azimuthal angle on the cylinder is measured from the direction of 
flow). 
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contraction of the turbulent wake leads to a reduction of the drag force. Thus the onset of 
turbulence in the boundary layer at large Reynolds numbers is accompanied by a decrease 
in the drag coefficient, which falls off by a considerable factor over a relatively narrow 
range of Reynolds numbers near 10°. We shall call this phenomenon the drag crisis. The 
decrease in the drag coefficient is so great that the drag itself, which for constant C is 
proportional to the square of the velocity, actually diminishes with increasing velocity in 
this range of Reynolds numbers. f 

It may be mentioned that the degree of turbulence in the main stream affects the drag 
crisis; the greater the incident turbulence, the sooner the boundary layer becomes 
turbulent (i.e. the smaller is R when this happens). The decrease in the drag coefficient 
therefore begins at a smaller Reynolds number, and extends over a wider range of R. 

Figures 34 and 35 give experimentally obtained graphs showing the drag coefficient as a 
function of the Reynolds number R = Ud/v for a sphere with diameter d; Fig. 34 is plotted 
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t The first departure from steady flow past a sphere (R in the neighbourhood of 50) is not accompanied by any 
discontinuity of the drag. This is because the transition is continuous in the case of soft self-excitation. A change 
in the nature of the flow could occur only if there were a kink on the C(R) curve. 
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logarithmically. For very small R (< 1), the drag coefficient decreases according to C 
= 24/R (Stokes’ formula). The decrease in C continues more slowly as far as R x 5 x 10°, 
where C reaches a minimum, beyond which it increases somewhat. In the range of 
Reynolds numbers 2 x 10* to 2 x 10°, the law (45.2) holds, i.e. C is almost constant. The 
drag crisis occurs for R between 2 x 10° and 3 x 10°, and the drag coefficient diminishes by 
a factor of 4 or 5. 

For comparison, we may give an example of flow in which there is no critical Reynolds 
number. Let us consider flow past a flat disk in the direction perpendicular to its plane. In 


thic cace the location of the cenaration is obvious from nurelv sceometrical considerations: 


this case the location of the separation is obvious from purely geometrical consideration 
it is clear that separation occurs at the edge of the disk and does not move from there. 
Hence, as R increases, the drag coefficient of the disk remains constant, and there is no drag 
crisis. 

It must be borne in mind that, for the high velocities at which the drag crisis occurs, the 
compressibility of the fluid may begin to have a noticeable effect. The parameter which 
characterizes the extent of this effect is the Mach number M = U/c, where c is the velocity 
of sound; if M < 1, the fluid may be regarded as incompressible (§10). Since, of the two 
numbers M and R, only one contains the dimension of the body, these two numbers can 
vary independently. 

The experimental data indicate that the compressibility has in general a stabilizing effect 
on the flow in the laminar boundary layer. When M increases, the critical value of R 
increases. For example, when M for a sphere changes from 0:3 to 0-7, the drag crisis is 
postponed from R =~ 4x 10° to R x 8 x 10°. 

We may also mention that, when M increases, the position of the point of separation in 
the laminar boundary layer moves upstream, towards the front of the body, and this must 


lead ta come i 1 
lead to some increase in the drag. 


PROBLEM 
Determine the drag force on a gas bubble moving in a liquid at large Reynolds numbers. 


SOLUTION. At the boundary between the liquid and the gas the tangential fluid velocity component does not 
vanish, but its normal derivative does (we neglect the viscosity of the gas). Hence the velocity gradient near the 
boundary will not be particularly high, and there will be no boundary layer in the sense of §39; there will therefore 
be no separation over almost the whole surface of the bubble. In calculating the energy dissipation from the 
volume integral (16.3) we can therefore use in all space the velocity distribution corresponding to potential flow 
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past a sphere (§10, Problem 2), neglecting the surface layer of liquid and the very narrow turbulent wake. Using 
the formula obtained in §16, Problem, we find 


f) 2 

Eun = -N (=) 2nR? sin@d@ = — 12nnRU?. 
or r=R 

Hence we see that the required dissipative drag is F = 12ryRU. 


The range of applicability of this formula is actually not large, since, when the velocity increases sufficiently, the 
bubble ceases to be spherical. 


$46. Flow past streamlined bodies 


The question may be asked what should be the shape of a body (with a given cross- 
sectional area, say) for the drag on it resulting from motion in a fluid to be as small as 
possible. It is clear from the above that, for this to be so, the separation must be as far back 
as possible: the separation must occur near the rear end of the body, so that the turbulent 
wake is as narrow as possible. We know already that the appearance of separation is 
facilitated by the presence of a rapid downstream increase in the pressure along the body. 
Hence the body must have a shape such that the variation in pressure along it, where the 
pressure is increasing, takes place as slowly and smoothly as possible. This can be achieved 
by giving the body a shape elongated in the direction of flow, tapering smoothly to a point 
downstream, so that the flows along the two sides of the body meet smoothly without 
having to go round any corners or turn through a considerable angle from the direction of 
the main stream. At the front end the body must be rounded; if there were an angle here, the 
fluid velocity at its vertex would become infinite (see §10, Problem 6), and consequently the 
pressure would increase rapidly downstream, with separation inevitably resulting. 

All these requirements are closely satisfied by shapes of the kind shown in Fig. 36. The 
profile shown in Fig. 36b may be, for example, the cross-section of an elongated solid of 
revolution, or the cross-section of a body with a large span (we conventionally call such a 
body a wing). The cross-sectional profile of a wing may be unsymmetrical, as in Fig. 36a. In 
flow past a body with this shape, separation occurs only in the immediate neighbourhood 
of the pointed end, and consequently the drag coefficient is relatively small. Such bodies are 
said to be streamlined. 
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The direct friction of the fluid on the surface in the boundary layer is important in the 
drag on streamlined bodies. This effect for non-streamlined bodies (which were considered 
in the previous section) is relatively small and therefore, in practice, of no significance. In 
the opposite limiting case of flow parallel to a flat disk, the effect becomes the only source 


of drag (§39). 
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In flow past a streamlined wing inclined to the main stream at a small angle a, called the 
angle of attack (Fig. 36), a large lift force F, is developed, while the drag F, remains small, 
and the ratio F,/F, may therefore reach large values ( ~ 10— 100). This continues, 
however, only while the angle of attack is small (usually S 10°). For larger angles the drag 
rises very rapidly, and the lift decreases. This is explained by the fact that, at large angles of 
attack, the body ceases to be streamlined: the point of separation moves a considerable way 
towards the front of the body, and the wake consequently becomes wider. It must be borne 
in mind that the limiting case of a very thin body, i.e. a flat plate, is streamlined only for a 
very small angle of attack; separation occurs at the leading edge of the plate when it is 
inclined at even a small angle to the main stream. 

The angle of attack «is, by definition, measured from the position of the wing for which 
the lift force is zero. For small angles of attack, we can expand the lift as a series of powers 
of a. Taking only the first term, we can suppose that the force F, is proportional to a. Next, 
by the same dimensional arguments as for the drag force, the lift must be proportional to 
pU?. Introducing also the span l, of the wing, we can write 


F, = constant x pUal,I,, (46.1) 


where the numerical constant depends only on the shape of the wing and not, in particular, 

on the angle of attack. For very long wings, the lift may be supposed proportional to the 

span, in which case the constant depends only on the shape of the cross-section of the wing. 
Instead of the lift on the wing, the lift coefficient is often used; it is defined as 


C, = F,/4pU?lgl,. (46.2) 


For very long wings, according to what was said above, the lift coefficient is proportional to 
the angle of attack, and depends on neither the velocity nor the span: 


C, = constant x a. (46.3) 


To calculate the lift on a streamlined wing by means of Zhukovskii’s formula, it is 
necessary to determine the velocity circulation T. This is done as follows. We have 
potential flow everywhere outside the wake. In the present case, the wake is very thin, and 
occupies on the surface of the wing only a very small area near its pointed trailing edge. 
Hence, to determine the velocity distribution (and therefore the circulation T), we can solve 
the problem of potential flow of an ideal fluid round a wing. The existence of the wake is 
taken into account by the presence of a tangential discontinuity, extending into the fluid 
from the sharp trailing edge of the wing, where the potential has a discontinuity ¢, — ¢, 
=T. As has been shown in §38, the derivative 0¢/0z also has a discontinuity on this 
surface, while the derivatives 0g /0x and 0@/@y are continuous. For a wing with finite span, 
the problem in this form has a unique solution. The finding of the exact solution is very 
complicated, however. 

If the wing is very long (and has a uniform cross-section), then, regarding it as infinite in 
the z-direction, we may regard the flow as two-dimensional (in the xy-plane). It is evident 
from symmetry that the velocity v, = ĝġ/ôz along the wing must be zero. In this case, 
therefore, we must seek a solution in which only the potential has a discontinuity, its 
derivatives being continuous; in other words, there is no surface of tangential dis- 
continuity, and we have simply a many-valued function @(x, y), which receives a finite 
increment I when we go round a closed contour enclosing the profile of the wing. In this 
form, however, the problem of two-dimensional flow has no unique solution, since it 
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admits solutions for any given discontinuity of the potential. To obtain a unique result, we 
must require the fulfilment of another condition (S. A. Chaplygin 1909). 

This condition consists in requiring that the fluid velocity shall not become infinite at the 
sharp trailing edge of the wing; in this connection we may recall that, when an ideal fiuid 
flows round an angle, the fluid velocity in general becomes infinite, according to a power 
law, at the vertex of the angle (§10, Problem 6). We can say that the condition stated 


ith 
implies that the jets coming from the two sides of the wing must meet smoothly without 


turning through an angle. When this condition is fulfilled, of course, the solution of the 
problem of potential flow gives a pattern very like the true one, where the velocity is 
everywhere finite and separation occurs only at the trailing edge. The solution now 
becomes unique and, in particular, the circulation T needed to calculate the lift force has a 
definite value. 


§47. Induced drag 


An important part of the drag on a streamlined wing (with finite span) is formed by the 
drag due to the dissipation of energy in the thin turbulent wake. This is called the induced 
drag. 

It has been shown in §21 how we may calculate the drag force due to the wake by 
considering the flow far from the body. Formula (21.1), however, is not applicable in the 
present case. According to that formula, the drag is given by the integral of v, over the 
cross-section of the wake, i.e. the discharge through the wake. On account of the thinness 
of the wake beyond a streamlined wing, however, the discharge is small in the present case, 
and may be neglected in the approximation used below. 

As in §21, we write the force F, as the difference between the total fluxes of the x- 
component of momentum through the planes x = x, and x = x, passing respectively far 
behind and far in front of the body. Writing the three velocity components as U + vy, Vy, Vs 
we have for the component I |, of the momentum flux density the expression N, = p 
+ p(U +0,)’, so that the drag ‘force is 


F,= ( {| — {| Jip + oU +0, avd (47.1) 


X=X, X=X 
On account of the thinness of the wake, we can neglect, in the integral over the plane 
x = X,, the integral over the cross-section of the wake, and so integrate only over the 
region outside the wake. In that region, however, we have potential flow, and Bernoulli’s 
equation p+3p(U + v)* = py +4pU? holds, whence 


P = Po — pUv, = $p? + dy’ + v,”). (47.2) 
Here we cannot neglect the quadratic terms as we did in §21, since it is these terms which 


determine the required drag force in the case under consideration. Substituting (47.2) in 
(47.1), we obtain 


eae Jj- {| Epo + PU? + pUv, +4p(0,? — 0, — v;?)Jdy de 


= x=x 


1 
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The difference of the integrals of the constant po + pU? is zero; the difference of the 
integrals of pUv, is likewise zero, since the mass fluxes 


ffovavaz 


through the front and back planes must be the same (we neglect the discharge through the 


L th t h ia a) = 
wake in the approximation here considered). Next, if we take the plane x = x, sufficiently 


far in front of the body, the velocity v on this plane is very small, so that the integral of 
$p(v,? — v,? — v,” ) over this plane may be neglected. Finally, in flow past a stremlined wing, 
the velocity vx outside the wake is small compared with v, and v,. Hence we can neglect vy? 
compared with v,? +v,? in the integral over the plane x = x,. Thus we obtain 


F,=4p | fiw? +v,’ )dydz, (47.3) 


where the integration is over a plane x = constant lying at a great distance behind the 
body, the cross-section of the wake being excluded from the region of integration.t 

The drag on a streamlined wing calculated in this way can be expressed in terms of the 
velocity circulation I which determines the lift also. To do this, we first of all notice that, at 
sufficiently great distances from the body, the velocity depends only slightly on the 
coordinate x, and so we can regard v,(y,z) and v,(y,z) as the velocity of a two-dimensional 
flow, supposed independent of x. It is convenient to use as an auxiliary quantity the stream 
function (§10), so that v, = dw/dy, v, = — Ow/dz. Then 


rte ffi) +(e) Jo 


where the integration over the vertical coordinate yis from + oo to y, and from y, to — œ, 
where y; and y, are the coordinates of the upper and lower boundaries of the wake (see 
Fig. 26,§38). Since we have potential flow (curl vy = 0) outside the wake, 07y/dy 
+ 07y/0z? = 0. Using the two-dimensional Green’s formula, we thus find 


F,= -tpv 0y onal 


where the integral is taken along a contour bounding the region of integration in the 
original integral, and ĝ/ôn denotes differentiation in the direction of the outward normal 
to the contour. At infinity y = 0, and so the integral is taken round the cross-section of the 
wake by the yz-plane, giving 


<io ly (2%) (2%) la 
TY ey), yhd 


Here the integration is over the width of the wake, and the difference in the brackets is the 


J Formuia (47.3) may give the impression that the velocities v,, v, do not decrease in order of magnitude as x 
increases. This is true so long as the thickness of the wake is small compared with its width, as we have assumed in 
deriving formula (47.3). At very large distances behind the wing, the wake finally becomes so thick that it becomes 
approximately circular in cross-section. At this point, formula (47.3) is invalid, and v,, v, diminish rapidly with 
increasing x. 
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discontinuity of the derivative 0w/0y across the wake. Since 6w/dy = v, = 0/0z, we have 


BO 


= 4p „=t fv (dr /dz)dz. 


so that 


Finally, we use a formula from potential theory, 


ow op 
y= -> (3*) - & ), toe ra 


where the integration is along a plane contour, r is the distance from di to the point where y 


ta tn a fanand and tha aemencann im hearlate ia tha muan dienantiniity aftha dasivativea af 


15 LU UW round, alu tne VApi VeoIVl iñ VIGAVLALLS 19 LLY 5i VUIL aisconuüunuity VI tine VUVELVGQLIVY VI 
Ņ in the direction normal to the contour. In our case the contour of integration is a 
segment of the z-axis, so that we can write the value of the function y (y, z) on the z-axis as 


w(0,z) = a -(34) Joer- z |dz 


dI 
—-— C liogi z—2'|dz’. 
dz 
Finally, substituting this in F,, we iors the following formula for thé induced drag: 
dT (z) a1 (z’) 
= : : 4 
Fe aye oa “log|z—2z’|dzdz (47.4) 


00 


' (L. Prandtl 1918). The span of the wing is here denoted by l, = I, and the origin of z is at 
one end of the wing. 


If all the dimensions in the z-direction are increased bv some factor (T remaining 
ma esa CLAW CAEAAWEAIEWELY ALD LIW w USAR Wha sL Ww ë ALIWI UE “g WWAsaw ASW qa A WAASU4L14 SE. aaa =) 


constant), the integral (47.4) remains constant.t This shows that the total induced drag on 
the wing remains of the same order of magnitude when its span is increased. In other 
words, the induced drag per unit length of the wing decreases with increasing length.tt 
Unlike the drag, the total lift force 


F,= -pu [raz (47.5) 


t This formula gives, in two-dimensional potential theory, the potential due to a charged plane contour witha 
charge density 


[(dy/dn), — (6 /dn), ]/2n. 


+ To avoid misunderstanding, we should mention that it does not matter that the logarithm in the integrand is 
increased by a constant when the unit of length is changed. For the integral which differs from that in (47.4) by 
having a constant instead of log|z — z’| is zero, since 


arian: =f 


and the definite integral is zero because I vanishes at the edges of the wake. 

tt In the limit of infinite span, the induced drag per unit length is zero. In reality, a small amount of drag 
remains, determined by the discharge through the wake (i.e. the integral f fv, dy dz), which we have neglected in 
deriving formula (47.3). This drag includes both the frictional drag and the remaining part due to dissipation in 
the wake. 
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increases almost linearly with the span of the wing, and the lift per unit length is constant. 
The following method is convenient for the practical calculation of the integrals (47.4) 
and (47.5). Instead of the coordinate z, we introduce a new variable 0, defined by 


=11(1-cosé) (<0<n). (47.6) 
The distribution of the velocity circulation is written as a Fourier series: 
we 
T= -—2U/ >: A, sin nd (47.7) 


The condition that I = 0 at the ends of the wing (z = 0 and I, or 8 = 0 and z) is then 
fulfilled. 

Substituting the expression (47.7) in (47.5) and effecting the integration (using the 
orthogonality of the functions sin 8 and sin n@ for n # 1), we obtain F, = 4pU7al?A,. 
Thus the lift force depends only on the first coefficient in the expansion (47.7). For the lift 
coefficient (46.2) we have 


C, = nAAy, (47.8) 


where 4 = l/l, is the ratio of span to width of the wing. 
To calculate the drag, we rewrite formula (47.4), integrating once by parts: 


r= § i [re eee (47.9) 


It is easily seen that the integral over z’ must be taken as a principal value. An elementary 
calculation, with the substitution (47.7), + leads to the following formula for the induced 
drag coefficient: 


C,=na > nA,’ (47.10) 


The drag coefficient for a wing is defined as 
C, = F,/zpU7I,1,, (47.11) 


being referred, like the lift coefficient, to unit area in the xz-plane. 


+ In integrating over z’ we need the integral 
x 


P| cos nd’ aes nsinnd 


cos 6’ —cos@ sind ` 
o 


In integrating over z we use the fact that 
x 
J sinnô sinmé dô =jn (m =n), 
o 


=0 (mÆn). 
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PROBLEM 
Determine the least value of the induced drag for a given lift and a given span l, = l. 


SOLUTION. It is clear from formulae (47.8) and (47.10) that the least value of C, for given C, (i.e. for given A,)is 
obtained if all A, for n # 1 are zero. Then 


Cy min = C, /nå. (1) 


x,min 


The distribution of velocity circulation over the span is given by the formula 
4 
r= -zO [z(— 2)]. (2) 


If the span is sufficiently large, then the flow round any cross-section of the wing is approximately two- 
dimensional flow round a wing with infinite length and the same cross-section. In this case we can say that the 
circulation distribution (2) is obtained for a wing whose shape in the xz-plane is an ellipse with semi-axes 4/, and 
41. 


§48. The lift of a thin wing 


The problem of calculating the lift force on a wing amounts, by Zhukovskii’s theorem, 
to that of finding the velocity circulation T. A general solution of the latter problem can be 
given for a thin streamlined wing with infinite span, the cross-section being the same at 
every point. The method of solution given below is due to M. V. Keldysh and L. I. Sedov 
(1939). 

Let y = €,(x) and y = t, (x) be the equations of the lower and upper parts of the cross- 
sectional profile (Fig. 37). We suppose this profile to be thin, only slightly curved, and 
inclined at a smaili angie of attack to the main stream (the x-axis); that is, both ¢,, ¢, 
themselves and their derivatives [,', Ç,’ are small, i.e. the normal to the profile contour is 
everywhere almost parallel to the y-axis. Under these conditions, we may suppose the 
perturbation v in the fluid velocity, caused by the presence of the wing, to be everywhere 
(except in a small region near the rounded leading edge of the wing) small compared with 
the main-stream velocity U. The boundary condition at the surface of the wing is v,/U = ¢’ 
for y = ¢. By virtue of the assumptions made, we can suppose this condition to hold for 
y = 0, and not for y = ¢. Then we must have on the axis of abscissae between x = O and x 
=l,=a 


v, = UC,"(x) for y>0+, y= UL,'(x) for y>0-. (48.1) 
”| 
ee a E 
| a 
—p- | 
Fic. 37 


In order to apply the methods of the theory of functions of a complex variable, we 
introduce the complex velocity dw/dz = v, — iv, (cf. §10), which is an analytic function of 
the variable z = x + iy. In the present case this function must satisfy the conditions 
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im(dw/dz) = —U¢,'(x) for y>0+, 
im(dw/dz) = —U€,’(x) for y-0O-, 


on the segment (0, a) of the axis of abscissae. 
To solve the above problem, we first represent the required velocity distribution v(x, y) 
as a sum v= v* +v” of two distributions having the following symmetry properties: 


(48.2) 


z re 2 —y)= v kx, y), D (x, =y) = =v (x, y), ) 
7 E : f (48.3) 
v x(X, —y) = =o * (x,y), v y(x, —y) =D y(x, y). 


These properties of the separate distributions v~ and v* do not violate the equation of 
continuity or that of potential flow, and, since the problem is linear, the two distributions 
may be sought separately. 


ha npamalew valacity i Ares 


T io clan , =a 
anit CODpICA Veiocity 15 FU u 


rrespondin 

and the boundary conditions on the segment (0, a) for the two terms of the sum are 
Limw', J, 04 = Gimw’,],0- = —3U(E,'+£,’), l 
[imw’_],.0+ = —[imw’_],.9- =4U(C,'-—£,’). 


The function w’_ can be determined at once by Cauchy’s formula: 


(48.4) 


where the integration in the plane of the complex variable £ is along a circle L with small 
radius centred at the point ¢ = z (Fig. 38). The contour L can be replaced by a circle C’ with 


infinite radius and a contour C traversed clockwise; the latter can be deformed into the 
seoment rie) a) twice over The inteoral alona C' is zero cince w'(7\ vanichac at infinity Tha 


Bnnswees UM awe V vwa. akiw arvai Gi essay AO EWE, Diiw FV (ój POLAAOLIM DS QL ILALL. ALV 


integral along C gives 


RN i (S)— Sr") 4 
w= -2 de (48.5) 
0 


Fic. 38 
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Here we have used the boundary values (48.4) of the imaginary part of w’_ on the segment 
(0, a), and the fact that, by the symmetry conditions (48.3), the real part of w’_ is continuous 
across this segment. 

To find the function w’ , , we have to apply Cauchy’s formula, not to this function itself, 
but to the product w’ , (z)g(z), where g(z) = Ti [z/(z — a)], and the square root is taken with 
the plus sign for z = x > a. On the segment (0, a) of the real axis, the function g (z) is purely 
imaginary and discontinuous: g(x + a = — g(x — i0) = — i,/ [x/ Ge x). It is clear from 
these properties of the function g(z) that the imaginary part of the product gw’, is 
discontinuous across the segment (0, a), while the real part is continuous, as with the 
function w’_. Hence we have, exactly as in the derivation of formula (48.5), 


g(č + i0)dé. 


U ft,’ 
ws O= -5 | OG 


Collecting the above expressions, we have the following formula for the velocity 
distribution in flow past a thin wing: 


eee 2 jeo: A a: LacZ (POO (48.6) 
> - . (488. 
tJ g—z 


dz 


Near the rounded leading edge (i.e. for z 0), this expression in general becomes 
infinite, the approximation used above being invalid in this region. Near the pointed 
trailing edge (i.e. for z — a), the first term in (48.6) is finite, but the second term becomes 
infinite, though only logarithmically.t This logarithmic singularity is due to the 
approximation used, and is removed by a more exact treatment; there is no power-law 
divergence at the trailing edge, in accordance with the Chaplygin condition. The fulfilment 
of this condition is achieved by an appropriate choice of the function g(z) used above. 

Formula (48.6) immediately enables us to determine the velocity circulation I round the 


R10) T i th sh f tha 
wing profile. According to the general rule {see §10), I is given by the residue of the 


function w’ (z) at its simple pole z = 0. The required residue is easily found as the coefficient 
of 1/zin an expansion of w’(z)in powers of 1/z about the point at infinity: dw/dz = ['/2niz 
+ ..., and I is given by the simple forumula 


r=u | Gati JE (48.7) 
0 


We may point out that only the sum of the functions ¢, and ¢, appears here. The lift force is 
unchanged if the thin wing is replaced by a bent plate whose shape is given by the function 
(Ca +2). 

For example, for a wing in the form of a thin plate with infinite length, inclined at a small 
angle of attack a, we have €, = €, = a(a— x), and formula (48.7) gives T = — ngaU. The 
lift coefficient for such a wing is C, = — pUT'/$pU 2a = 2ra. 


t This divergence disappears if Ç, and ¢, vanish as (a — x)*, k > 1, near the trailing edge, i.e. if the point at the 
trailing edge is a cusp. 


CHAPTER V 


THERMAL CONDUCTION IN FLUIDS 


§49. The general equation of heat transfer 


It has been mentioned at the end of §2 that a complete system of equations of fluid 
dynamics must contain five equations. For a fluid in which processes of thermal 
conduction and internal friction occur, one of these equations is, as before, the equation of 
continuity, and Euler’s equations are replaced by the Navier-Stokes equations. The fifth 
equation for an ideal fluid is the equation of conservation of entropy (2.6). Ina viscous fluid 
this equation does not hold, of course, since irreversible processes of energy dissipation 
occur in it. 

In an ideal fluid the law of conservation of energy is expressed by equation (6.1): 


ô 
a Gpr? + ps) = —div[pv(dv? +w)]. 


The expression on the left is the rate of change of energy in unit volume of the fluid, while 
that on the right is the divergence of the energy flux density. In a viscous fluid the law of 
conservation of energy still holds, of course: the change per unit time in the total energy of 
the fluid in any volume must still be equal to the total flux of energy through the surface 
bounding that volume. The energy flux density, however, now has a different form. Besides 
the flux pv(5v? + w) due to the simple transfer of mass by the motion of the fluid, there is 
also a flux due to processes of internal friction. This latter flux is given by the vector vø’, 
with components 1,0’ ;, (see §16). There is, moreover, another term that must be included in 
the energy flux. If the temperature of the fluid is not constant throughout its volume, there 
will be, besides the two means of energy transfer indicated above, a transfer of heat by what 
is called thermal conduction. This signifies the direct molecular transfer of energy from 
points where the temperature is high to those where it is low. It does not involve 
macroscopic motion, and occurs even in a fluid at rest. 

We denote by q the heat flux density due to thermal conduction. The flux q is related to 
the variation of temperature through the fluid. This relation can be written down at once in 
cases where the temperature gradient in the fluid is not large; in phenomena of thermal 
conduction we are almost always concerned with such cases. We can then expand q as a 
series of powers of the temperature gradient, taking only the first terms of the expansion. 
The constant term is evidently zero, since q must vanish when grad T does so. Thus we have 


q = —x grad T. (49.1) 


The constant x is called the thermal conductivity. It is always positive, as we see at once 
from the fact that the energy flux must be from points at a high temperature to those at a 


low temperature, i.e. q and grad 7 must be in opposite directions. The coefficient x is in 
general a function of temperature and pressure. 
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Thus the total energy flux in a fluid when there is viscosity and thermal conduction is 
pv(zv? + w) — v:o — x grad T. Accordingly, the general law of conservation of energy is 
given by the equation 


ô 
a (pr? + pe) = —div[pv(4u? + w)—v-o' — x grad T]. (49.2) 


This equation could be taken to complete the system of fluid-mechanical equations of a 
viscous fluid. It is convenient, however, to put it in another form by transforming it with 
the aid of the equations of motion. To do so, we calculate the time derivative of the energy 
in unit volume of fluid, starting from the equations of motion. We have 
ð ð ov õæ ð 
getost + pv AA ae ey 


ya nae alae Lene La aAvatiAn I ee Ne ke EE c 
Substituting for ĉp/ôt from the equation of 


Navier-Stokes equation, we have 


1 


ô 
z GPe + pe) = — 4v? div (py) — pv- grad 4 v? — v - grad p + 


60's ðe 
+v Cee. + p=-—ediv (pv) 


Using now the thermodynamic relation de = T ds — p dV = T ds + (p/p?) dp, we find 
de _ rP p ôp -r 
ôt ôt p? at ôt p 

Substituting this and introducing the heat function w = e + p/p, we obtain 


0 
gér” + pe) = — ($v? + w)div (pv) — pv- grad 4v? — v- grad p+ 


Next, from the thermodynamic relation dw = Tds+dp/p we have gradp= 
p grad w — pT grads. The last term on the right of the above equation can be written 


0a’; ð ov; Vi 
v; a oe (ViTi) — Cae ~ = div (v +o’) — Ta 
Substituting these expressions, and adding and subtracting div (x grad T), we obtain 
0 
a (pv? + pe) = —div[pvQv? + w)—v-o'— xK grad T] + 
Os GLA 
+ pT at —+v-grads }—a’';, aie — div (x grad T). (49.3) 


Comparing this expression for the time derivative of the energy in unit volume with 
(49 D, we have 


TA ade fy VY sae 


ð 
(F +v- grad s) =0'x = + div (x grad T`). (49.4) 
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This equation is called the general equation of heat transfer. If there is no viscosity or 
thermal conduction, the right-hand side is zero, and the equation of conservation of 
entropy (2.6) for an ideal fluid is obtained. 

The following interpretation of equation (49.4) should be noticed. The expression on the 
left is just the total time derivative ds/dt of the entropy, multiplied by pT. The quantity 
ds/dt gives the rate of change of the entropy of a unit mass of fluid as it moves about in 
space, and 7 ds/dt is therefore the quantity of heat gained by this unit mass in unit time, so 


that nT daAsJAtic th tater nf hant A al 
tnat pi G5/at iS tie quantity oi neat gained per unit volume. We sce from (49. 4) that the 


amount of heat gained by unit volume of the fluid is therefore 
o'x Ov;/0X, + div (x grad T). 


The first term here is the energy dissipated into heat by viscosity, and the second is the heat 
conducted into the volume concerned. 
We expand the term o’; 6v,/6x, in (49.4) by substituting the expression (15.3) for o'p. We 


me ô T ð 0 Ov Ov, 
, Ovi _ vi OV, vi 
OR Bx ax, Tax, (2e, Toy, -4a ôx ")+ ET ax, Ot a, 0x, 


It is easy to verify that the first term may be written as 


and the second is 
dv, , Ov,  , Ov; oy, 


Ca. Ons = ¢ (div v}. 
ax, “ax TT ax; 
Thus equation (49.4) becomes 
ds dv, OM 4, 6v,\ 
o1(Z+-grads) = dive grad 7) + }n( Z un 5 Òn y + 
1 ar E AND fAQ &\ 
toU Y). (7.2) 


The entropy of the fluid increases as a result of the irreversible processes of thermal 
conduction and internal friction. Here, of course, we mean not the entropy of each volume 
element of fluid separately, but the total entropy of the whole fluid, equal to the integral 


[os dV. 


The change in entropy per unit time is given by the derivative 
d[ [sd V ]/dt = rasyon dV. 


Using the equation of continuity and equation (49.5) we have 


alps) _ Pe Cp 1.. 
—+s—=- —pv- = dT 
Ar Pa, +s ar sdiv (pv) — pv: grads + zai (k grad T7)+ 
pol test $ô; ny 4b div v)?. 
2T \ ax, Ox; ax, } r' , 


The first two terms on the right together give — div (psv). The volume integral of this is 
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transformed into the integral of the entropy flux psv over the surface. If we consider an 
unbounded volume of fluid at rest at infinity, the bounding surface can be removed to 
infinity; the integrand in the surface integral is then zero, and so is the integral itself. The 
integral of the third term on the right is transformed as follows: 


core _ [,.. (« grad T k(grad T)? 
[Fai (k grad T)dV = fav (“ent Jars (eae dV. 


Assuming that that the fluid temperature tends sufficiently rapidly to a constant value at 
infinity, we can transform the first integral into one over an infinitely remote surface, on 
which grad T = 0 and the integral therefore vanishes. 

The result is 


d ay (x(grad T}? ay (4 [ dv; or 25 dv, Y , 
dt J] TP 2T x ox 7° ax) — 


y + 


+ | 2 (div v)? dV. (49.6) 


The first term on the right is the rate of increase of entropy owing to thermal conduction, 
and the other two terms give the rate of increase due to internal friction. The entropy can 
only increase, i.e. the sum on the right of (49.6) must be positive. In each term, the integrand 
may be non-zero even if the other two integrals vanish. Thus each integral separately must 
always be positive. Hence it follows that the second viscosity coefficient ¢ is positive, as well 
as x and n, which we already know are positive. 

It has been tacitly assumed in the derivation of formula (49.1) that the heat flux depends 
only on the temperature gradient, and not on the pressure gradient. This assumption, 
which is not evident a priori, can now be justified as follows. If q contained a term 
proportional to grad p, the expression (49.6) for the rate of change of entropy would 
include another term having the product grad p- grad T in the integrand. Since the latter 
might be either positive or negative, the time derivative of the entropy would not 
necessarily be positive, which is impossible. 

Finally, the above arguments must also be refined in the following respect. Strictly 
speaking, in a system which is not in thermodynamic equilibrium, such as a fluid with 
velocity and temperature gradients, the usual definitions of thermodynamic quantities are 
no longer meaningful, and must be modified. The necessary definitions are, firstly, that p, € 
and v are defined as before: p and pe are the mass and internal energy per unit volume, and 
v is the momentum of unit mass of fluid. The remaining thermodynamic quantities are 
then defined as being the same functions of p and £ as they are in thermal equilibrium. The 
entropy s = s(p, £), however, is no longer the true thermodynamic entropy: the integral 


p 


Jøsar 


will not, strictly speaking, be a quantity that must increase with time. Nevertheless, it is 
easy to see that, for small velocity and temperature gradients, s is the same as the true 
entropy in the approximation here used. For, if there are gradients present, they in general 
lead to additional terms (besides s(p, e)) in the entropy. The results given above, however, 
can be altered only by terms linear in the gradients (for instance, a term proportional to the 
scalar div v). Such terms would necessarily take both positive and negative values. But they 


ought to be negative definite, since the equilibrium value s = s(p, €) is the maximum 
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possible value. Hence the expansion of the entropy in powers of the small gradients can 
contain (apart from the zero-order term) only terms of the second and higher orders. 

Similar remarks should have been made in §15 (cf. the first footnote to that section), 
since the presence of even a velocity gradient implies the absence of thermodynamic 
equilibrium. The pressure p which appears in the expression for the momentum flux 
density tensor in a viscous fluid must be taken to be the same function p = p(p, €) as in 
thermal equilibrium. In this case p will not, strictly speaking, be the pressure in the usual 
sense, viz. the normal force on a surface element. Unlike what happens for the entropy (see 
above), there is here a resulting difference of the first order with respect to the small 
gradient; we have seen that the normal component of the force includes, besides p, a term 
proportional to div v (in an incompressible fluid, this term is zero, and the difference is then 
of higher order). 


Thus the three coefficients y, ¢, x which appear in the eq 


conducting fluid completely determine the mechanical properties of the fluid in the 
approximation considered (i.e. when the higher-order space derivatives of velocity, 
temperature, etc. are neglected). The introduction of any further terms (for example, the 
inclusion in the mass flux density of terms proportional to the gradient of density or 
temperature) has no physical meaning, and would mean at least a change in the definition 
of the basic quantities; in particular, the velocity would no longer be the momentum of unit 
mass of fluid.t 


§50. Thermal conduction in an incompressible fluid 


The general equation of thermal conduction (49.4) or (49.5) can be considerably 
simplified in certain cases. If the fluid velocity is small compared with the velocity of sound, 
the pressure variations occurring as a result of the motion are so small that the variation in 
the density (and in the other thermodynamic quantities) caused by them may be neglected. 
However, a non-uniformly heated fluid is still not completely incompressible in the sense 


x th «ha + atumnse thin q ating 
used previously. The reason is that the density varies with the temperature; this variation 


cannot in general be neglected, and therefore, even at small velocities, the density of a non- 
uniformly heated fluid cannot be supposed constant. In determining the derivatives of 
thermodynamic quantities in this case, it is therefore necessary to suppose the pressure 
constant, and not the density. Thus we have 


Os ôs \ ôT Os 
a (5) grads = (=), grad 7, 


and, since 7(0s/0T), is the specific heat at constant pressure, c,, we obtain Tôs/ôt 
= c,0T/dt, T grads = c, grad T. Equation (49.4) becomes 


t Worse still, the inclusion of such terms may violate the necessary conservation laws. It must be borne in mind 
that, whatever the definitions used, the mass flux density j must always be the momentum of unit volume of fluid. 
For j is defined by the equation of continuity, 


0p/dt + divj = 0; 


d( f prdV)/dt = me 


and since the integral fpr dV determines the position of the centre of mass, it is clear that the integral fidV is the 
momentum. 
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oT ô 
pe, (Se v-erad r)= div (x grad T)+0'ax : (50.1) 
Xk 
If the density is to be supposed constant in the equations of motion for a non-uniformly 
heated fluid, it is necessary that the fluid velocity should be small compared with that of 
sound, and also that the temperature differences in the fluid should be small. We emphasize 
that we mean the actual values of the temperature differences, not the temperature 


gradient. The fluid may then be supposed incompressible in the usual sense; in particular, 


the equation of continuity is simply div v = 0. Supposing the temperature differences 
small, we neglect also the temperature variation of y, x and c,, supposing them constant. 
Writing the term o'p 6v,/6x, as in (49.5), we obtain the equation of heat transfer in an 
incompressible fluid in the following comparatively simple form: 


 +-y-grad T= yAT+—— (a ov, \’ 
JE en ee Oe ae ox)” 


where v = n/p is the kinematic viscosity, and we have written x in terms of the thermometric 
conductivity, defined as 


X = k/pc,. (50.3) 


The equation of heat transfer is particularly simple for an incompressible fluid at rest, in 
which the transfer of energy takes place entirely by thermal conduction. Omitting the 
terms in (50.2) which involve the velocity, we have simply 


NT. (50,4) 
raw (30.4) 


This equation is called in mathematical physics the equation of thermal conduction or 
Fourier’s equation. It can, of course, be obtained much more simply without using the 
general equation of heat transfer in a moving fluid. According to the law of conservation of 
energy, the amount of heat absorbed in some volume in unit time must equal the total heat 


flay inta this volume through the surface surr 1 i 
MUX iNtO UiS vOsume (nrougn the suriace surrounding it. As we know, such 2 law of 


conservation can be expressed as an “equation of continuity” for the amount of heat. This 
equation is obtained by equating the amount of heat absorbed in unit volume in unit time 
to minus the divergence of the heat flux density. The former is pc, 07 /dt; we must take the 
specific heat c,, since the pressure is of course constant throughout a fluid at rest. Equating 
this to —divq = KAT, we have equation (50.4). 

It must be mentioned that the applicability of the thermal conduction equation (50.4) to 
fluids is actually very limited. The reason is that, in fluids in a gravitational field, even a 
small temperature gradient usually results in considerable motion (convection; see §56). 
Hence we can actually have a fluid at rest with a non-uniform temperature distribution 
only if the direction of the temperature gradient is opposite to that of the gravitational 
force, or if the fluid is very viscous. Nevertheless, a study of the equation of thermal 
conduction in the form (50.4) is very important, since processes of thermal conduction in 
solids are described by an equation of the same form. We shall therefore consider it in more 
detail in §§51 and 52. 

If the temperature distribution in 
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Thus a steady temperature distribution in a medium at rest satisfies Laplace’s equation. In 
the more general case where x cannot be regarded a constant, we have in place of (50.5) the 
equation 

div (x grad T) = 0. (50.6) 


If the fluid contains external sources of heat (for example, heating by an electric current), 
the equation of thermal conduction must correspondingly contain another term. Let Q be 


the qnuantity of heat senerated hv thece cources in unit volume of the fluid per unit time: O 


THU YUGI] Vi SEWER g vivi EUS UJ CAE OU EEA WW AEE MOSSEL VU SESEEEw Wk CEE iris Siart SASEEWy 3E 


is, in general, a function of the coordinates and of the time. Then the heat Balance equation, 
i.e. the equation of thermal conduction, is 


pc, OT /dt = KAT+Q. (50.7) 

Let us write down the boundary conditions on the equation of thermal conduction 

which hold at the boundary between two media. First of all, the temperatures of the two 
media must be equal at the boundary: 

T; =T3. (50.8) 


Furthermore, the heat flux out of one medium must equal the heat flux into the other 
medium. Taking a coordinate system in which the part of the boundary considered is at 
rest, we can write this condition as k, grad 7, -df = x, grad T, -df for each surface 
element df. Putting grad T -df = (67/én) df, where 07/0n is the derivative of T along the 
normal to the surface, we obtain the boundary condition in the form 


K, ôT,/ôn = x, ôT,/ôn. (50.9) 


If there are on the surface of separation external sources of heat which generate an 
amount of heat Q on unit area in unit time, then (50.9) must be replaced by 


Kı ôT, /ôn — K3 ôT, /ôn = o°. (50.10) 
In physical problems concerning the distribution of e p in the presence of heat 
sources, the strength of the latter is usually given as a function of temperature. If the 


function Q(T) increases sufficiently rapidly with T, it may be impossible to establish a 
steady temperature distribution in a body whose boundaries are maintained in fixed 
conditions (e.g. at a given temperature). The loss of heat through the outer surface of the 
body is proportional to some mean value of the temperature difference T — To between the 
body and the external medium, regardless of the law of heat generation within the body; it 
is clear that, if the generation of heat increases sufficiently rapidly with temperature, the 
loss of heat may be inadequate to achieve an equilibrium state. 

There may then be a thermal explosion: if the rate of an exothermic combustion reaction 
increases sufficiently rapidly with temperature, the impossibility of a steady distribution 
leads to a rapid non-steady ignition of the substance and an acceleration of the reaction 
(N. N. Semenov 1923). The rate of explosive combustion reactions, and therefore the rate of 
heat generation, depend on the temperature roughly as e~ ¥’’", with a large activation energy 
U. To investigate the conditions for a thermal explosion to occur, we must consider the 
course of the reaction when the ignition of the substance is comparatively slow, and 
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where 7, is the external temperature. The problem thus leads to a study of the equation of 
thermal conduction with a volume density of heat sources 


Q = Qo e-m (50.11) 
(D.A. Frank-Kamenetskii 1939); see Problem 1. 


PROBLEMS 


PROBLEM 1. Heat sources with the strength (50.11) are distributed in a layer of material bounded by two 
parallel planes, which are kept at a constant temperature. Find the condition for a steady temperature 
distribution to be possible (D. A. Frank-Kamenetskii 1939).t 


SOLUTION. The equation for steady heat conduction is here 
x d?7T/dx? = -Qoe T-T), 
with the boundary conditions T = T, for x = 0 and x = 2l (2I being the thickness of the layer). We introduce the 
dimensionless variables t = «(7 —7,) and & = x/l. Then 
t’ + de® = 0, A = Qoal?/x. 
Integrating this equation once (after multiplying by 27’), we find 
= 2A(et — e°), 


where to is a constant, which is evidently the maximum value of t; by symmetry, this value must be attained half- 
way through the layer, i.e. for č = 1. Hence a second integration, with the condition t = 0 for & = 0, gives 


1 d dt 
gal Je-e7 ES 


Effecting the integration, we have 
e~ #0 cosh~! eto = VGA. (1) 


The function A(t) determined by this equation has a maximum å = Ay for a definite value tọ = Toes fA > AQ, 
there is no solution satisfying the boundary conditions.{ The numerical values are 4,, = 0-88, toa = 1:2.f 


PROBLEM 2. A sphere is immersed in a fluid at rest, in which a constant temperature gradient is maintained. 
Determine the resulting steady temperature distribution in the fluid and the sphere. 


SOLUTION. The temperature distribution satisfies the equation AT = 0 in all space, with the boundary 
conditions 


T, =T2, K, OT, /ôr = x, 0T,/Or 


forr = R (where R is the radius of the sphere; quantities with the suffixes 1 and 2 refer to the sphere and the fluid 
respectively), and grad T = A at infinity, where A is the given temperature gradient. By the symmetry of the 
problem, A is the only vector which can determine the required solution. Such solutions of Laplace’s equation are 
constant x Ar and constant x À grad (1/r). Noticing also that the solution must remain finite at the centre of 
the sphere, we seek the temperatures T, and T, in the forms 


Tj=c,Acr, 7, =c,A‘r/r+Acr. 


The constants c, and c, are determined from the conditions for r = R, the result being 


K,—k, [RY 
T,= a ~—A T, r,=[1+ 2 : (=) fan 
K, +2k, ki +2x,\r 


+ A more detailed discussion of related topics is given by Frank-Kamenetskil in Diffusion and Heat Transfer in 
Chemical Kinetics, New York 1969. 

ł Only the smalier of the two roots of equation (i) for 4 <A, corresponds to a stable temperature 
distribution. 

tt The corresponding values for a spherical region (with radius J) are A, = 3-32, Toa = 1:47, and for an 
infinite cylinder A, = 2-00, Toe = 1:36. 
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§51. Thermal conduction in an infinite medium 


Let us consider thermal conduction in an infinite medium at rest. The most general 
problem of this kind is as follows. The temperature distribution is given in all space at the 
initial instant t = 0: 


T = T, (r) for t = 0, 


where 7)(r) is a given function of the coordinates. It is required to determine the 
temperature distribution at all subsequent instants. 

We expand the required function 7(r, t) as a Fourier integral with respect to the 
coordinates: 


T(r, t) = fos (ik-r)d°k/(2z)*, T(t) = fre. thexp(—ik-r)d?x. (51.1) 
For each Fourier component 7, exp (ik-r), equation (50.4) gives 
d7, /dt +k*z7T, = 0. 
This equation gives 7, as a function of time: 
Ty = exp (—k?xt)To,. 


Since we must have T = 7) (r) for t = 0, it is clear that the 7p, are the expansion coefficients 
of the function T, as a Fourier integral: 


TANE E oe 


Tok = [rote ex (—ik-r')d°x’. 
Thus 


T= [|r (r’) exp (— k* yt) exp [ik - (r — r’)] d3x’ d?k/(27)?. 


The integral over k is the product of three simple integrals, each having the form 


| exp (—a¢?)cos BEdE = ./(n/a) exp (— b*/4a), 


where ¢ is one component of k; the similar integral with sin in place of cos is zero, since the 
sine function is odd. Thus we have finally 


T(r, t) = — ; 


8 (nx!) 


; [ To(r’) exp { —[(r —1')?]/4yt} d?x'. (51.2) 


This formula gives the complete solution of the problem; it determines the temperature 
distribution at any instant in terms of the given initial distribution. 

If the initial temperature distribution is a function of only one coordinate, x, then wecan 
integrate over y’ and 2’ in (51.2) and obtain 


i a 
T (x, t) = IJa j To(x)exp[— (x — x’)?/4zt] dx’. (51.3) 
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At time t = 0, let the temperature be zero in all space except for one point (the origin), 
where it is infinite in such a way that the total quantity of heat (proportional to {To (r) d*x) 
is finite. Such a distribution can be represented by a delta function: 


T(r) = constant x d(r). (51.4) 


The integration in formula (51.2) then amounts to replacing r’ by zero, the result of which is 


my ` i n 1 s lis ` se4 £N 
i(r, t) = constant x ———.j exp (— rr" /4XT). JLo 


In the course of time, the temperature at the point r = 0 decreases as t- ?. The temperature 
in the surrounding space rises correspondingly, and the region where the temperature is 
appreciably different from zero expands (Fig. 39). The manner of this expansion is 
determined principally by the exponential factor in (51.5). The order of magnitude / of the 
dimension of this region is given by 


be J (xt), (51.6) 


i.e. l increases as the square root of the time. 
A 
| = 
t=/g 
t=% 


EAN 
mS 


Similarly, if at the initial instant a finite amount of heat is concentrated on the plane 
x = 0, the subsequent temperature distribution is 


T(x, t) = constant x exp (— x?/4yt). (51.7) 


1 
24 (nxt) 
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Formula (51.6) can also be interpreted in a somewhat different way. Let l be the order of 
magnitude of the dimension of a body. Then we can say that, if the body is heated non- 
uniformly, the order of magnitude t of the time required for the temperature to become 
more or less the same throughout the body is 


t ~ Py. (51.8) 


The time t, which may be called the relaxation time for thermal conduction, is proportional 
to the square of the dimension of the body, and inversely proportional to the thermometric 
conductivity. 

The thermal conduction process described by the formulae obtained above has the 
property that the effect of any perturbation is propagated instantaneously through all 
space. It is seen from formula (51.5) that the heat from a point source is propagated in such 
a manner that, even at the next instant, the temperature of the medium is zero only at 
infinity. This property holds also for a medium in which the thermometric conductivity x 
depends on the temperature, provided that x does not vanish anywhere. If, however, x is a 
function of temperature which vanishes when T = 0, the propagation of heat is retarded, 
and at each instant the effect of a given perturbation extends only to a finite region of space 
(we suppose that the temperature outside this region can be taken as zero). This result, as 
well as the solution of the following Problems, is due to Ya. B. Zel’dovich and A. S. 
Kompaneets (1950). 


PROBLEMS 


PROBLEM 1. The specific heat and thermal! conductivity of a medium vary as powers of the temperature, while 
its density is constant. Determine the manner in which the temperature tends to zero near the boundary of the 
region which, at a given instant, has received heat propagated from an arbitrary source (the temperature outside 
that region being zero). 


SOLUTION. If x and c, vary as powers of the temperature, the same is true of the thermometric conductivity x 
and of the heat function 


w= Jesar 


(we omit a constant in w). Hence we can put y = a W”, denoting by W = pw the heat function per unit volume. 
Then the therma! conduction equation 


pc, OT /dt = div (K grad T) 
becomes 
OW /ét = a div (W” grad W). (1) 


During a short interval of time, a small portion of the boundary of the region may be regarded as plane, and its 
rate of displacement in space, v, may be supposed constant. Accordingly, we seek a solution of equation (1) in the 
form W = W(x — vt), where x is the coordinate in the direction perpendicular to the boundary. We have 


—vdW/dx = ad(W" dW/dx)/dx, (2) 
whence we find, after two integrations, that W vanishes as 
Wo lxt", (3) 


where (|x| is the distance from the boundary of the heated region. This also confirms our conclusion that, if n > 0, 
the heated region has a boundary outside which W and T are zero. If n < 0, then equation (2) has no solution 
vanishing at a finite distance, i.e. the heat is distributed through all space at every instant. 


PROBLEM 2. A medium like that described in Problem 1 has, at the initial instant, an amount of heat Q per unit 
area concentrated on the plane x = 0, while T = 0 everywhere else. Determine the temperature distribution at 
subsequent instants. 
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SOLUTION. In the one-dimensional case, equation (1) is 


ow a (w) i 
ôt ôx ax J 


From the parameters Q and a and variables x and t at our disposal, we can form only one dimensionless 
combination, 


¢ = x/(Qrany'/2 +; (5) 


Q and a have the dimensions erg/cm? and (cm?/sec) (cm3/erg)". Hence the required function W (x, t) must have 
the form 


W = (Q?/at)''?* RE), (6) 


where the dimensionless function f(€) is multiplied by a quantity having the dimensions erg/cm>. With this 
substitution, equation (4) gives 


d ( df ) df 
FT rs tea tt= 0. 
This ordinary differential equation has a simple solution which satisfies the conditions of the problem, namely 
SO = EenlEo? -EN +n)", (7) 


where čo is a constant of integration. 

For n> 0, this formula gives the temperature distribution in the region between the planes x = + xo 
corresponding to the equation č = + č; outside this region, W = 0. Hence it follows that the heated region 
expands with time in a manner given by x) = constant x tt”? +"). The constant &, is determined by the condition 
that the total amount of heat be constant: 


Xo Šo 
Q= f Wdx=Q fros, (8) 
— Xo = ġo 


whence we have 


(2+n)}! t21" I" +1/n) 


2t+n > 9 
Šo nn"? F"(1/n) 0) 
For n = —v < 0, we write the solution in the form 
v -1v 
o-|—— z243 | . (10) 
SL 22 v) J 


Here the heat is distributed through all space, and at large distances W decreases as x~ 2/". This solution is valid 
only for v < 2; for v > 2, the normalization integral (8) (which now extends to + co) diverges, which means 
physically that the heat is conducted instantaneously to infinity. For v < 2, the constant č, in (10) is given by 
_, _ 22—va"? PU- 
fo = 3 ; (11) 
v I"(1/v) 


Finally, for n > 0 we have čo > Y n, and the solution given by formulae (5}(7) is 


ii Q x? 1/n a Q 2 
w= im fael) ENa xan, 


in agreement with formula (51.7). 


§52. Thermal conduction in a finite medium 


In problems of thermal conduction in a finite medium, the initial temperature 
distribution does not suffice to determine a unique solution, and the boundary conditions 
at the surface of the medium must also be given. 

Let us consider thermal conduction in a half-space (x > 0), beginning with the case 
where a given constant temperature is maintained on the bounding plane x = 0. We may 
arbitrarily take this temperature as zero, i.e. measure the temperature at other points 
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relative to it. At the initial instant, the temperature distribution throughout the medium is 
given, as before. The boundary and initial conditions are therefore 


T=0 for x=0; T=7,(x, y,z) for t=O and x>0. (52.1) 


The solution of the thermal conduction equation with these conditions can, by means of 
the following device, be reduced to the solution for a medium infinite in all directions. We 
imagine the medium to extend on both sides of the plane x = 0, the temperature 
distribution for t = Qand x < 0 being given by — Tọ. That is, the temperature distribution 
at the initial instant is given in all space by an odd function of x: 


To(— x, J, Z) e, To(x, J, z). (52.2) 
It follows from equation (52.2) that 7)(0, y, z) = — T,(0, y, z) = 0, i.e. the necessary 


boundary condition (52.1) is automatically satisfied for t = 0, and it is evident from 
symmetry that it will continue to be satisfied for all t. 

Thus the problem is reduced to the solution of equation (50.4) in an infinite medium 
with an initial function T(x, y, z) which satisfies (52.2), and without boundary conditions. 
Hence we can use the general formula (51.2). We divide the range of integration over x’ in 
(51.2) into two parts, from — oo to 0 and from 0 to oo. Using the relation (52.2), we then 

1 
ED = Siaz J | 


have 
| To(r’) x 


x {exp [— (x — x’)?/4yt] — exp [ — (x + x’)?/4yt]} x 
x exp {—[(y—y)? + (z—2’)?]/4yt} dx’ dy’ dz’. (52.3) 


This formula gives the solution of the problem, since it determines the temperature 
throughout the medium. 
If the initial temperature distribution is a function of x only, formula (52.3) becomes 


ao 


T(x, t) = RA | To(x’) {exp [— (x —x’)?/4yt] — exp [ — (x + x’)?/4yt]}} dx’. 


(52.4) 


As an example, let us consider the case where the initial temperature is a given constant 
everywhere except at x = 0. Without loss of generality, this constant may be taken as — 1. 
The temperature on the plane x = Ois always zero. The appropriate solution is obtained at 
once by substituting T (x) = — 1 in (52.4). The integral in (52.4) is the sum of two integrals, 
in each of which we change the variables as in € = (x’ —x)/2./ (xt). We then obtain for 
T(x, t) the expression 


T(x, t) = 4 {erf [ — x/2/(xt)] — erf [x/2/ (xe) }, 


where the function erf x is defined as 


2 2 
fx = -% d 52.5 
eri x VAL Č, ( ) 


oO 
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and is called the error function (we notice that erf oo = 1). Since erf (— x) = —erf x, we 
have finally 


T(x, t) = —erf [x/2/ (x0). (52.6) 


Figure 40 shows a graph of the function erf x. The temperature distribution becomes 
more uniform in space in the course of time. This occurs in such a way that any given value 
of the temperature “moves” proportionally to ./t. This last result is obviously true. For 
the probiem under consideration is characterized by only one parameter, the initial 
temperature difference To between the boundary plane and the remaining space; in the 
above discussion, this difference was arbitrarily taken as unity. From the parameters 7, 
and x and variables x and t at our disposal we can form only one dimensionless 
combination, x// (xt); hence it is clear that the required temperature distribution must be 
given by a function having the form T = 7, f (x/./ (xt)). 


Let us now consider a case where the surface bounding the medium is a thermal 
insulator. That is, there is no heat flux at the plane x = 0, so that we must have 07/0x = 0. 
We thus have the following boundary and initial conditions: 


oT/ox = 0 for x =0; T= T(x, y, z) fort=0,x>0. (52.7) 


To find the solution we proceed as in the previous problem. That is, we again imagine the 
medium to extend on both sides of the plane x = 0, the initial temperature distribution 
being this time symmetrical about the plane. In other words, we now suppose that 
To(x, y, z) is an even function of x: 


To(— x, ys 2) = To (x, Y, 2). (52.8) 


Then 07 (x, y, z)/Ox = — OT (— x, y, z)/0x, and 0T)/éx = 0 for x = 0. It is evident from 
symmetry that this condition will continue to be satisfied for all t. 

Repeating the calculations given above, but using (52.8) in place of (52.2), we have the 
general solution of the problem in a form which differs from (52.3) or (52.4) only in 
having the sum instead of the difference of the two exponentials. 

Let us now consider problems with boundary conditions of a different type, which also 
enable the equation of thermal conduction to be solved in a general form. Let a heat flux (a 
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given function of time) enter a medium through its bounding plane x = 0. The boundary 
and initial conditions are then 


— k ôT/ðx = q(t) for x = 0; T= 0 for t = — œ, x > 0, (52.9) 


where q(t) is a given function. 

We first solve an auxiliary problem, in which q(t) = 6(t). It is easy to see that this problem 
is physically equivalent to that of the propagation of heat in an infinite medium from a 
point source which generates a given amount of heat. For the boundary condition 
— K0T/dx = 6(t) for x = 0 signifies physically that a unit of heat enters through each unit 
area of the plane x = 0 at the instant t = 0. In the problem where the condition is 
T = 26(x)/pc, for t = 0, an amount of heat 


ia Tdx =2 
eek 


is concentrated on this area at time t = 0; half of this is then propagated in the positive 
x-direction, and the other half in the negative x-direction. Hence it is clear that the 
solutions of the two problems are identical, and we find from (51.7) 
KT(x, t) = ./(x/nt) exp (— x?/4y1). 

Since the equations are linear, the effects of the heat entering at different moments are 
simply additive, and therefore the required general solution of the equation of thermal 
conduction with the conditions (52.9) is 


t 


C] 
KT(x, t) = | age a q(t)exp[— x*/4x(t — t)] dt. (52.10) 


— a 


In particular, the temperature on the plane x = 0 varies according to 


t 


xT(0, t) = | ere dr. (52.11) 
NEGO): 
Using these results, we can obtain at once the solution of another problem, in which the 
temperature 7 on the plane x = 0 is a given function of time: 


T=T,(t)forx =0; T=Ofort=—o, x>0. (52.12) 


To do so, we notice that, if some function T(x, t) satisfies the equation of thermal 
conduction, then so does its derivative 07 /ôx. Differentiating (52.10) with respect to x, we 
obtain 


t 


ole DEN ( xq(t) 5 


ôx E. 2./Lax(t — 1)°] 


This function satisfies the equation of thermal conduction and (by (52.9)) its value for 
x = Q is q(t); it therefore gives the required solution of the problem whose conditions are 
(52.12). Writing T(x, t) instead of —xd7/éx, and 7,(t) instead of q(t), we thus have 


I 


T, 
T(x, EA J a exp [— x?/4x(t —t)] dt. (52.13) 
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The heat flux q = —x07/0x through the bounding plane x = 0 is found by a simple 


calculation to be , 


ok (ately d 
w= Tes; | dz Je- (52.14) 


This formula is the inverse of (2 11); 


aem ee aie ee ee ; pee ay eee epee sy h oe 


The solution is easily obtained for the important problem wher t 

bounding plane x = Qis a given periodic function of time: T = Tye = 0. Itis clear 
that the temperature distribution in all space will also depend on the time through a factor 
e~", Since the one-dimensional equation of thermal conduction is formally identical with 
the equation (24.3) which determines the motion of a viscous fluid above an oscillating 
plane, we can immediately write down the required temperature distribution by analogy 
with (24.5): 

T = Tyexp[ — x / (@/2x) exp {iLx,/ (@/2x) — ot]}. (52.15) 


We see that the oscillations of the temperature on the bounding surface are propagated 
from it as thermal waves which are rapidly damped in the interior of the medium. 

Another kind of thermal-conduction problem comprises those concerning the rate at 
which the temperature is equalized in a non-uniformly heated finite body whose surface is 
maintained in given conditions. To solve these problems by general methods, we seek a 
solution of the equation of thermal conduction in the form T = 7,(r)e~*‘, with A, a 
constant. For the function 7, we have the equation 


XAT, = — AI. (52.16) 
This equation, with given boundary conditions, has non-zero solutions only for certain 
Any its eigenvalues. All the eigenvalues are real and positive, and the corresponding 


functions 7,(x,y,z) form a complete set of orthogonal functions. Let the temperature 
distribution at the initial instant be given by the function T (x,y,z). Expanding this as a 


series of functions 7,, 
To (r) = Xe, T, (r), 
we obtain the required solution in the form 
T(r,t) = Yc, 7, (8) exp (—A,t). (52.17) 


The rate of equalization of the temperature is evidently determined mainly by the term 
corresponding to the smallest 4,, which we call 1,. The “equalization time” may be defined 
as t = 1/A,. 


PROBLEMS 


PROBLEM 1. Determine the temperature distribution around a spherical surface (with radius R) whose 
temperature is a given function T(t) of time. 


SOLUTION. The thermal-conduction equation for a centrally symmetrical temperature distribution is, in 
spherical polar coordinates, ô T /dt = (y/r)é?(rT)/dr?. The substitution r T (r,t) = F (r,t) reduces this to dF /ét 
= y0? F /ĝr? , which is the ordinary one-dimensional thermal-conduction equation. Hence the required solution 
can be found at once from (52. 13), and is 


_ RC- R) | T(t) 
Trt) 2r Jiny) j= t)i 


exp [ — (r — R} /4x(t — 1) ]dt. 


FM-H 


208 Thermal Conduction in Fluids §53 
PROBLEM 2. The same as Problem 1, but for the case where the temperature of the spherical surface is Ty e~''. 


SOLUTION. Similarly to (52.15), we obtain 
T = Tyexp(—ict)(R/r)exp[ — (1 —i)(r— R) (@/2z)]. 


PROBLEM 3. Determine the temperature equalization time for a cube with side a whose surface is 
(a) maintained at a temperature T = 0, (b) an insulator. 


T, = sin(xx/a)sin(xy/a)sin(2z/a) 


(the origin being at one corner of the cube), when z = 1/A, = a?/3n7y: Incase (b) we have T, = cos(xx/a) (or the 
same function of y or z), when t = a?/n?y. 


PROBLEM 4. The same as Problem 3, but for a sphere with radius R. 


SOLUTION. The smallest value of Ais given by the centrally symmetrical solution of (52.16) 7, = (1/r)sin kr;in 
case (a), k = 2/R, and t = 1/yk? = R*/ynx’. In case (b) k is the smallest non-zero root of the equation 
kR = tankR, whence we find kR = 4:493 and t = 0-050 R2/y. 
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The processes of heat transfer in a fluid are more complex than those in solids, because 
the fluid may be in motion. A heated body immersed in a moving fluid cools considerably 
more rapidly than one in a fluid at rest, where the heat transfer is accomplished only by 
conduction. The motion of a non-uniformly heated fluid is called convection. 

We shall suppose that the temperature differences in the fluid are so small that its 
physical properties may be supposed independent of temperature, but are at the same time 
so large that we can neglect in comparison with them the temperature changes caused by 
the heat from the energy dissipation by internal friction (see §55). Then the viscosity term in 
equation (50.2) may be omitted, leaving 


ôT/ðt +y- grad T = XAT, (53.1) 


where y = k/pc, is the thermometric conductivity. This equation, together with the 
Navier-Stokes equation and the equation of continuity, completely determines the 
convection in the conditions considered. 

In what follows we shall be interested only in steady convective flow.t Then all the time 
derivatives are zero, and we have the following fundamental equations: 


v-grad7 = yAT, (53.2) 
(v-grad)y = —grad(p/p)+vAv, divv=0. (53.3) 


This system of equations, in which the unknown functions are v, T and p/p, contains only 
two constant parameters, v and x. Furthermore, the solution of these equations depends 
also, through the boundary conditions, on some characteristic length l, velocity U, and 
temperature difference 7, — To -The first two of these are given as usual by the dimension 
of the solid bodies which appear in the problem and the velocity of the main stream, while 
the third is given by the temperature difference between the fluid and these bodies. 

In forming dimensionless quantities from the parameters at our disposal, the question 
arises of the dimensions to be ascribed to the temperature. To resolve this, we notice that 


+ In order that the convection can be steady, it is, strictly speaking, necessary that the solid bodies adjoining 
the fluid should contain sources of heat which maintain these bodies at a constant temperature. 
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the temperature is determined by equation (53.2), which is linear and homogeneous in T. 
Hence the temperature can be multiplied by any constant and still satisfy the equations. In 
other words, the unit of measurement of temperature can be chosen arbitrarily. The 
possibility of this transformation of the temperature can be formally allowed for by giving 
it a dimension of its own, unrelated to those of the other quantities. This can be measured 
in degrees, the usual unit of temperature. 

Thus convection in the above-mentioned conditions is characterized by five parameters, 
whose dimensions are v = y = cm?/sec, U = cm/sec, | = cm, T; — Ty = deg. From these 
we can form two independent dimensionless combinations. These may be the Reynolds 
number R = Ul/v and the Prandtl number, defined as 


P = v/y. (53.4) 


Any other dimensionless combination can be expressed in terms of R and P.t 

The Prandtl number is just a constant of the material, and does not depend on the 
properties of the flow. For gases it is always of the order of unity. The value of P for liquids 
varies more widely. For very viscous liquids, it may be very large. The following are values 
of P at 20°C for various substances: 


Air 0:733 
Water 6°75 
Alcohol 16-6 
Glycerine 7250 
Mercury 0-044 


As in §19, we can now conclude that, in steady convection (o 
temperature and velocity distributions have the form 


T- To r v r 
=f|-,R,P }, —=f(-,R }. 53.5 
Eef) ge) s 
The dimensionless function which gives the temperature distribution depends on both R 
and P as parameters, but the velocity distribution depends only on R, since it is determined 
by equations (53.3), which do not involve the conductivity. Two convective flows are 
similar if their Reynolds and Prandtl numbers are the same. 


The heat transfer between solid bodies and the fluid is usually characterized by the heat 
transfer coefficient a, defined by 


a =q/(T, —To), (53.6) 


where q is the heat flux density through the surface and T, — Tọ is a characteristic 
temperature difference between the solid body and the fluid. If the temperature 
distribution in the fluid is known, the heat transfer coefficient is easily found by calculating 
the heat flux density q = — xd7/dn at the boundary of the fuid (the derivative being taken 
along the normal to the surface). 

The heat transfer coefficient is not a dimensionless quantity. A dimensionless quantity 
which characterizes the heat transfer is the Nusselt number: 


N = al/k. (53.7) 


+ The Péclet number is sometimes used; it is defined as Ul/y = RP. 


210 Thermal Conduction in Fluids §54 


It follows from similarity arguments that, for any given type of convective flow, the Nusselt 
number is a definite function of the Reynolds and Prandtl numbers only: 


N = f (R,P). (53.8) 


This function is very simple for convection at sufficiently small Reynolds numbers. These 
correspond to small velocities. Hence, in the first approximation, we can neglect the 
velocity term in equation (53.2), so that the temperature distribution is determined by the 
equation A T = 0, i.e. the ordinary equation of steady thermal conduction in a medium at 
rest. The heat transfer coefficient can then depend on neither the velocity nor the viscosity, 
and so we must have simply 


N = constant, (53.9) 


and in calculating the constant the fluid may be supposed at rest. 


PY “Ala 


PROBLEM 


Determine the temperature distribution in a fluid moving in Poiseuille flow along a pipe with circular cross- 
section, when the temperature of the walls varies linearly along the pipe. 


SOLUTION. The conditions of the flow are the same at every cross-section of the pipe, and we can look for the 
temperature distribution in the form T = Az + f (r), where Az is the wall temperature; we use cylindrical polar 


coordinates, with the z-axis along the axis of the pipe. For the velocity we have, by (17.9), v, = v = 28 (1 —r?/R?), 
where » is the mean velocity. Substituting in (53.2), we find 


The solution of this equation which is finite for r = 0 and zero for r = R is 


p AR ey Jay 
Toss- a REAR] | 


The heat flux density is 


q = k[0T/ér] g = 4pc,5RA. 
It is independent of the thermal conductivity. 


§54. Heat transfer in a boundary layer 


The temperature distribution in a fluid at very high Reynolds numbers exhibits 
properties similar to those of the velocity distribution. Very large values of R are 
equivalent to a very small viscosity. But since the number P = v/y is not small, the 
thermometric conductivity y must be supposed small, as well as v. This corresponds to the 
fact that, for sufficiently high velocities, the fluid may be approximately regarded as an 
ideal fluid, and in an ideal fluid both internal friction and thermal conduction are absent. 

This viewpoint, however, must again be abandoned in a boundary layer, since neither 
the boundary condition of no slip nor that of equal temperatures would be satisfied. In the 
boundary layer, therefore, there occurs both a rapid decrease of the velocity and a rapid 
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change of the fluid temperature to a value equal to the temperature of the solid surface. The 
boundary layer is characterized by the presence of large gradients of both velocity and 
temperature. 
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It is easy to see that, in flow past a heated body (with R large), the heating of the fluid 
occurs almost exclusively in the wake, while outside the wake the fluid temperature does 
not change. For, when R is large, the processes of thermal conduction in the main stream 
are unimportant. Hence the temperature varies only in the region reached by fluid that has 
been heated in the boundary layer. We know (see §35) that the streamlines from the 
boundary layer enter the main stream only beyond the line of separation, where they go 
into the region of the turbulent wake. From the wake, however, the streamlines do not 
emerge at all. Thus the fluid which flows past the surface of the heated body in the 
boundary layer goes entirely into the wake and remains there. We see that the heat 
becomes distributed through the regions where the vorticity is non-zero. 

In the turbulent region itself, a very considerable exchange of heat occurs, which is due 
to the intensive mixing of the fluid characteristic of any turbulent flow. This mechanism of 
heat transfer may be called turbulent conduction and characterized by a coefficient X., in 
the same way as we introduced the turbulent viscosity 7,,,, in §33. The turbulent 
thermometric conductivity is defined, in order of magnitude, by the same formula as Vuo 
(33.2): Xiu ~ [Au. 

Thus the processes of heat transfer in laminar and in turbulent flow are fundamentally 
different. In the limiting case of very small viscosity and thermal conductivity, in laminar 
flow, the processes of heat transfer are absent, and the fluid temperature is constant at 
every point in space. In turbulent flow, however, even in the same limiting case, heat 
transfer occurs and rapidly equalizes the temperatures in various parts of the stream. 

Let us begin by considering heat transfer in a laminar boundary layer. The equations of 
motion (39.13) are unaltered. A similar simplification must now be performed for equation 
(53.2). Written explicitly, this equation is (since all quantities are independent of the 
coordinate z) 


aT, aT (PT er 
"eax Yay “Vax? * ay J 


On the right-hand side we may neglect the derivative 0? 7/@x? in comparison with 
6? T/dy, leaving 
ôT OT FT 
O55 +o, T X ay (54.1) 
By comparing this equation with the first of (39.13) we see that, if the Prandtl number is 
of the order of unity, then the order of magnitude 6 of the thickness of the layer in which 
the velocity v, decreases and the temperature 7 varies will again be given by the formulae 
obtained in §39, i.e. it will be inversely proportional to xf R. The heat flux g = —KdT/dnis 
equal, in order of magnitude, to x(7, — 7,)/6. Hence we conclude that q, and therefore the 
Nusselt number, are proportional to uf R. The dependence of N on P is not determined. 
Thus we have 


N=./Rf(P). (54.2) 


From this it follows, in particular, that the heat transfer coefficient « is inversely 
proportional to the square root of the dimension l of the body. 

Let us now consider heat transfer in a turbulent boundary layer. Here it is convenient, as 
in §42, to take an infinite plane-parallel turbulent stream flowing along an infinite plane 
surface. The transverse temperature gradient d7/dy in such a flow can be determined 
from the same kind of dimensional argument as we used to find the velocity gradient 
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du/dy. We denote by q the heat flux density along the y-axis caused by the temperature 
gradient. This flux is a constant (independent of y), like the momentum flux c, and can 
likewise be regarded as a given parameter which determines the properties of the flow. 
Furthermore, we have as parameters also the density p and the specific heat c, per unit 
mass. Instead of oó we use as parameter v,; q and c, have the dimensions erg/cm7sec 
= g/sec? and erg/g deg = cm?/sec? deg. The viscosity and thermal conductivity cannot 
appear explicitly in d T/dy when R is sufficiently large. 

Because of the homogeneity of the equations as regards the temperature, already 
mentioned in §53, the temperature can be changed by any factor without violating the 
equations. When the temperature is changed in this way, however, the heat flux must 
change by the same factor. Hence q and T must be proportional. From q, v,, p, cp and y we 
can form only one quantity proportional to g and having the dimension deg/cm, namely 
q/pcpv,y. Thus we must have d7/dy = Bq/xpc,v,y, where f is a numerical constant 
which must be determined by experiment.t Hence 


T = (Bq/Kpc,v,) (logy +c). (54.3) 


Thus the temperature, like the velocity, varies logarithmically. The constant of integration 
c which appears here must be determined from the conditions in the viscous sublayer, as in 
the derivation of (42.7). The temperature difference between the fluid at a given point and 
the wall (which we arbitrarily take to be at zero temperature) is composed of the 
temperature change across the turbulent layer and that across the viscous sublayer. The 
logarithmic law (54.3) determines only the first of these. Hence, if we write (54.3) in the 
form T = (Bq/xpc,v,)[log (yu, /v) + constant], including in the argument of the logar- 
ithm a factor equal to the thickness yo, then the constant (multiplied by the coefficient of 
the bracket) must be the change in temperature across the viscous sublayer. This change, of 
course, depends on the coefficients v and y also. Since the constant is dimensionless, it must 
be some function of P, which is the only dimensionless combination of the quantities v, x, 
P, v, and c, (q cannot appear, since T must be proportional to q, which already occurs in 
the coefficient). Thus we find the temperature distribution to be 


T = (Bq/Kpc,v,)[log(yv,/v) + f(P)] (54.4) 
(L. D. Landau 1944). The empirical value of £ here is about 0-9. The value of f for air is 
fOD = 15. 
Using formula (54.4), we can calculate the heat transfer for turbulent flow in a pipe, along a 
flat plate, etc. We shall not pause to do this here. 


TURBULENT TEMPERATURE FLUCTUATIONS 

In referring to the temperature of a turbulent fluid, we have of course meant the time 
average The actual temperature. at any point in space undergoes very irregular variations 
with time, similar to those of the velocity. 

We shall suppose that a significant change in the mean temperature occurs over the 
same distances l (the fundamental scale of the turbulence) as for the mean flow velocity. 
The same concepts and arguments involving similarity as were used in §33 in discussing the 
local properties of turbulence can be applied to the small-scale (A <I) temperature 
fluctuations. Here it will be assumed that P ~ 1; otherwise, it may be necessary to use two 
internai scales, determined by v and by y. The inertiai range of scaies is then aiso the 


t Here Kis cibe von Kármán constant appearing in the logarithmic velocity profile (42.4). With this definition, $ 
is the ratio V urb Xiu Where Vinh aNd Xiurp Are the coefficients in q = PcpXwbd T/dy, 0 = PViypdu/dy. 
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convective range: the equalization of temperatures within it takes place by mechanical 
mixing of “fluid particles” at different temperatures without involving true thermal 
conduction, and the properties of the temperature fluctuations in this range are 
independent of the large-scale flow also. Let us determine how the temperature differences 
T, depend on the distance / in the inertial range (A. M. Obukhov 1949). 

The energy dissipation by thermal conduction, per unit volume, is «(grad T }/T; 
compare (49.6), or (79.1) below. Dividing this by pc,, we have y (grad T) /T = ġ/T, which 
determines the rate at which the temperature is lowered by dissipation; assuming the 
turbulent temperature fluctuations to be relatively small, we can replace T in the 
denominator by a constant mean temperature. The quantity @ thus defined is another 
parameter (besides £) which determines the local properties of turbulence in a non- 
uniformly heated fluid. 

With the method described in §33 (see after (33.1)), we express ¢ in terms of quantities 
which relate to fluctuations with scale A: 


P ~ Xuv (T/A). 
Substituting from (33.2) and (33.6) 
Arar, ~ Veurb,à ~ ABa 0, X (eA), 


we get the required result 
Tz? œ he FA A., (54.5) 


Thus, when A> åo, the temperature fluctuations, like the velocity fluctuations, are 
proportional to 41/3. 


At distances 4 S Ay, however, the temperature is equalized by true thermal conduction. 
At scales À < A), the temperature varies smoothly. By the same reasoning as for the 
velocity (cf. (33.19)), the differences T, are then proportional to å. 


PROBLEMS 


PROBLEM 1. Determine the limiting form of the dependence of the Nusselt number on the Prandtl number in a 
laminar boundary layer when P and R are large. 


SoLuTion. For large P, the distance 5’ over which the temperature changes is small compared with the 
thickness ô of the layer in which the velocity v, diminishes. 5° may be called the thickness of the temperature 
boundary layer. The order of magnitude of 6’ may be obtained from an estimate of the terms in equation (54.1). 
Over the distance from y = Oto y ~ 6’, the temperature varies by an amount of the order of the total temperature 
difference T, — To between the fluid and the solid body, while the velocity v, varies over this distance by an 
amount of the order of U ô'/ô (since the total change, of the order of U, occurs over a distance ô). Hence, for 
y ~ 6’, the terms in equation (54.1) are, in order of magnitude, 


x0? T/dy? ~ x(T, —To)/6? and v,0T/8x ~ U6'(T, — To)/lô. 


If the two expressions are comparable, we have ô’? ~ ylô/U. Substituting ô ~ l/ J R, we obtain 6’ ~ l/ RŻP? 
~ò/ ph. Thus, for large P, the thickness of the temperature boundary iayer decreases, relative to that of the 
velocity boundary layer, inversely as the cube root of P. 

The heat flux q = —Kd7T/dy ~ x(T, — To)/ð', and the required limiting law of heat transfer is found to bet 


N = constant x RP. 


+ For the values of the thermal conductivity actually found, the Prandtl number does not reach the values for 
which this limiting law holds. Such laws can, however, be applied to convective diffusion; this obeys the same 
equations as convective heat transfer, but with the temperature replaced by the concentration of the solute, and 
the heat flux by the flux of solute, the “diffusion Prandtl number” being defined as P p = v/D, where D is the 
diffusion coefficient. For example, for solutions in water and similar liquids, P preaches values of the order of 10°, 
while for very viscous solvents it is 10° or more. 
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PROBLEM 2. Determine the limiting form of the function f(P), in the logarithmic temperature distribution 
(54.4), for large values of P. 


SOLUTION. According to what was said in §42, the transverse velocity in the viscous sublayer is of the order of 
v,(¥/yo)*, while the scale of the turbulence is of the order of y°/ yo. The turbulent thermometric conductivity is 
therefore 

Xturb ~ Px Yo(Y/Yo $ ~ v(y/Yo)* 


(where we have used the relation (42.5)); Xp is comparable in magnitude with the ordinary coefficient y at 
distances y, ~ Yo P ~*. Since X,urp increases very rapidly with y, it is clear that most of the temperature change in 
the viscous sublayer occurs over distances from the wall of the order of y, , and may be supposed proportional to 
Yı, being in order of magnitude qy,/x ~ q¥o/KPt ~ qPi/pc,v,. Comparing with formula (54.4), we see that 
function f(P) is a numerical constant times Pà. 


PROBLEM 3. Derive a relation between the local correlation functions 


IIT T Ys p RE E TA a LOT. T.\2 
Brr= (12 -Ty >, Birr = (ai tua Ty > 


in a non-uniformly heated turbulent flow (A. M. Yaglom 1949). 


SOLUTION. The calculations are similar to those in §34. Together with Byrand B,7,7, we use the auxiliary 
functions 


brr=(TT2>, birr = (T1T2 >, 
and to facilitate the calculations we regard the turbulence as completely homogeneous and isotropic. Then 
Brr=2<T°>—2brr, Birr = 4b;irr (1) 


the mean values <v,,;7,7, > = — <v2,T,T, >, and mean values of the type (v,;7,7 > are zero, because the fluid is 
incompressible—compare the derivation of (34.18). With the equations 


OT /ét+(v-grad)T =zAT, divv=0, 
we calculate the derivative 
Ob pz/ Ot = —2ðb rr/ðx t+ 2XA brr (2) 
The isotropy and homogeneity also mean that 
birr= nb,rr (3) 


where nis a unit vector parallel to r = r, — r, ; b,rrand b depend only on r. Using (1) and (3), we can put (2) in 
the form 


= 2¢ = 6B, 7/dt = 4div(nB,77) 5 xA Brr 
1 ô xô ôB 
=— — (rB £ [p IT 
2r? ôr Caan r? Or (- ôr ), 
where p = —48 < T? X/ôt as in the text. Since the local turbulence may be regarded as steady, we neglect 0B ,7/2t. 
Integration of the resulting equation with respect to r gives the required relation, analogous to (34.21), 
B,rr—2xdBrr/dr = — Grd. (4) 
When r > Ao, the term in x is small, since from (54.5) Br 0c i. Then, from (4), 
B rTT= — $r¢. 
At distances r < 49, we have Byra r?°, and B,,;, may be neglected; in this case, 


Brr = $r 6/x. 
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A thermometer immersed in a fluid at rest indicates a temperature equal to that of the 
fluid. If the fluid is in motion, however, the thermometer indicates a somewhat higher 
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temperature. This is because the fluid brought to rest at the surface of the thermometer is 
heated by internal friction. 

The general problem may be formulated as follows. A body of arbitrary shape is 
immersed in a moving fluid; thermal equilibrium is established after a sufficient length of 
time, and it is required to determine the temperature difference 7, — To then existing 
between the body and the fluid. 

The solution of this problem is given by equation (50.2), in which, however, we cannot 
now neglect the term containing the viscosity as we did in (53.1); it is this term which is 
responsible for the effect under consideration. Thus we have for a steady state 


ðv; O% 2 
Ox, ôx j 


v-gradT = yA T+ = ( (55.1) 
2c, 


This must be supplemented by the equations of motion (53.3) of the fluid itself and also, 
strictly speaking, by the equation of thermal conduction in the body. In the limiting case 
where the body has a sufficiently small thermal conductivity, we can neglect the latter and 
suppose the temperature at any point on the surface of the body to be simply equal to the 
fluid temperature at that point, obtained by solving equation (55.1) with the boundary 
condition d7/dn = 0, i.e. the condition that there be no heat flux through the surface of 
the body. In the opposite limiting case where the body has a sufficiently large thermal 
conductivity, we can use the approximate condition that the temperature should be the 
same at every point of its surface; the derivative 0 7/dn will not then in general vanish over 
the whole surface, and we must require only that the total heat flux through the surface of 
the body (i.e. the integral of ô T/ ôn over the surface) should be zero. In both these limiting 
cases the thermal conductivity of the body does not appear explicitly in the solution of the 
problem, and we shall suppose in what follows that one of these cases holds. 
Equations (55.1) and (53.3) contain the constant parameters y, v and c,, and their 


solutions involve also the dimension | of the body and the velocity U of the main stream. 
(The temperature difference 7, — T, is not now an arbitrary parameter, but must itself be 
determined by solving the equations.) From these parameters we can construct two 
independent dimensionless quantities, which we take to be R and P. Then we can say that 
the required temperature difference T, — Tọ is equal to some quantity having the 
dimensions of temperature (which we take to be U?/c,), multiplied by a function of R and 
P: 


T, —Ty = (U?/c,) f (R,P). (55.2) 
It is easy to determine the form of this function for very small Reynolds numbers, i.e. for 


sufficiently small velocities U. In this case the term v- grad T in (55.1) is small compared 
with yA T, so that this equation becomes 


v ôv; Ou, 2 
AT = —-—|—-+—]. 3 
x mate +) er) 


The temperature and velocity vary considerably over distances of the order of l. Hence an 
estimate of the two sides of equation (55.3) gives x(T; — 7 )/I? ~ vU7/c,/?. Thus we 
conclude that, for small R, 


T, — Ty = constant x PU?/c,, (55.4) 


FM-H* 
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where the numerical constant depends on the shape of the body. It should be noticed that 
the temperature difference is proportional to the square of the velocity U. 

Some general conclusions concerning the form of the function f (P,R) in (55.2) can be 
drawn in the opposite limiting case of large R, when the velocity and the temperature vary 
only in a narrow boundary layer. Let ô and 0’ be the distances over which the velocity and 
temperature respectively vary; ô and 0’ differ by a factor depending on P. The amount of 
heat evolved in the boundary layer in unit time owing to the viscosity of the fluid is given by 
(16.3). This integral per unit area of the surface is of the order of vp(U?/67)5 = vpU7/6. 
The same amount of heat must be lost from the body, and it is therefore equal to the heat 
flux q = —xôT/ôn ~ xc,p(7T, — To)/6’. Comparing the two expressions, we find 


T, — To = (U?/c,) f (P). (55.5) 


Thus, in this case, the function f is independent of R, but its dependence on P remains 
undetermined. 


PROBLEMS 


PROBLEM 1. Determine the temperature distribution in a fluid moving in Poiseuille flow in a pipe with circular 
cross-section whose walls are maintained at constant temperature To. 


SOLUTION. In cylindrical polar coordinates, with the z-axis along the axis of the pipe, we have v, = v = 
20[1 —(r/R}], where õis the mean velocity of the flow. Substitution in (55.3) gives the equation 


ld /dT\ 168 v , 
athe in (oe Perec 
rdr \ dr R* xc, 


The solution finite at r = 0 and equal to 7, for r = R is 


net] 


PROBLEM 2. Determine the temperature difference between a solid sphere and a fluid moving past it at small 
Reynolds numbers. The thermal conductivity of the sphere is supposed large. 


SOLUTION. We take spherical polar coordinates r, 0, @, with the origin at the centre of the sphere and the polar 
axis in the direction of the velocity of the main stream. Calculating the components of the tensor 00;/0x, 
+ 6v,/6x; by means of formulae (15.20) and (20.9), for the velocity of flow past a sphere, we obtain equation (55.3) 
in the form 


TIGAR 1 = (sno 
r? ôr ôr) r*sin@ 00 = 30 


= — A(R/r)*[cos?6 {3 — 6(R/r)? + 2(R/r)*} +(R/r)*], 


Pf" +2rf' -—6f = — A[3(R/r) — 6(R/r)* + 2(R/r)*], 
rg" +2rg'+2f = —A(R/r)’. 
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From the first we obtain 


J = A[E(R/r) + (R/r)* — Fe (R/r)f] +c: (R/r}; 


the term having the form constant x r? is omitted, since it does not vanish at infinity. The second equation then 
gives 


g = —SA[3(R/r)? + 4(R/r)* +1s(R/r)f]— $e, (R/r)? +2 R/r t+ c3. 
The constants c,, C2, C3 are determined from the conditions 
T = constant and ferin sin 8 d0 = 0 


for r = R, which are equivalent to f (R) = 0 and g' (R) +4 f'(R) = 0; also T = To at infinity. Thus c, = — 54/3, 
c3 = 2A/3, c3 = Ty. The temperature difference between T, = T(R) and To is found to be T, — Ty = 5u? P/8c,. 
It may be noted that the temperature distribution obtained actually satisfies the condition ôT /ôr = Oforr = R, 


Le. f'(R) = g'(R)=0. Hence it is also the solution of the same problem for a sphere with small thermal 
conductivity. 


§56. Free convection 


We have seen in §3 that, if there is mechanical equilibrium in a fluid in a gravitational 
field, the temperature distribution can depend only on the altitude z: T = T(z). If the 
temperature distribution does not satisfy this condition, but is a function of the other 
coordinates also, then mechanical equilibrium in the fluid is not possible. Furthermore, 
even if T = T(z), mechanical equilibrium may still be impossible if the vertical temperature 
gradient is directed downwards and its magnitude exceeds a certain value (§4). 

The absence of mechanical equilibrium results in the appearance of internal currents in 
the fluid, which tend to mix the fluid and bring it to a constant temperature. Such motion 
in a gravitational field is called free convection. 

Let us derive the equations describing this convection. We shall suppose the fluid 
incompressible. This means that the pressure is supposed to vary only slightly through the 
fluid, so that the density change due to changes in pressure may be neglected. For example, 
in the atmosphere, where the pressure varies with height, this assumption means that we 
shall not consider columns of air of great height, in which the density varies considerably 
over the height of the column. The density change due to non-uniform heating of the fluid, 
of course, cannot be neglected; it results in the forces which bring about the convection. 

We write the variable temperature in the form T = Ty) + 7’, where 7, is some constant 
mean temperature from which the variation T” is reckoned. We shall suppose that T” is 
small compared with Tọ. 

We write the fluid density also in the form p = po + p’, with pọ a constant. Since the 
temperature variation 7” is small, the resulting density change p’ is also small, and we can 
write 

p’ = (0po/0T),T’ = — poBT’. (56.1) 


Here $ = —(1/p)0p/6T is the thermal-expansion coefficient of the fluid.t 
In the pressure p = po+p’, Po is not constant. It is the pressure corresponding to 
mechanical equilibrium, when the temperature and density are constant and equal to 7 


t We shall assume that $ > 0. 
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and po respectively. It varies with height according to the hydrostatic equation 


Po = Pog’r + constant = — pogz + constant, (56.2) 


the coordinate z being measured vertically upwards. 

In a fluid column with height h, the hydrostatic pressure drop is pogh. This causes a 
density change ~ pgh/c?, where c is the velocity of sound; see (64.4). According to the 
condition stated, this change must be negligible, not only in comparison with the density 
itself, but also in comparison with the thermal change (56.1). That is, we must have 


gh/c? < BO, (56.3) 


where © is a characteristic temperature difference. 
We start by transforming the Navier-Stokes equation, which has, in the presence of a 
gravitational field, the form 


ôv/ôðt + (v -grad)v = — (1/p)gradp +v A v +g; 


this is obtained by adding the force g per unit mass to the right-hand side of equation 


(15.7). We now substitute p = po + p’, p = Po + p’; to the first order of small quantities, we 
have 


gradp _ gradpy 4 Sradp’ gradp, p 
P Po Po Po’ i 
or, substituting (56.1) and (56.2), 
rad rad p 
p Po 


With this expression, the Navier-Stokes equation gives 


ov/0t+(v-grad)v = —grad(p'/p)+vAv—BT’g, (56.4) 


+g7" B. 


oe a a, pee EES E ac +L. 


where the suffix has been dr opped from Po- In the thermal conduction quauon (50.2 2), we 
viscosity term can be shown to be small in free convection compared with the other terms, 
and may therefore be omitted. We thus obtain 


OT'/ot+v-gradT’ = yAT". (56.5) 


Equations (56.4) and (56.5), together with the equation of continuity div v = 0, form a 
complete system of equations governing free convection (A. Oberbeck 1879, J. Boussinesq 
1903). 

For steady flow, the equations of convection become 


(v-grad)v = — grad (p’/p)—BT’g+vAv, (56.6) 
v-grad7’ = xyAT’, (56.7) 
divv= 0. (56.8) 


This system of five equations for the unknown functions v, p’/p and T’ contains three 
parameters, v, y and Bg. Moreover, the solution will involve the characteristic length h and 
the temperature difference ©. There is here no characteristic velocity, since there is no flow 
due to external forces, and the whole motion of the fluid is due to its non-uniform heating. 
From these quantities we can form two independent dimensionless combinations (the 
temperature is to be regarded as having a dimension of its own; see §53), which are usually 
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taken to be the Prandtl number P = v/y and the Rayleigh numbert 
R = pgOh? /vy. (56.9) 


The Prandtl number depends only on the properties of the fluid; the Rayleigh number is 
the chief characteristic of the convection as such. 
The similarity law for free convection is 


v =(v/h)f(t/h, @,P), T= Of (r/h, 2 ,P). (56.10) 


Two flows are similar if their Rayleigh and Prandtl numbers are the same. Convective heat 
transfer under gravity is again described by the Nusselt number (53.7), which is now a 
function of 2 and P only. 

Convective flow may be either laminar or turbulent. The onset of turbulence is governed 
by the Rayleigh number: the convection becomes turbulent when @ is very large. 


PROBLEMS 


PROBLEM 1. Reduce to the solution of ordinary differential equations the determination of the Nusselt 
number for free convection on a flat vertical wall. It is assumed that the velocity and the temperature differences 


are appreciably different from zero only ina thin boundary layer adjoining the surface of the wall (E. Pohlhausen 
1921). 


SOLUTION. We take the origin on the lower edge of the wall, the x-axis vertical, and the y-axis perpendicular to 
the wall. The pressure in the boundary layer does not vary along the y-axis (cf. §39), and therefore is everywhere 


equal to the hydrostatic pressure po (x), i.e. p’ = 0. With the usual accuracy of boundary-layer theory, equations 
(56.6}-(56.8) become 


Ov, ov,, 6», 


natoy opt TE ie 
ôT êT FT 
ay tS, FT (1) 
Gv, dv, 
ao 


with the boundary conditions v, = v, = 0 and T = T, for y = 0 (T, being the temperature of the wall), v, = 0 
and T = To for y = œ (T, being the fluid temperature at a great distance). These equations can be converted into 
ordinary differential equations by introducing as the independent variable 


č = GŻy/(4xh° È, G = Bg(T, = To)h?/v?, (2) 
where h is the height of the wall. We put 
v, = (2v/h?!?) /(Gx)o' (2), } 
T—Ty= (T, — To)0(6). 
The last equation (1) then gives 
v, = vG#(Ed' — 34)/(4xh? 
and the first two give equations for ¢(¢) and @(¢): 
p” +366"—2674+0=0, 0°4+3P60 =0. (4) 


+ The Grashof number G = Bg@h?/v? = #/P is also sometimes used. 
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It follows from (3) and (4) that the boundary layer thickness ô ~ (xh?/ cy. The condition ô < h for the solution 
to be valid is satisfied when G is sufficiently large. 
The total heat flux per unit area of the wall is 


h 
1 =) 
= —- | k — dx 
al H y=0 
o 


= —$x6' (0, P) (T, — To) (G/4h}. 


C= 


The Nusselt number is 


N = s(Py\Gt 
where f (P) is determined by solving the equations (4). 


PROBLEM 2. A hot turbulent submerged jet of gas is bent round by a gravitational field; find its shape (G. N. 
Abramovich 1938). 


SOLUTION. Let 7” be some mean value (over the cross-section of the jet) of the temperature difference between 
the jet and the surrounding gas, u some mean velocity of the gas in the jet, and / the distance along the jet from its 
point of entry; l is supposed large compared with the dimensions of the aperture by which the jet enters. The 
condition of constant heat flux Q along the jet is Q ~ pc, T’uR? = constant and, since the radius of a turbulent jet 
is proportional to I (cf. §36), we have 


T'ul? = constant ~ Q/pc,; (1) 
we notice that, in the absence of the gravitational field, u oc 1/I (see (36.3)) and it then follows from (1) that 7” 
æ l/l. 
The momentum flux vector through the cross-section of the jet is proportional to pu? R?°n ~ pu? l°n, where nis 
a unit vector along the jet. Its horizontal component is constant along the jet: 
u??? cos@ = constant, 2) 
where @ is the angle between n and the horizontal, while the change in the vertical component is due to the “lift 
force” on the jet. This force is proportional to 


pBgT'R? ~ pBgT'P ~ BgQ/c,u. 
Hence we have 


d(l?u?sinO)/dl ~ BgQ/pc,u. (3) 
It then follows from (2) that d(tan 6)/d! = constant x l cos?@, whence we obtain finally 


e 


dé 
(5 = constant x l?, (4) 


0o 


where 0o gives the direction of the emergent jet. 


In particular, if 0 does not vary appreciably along the jet, (4) gives 8 — 8o = constant x /?. This means that the 
jet is a cubical parabola, in which the deviation d from a straight line is d = constant x (>. 


PROBLEM 3. A turbulent jet of heated gas (i.e. one with a large Rayleigh number) rises from a fixed hot body. 
Determine the variation of the velocity and temperature in the jet with height (Ya. B. Zel'dovich 1937). 


SOLuTION. As in the preceding case, the radius of the jet is proportional to the distance from its source, and we 
have, analogously to (1) of Problem 2, T’ uz? = constant, and instead of (3) d(z?u?)/dz = constant/u, where z is 
the height above the body, supposed large compared with the dimension of the body. Integrating, we find 
u œ z~4, and for the temperature 7’ œ z~5/?. 


PROBLEM 4. The same as Problem 3, but for a laminar convective jet rising freely (Ya. B. Zel’dovich 1937). 


expresses thec tan of the haat Au 
mica CXpresses tne Constancy oi tne neat Hux, we 


have u?/z ~ vu/R* ~ BgT’, which follows from equation (56. 6) From these relations we find the following 
variation of the radius, velocity and temperature with height: R œ Y z, u = constant, 7” oc 1/z. It may be noticed 


that the number @ œ 7’ R? œ ,/z, i.e. increases with height, and the jet must therefore become turbulent at a 
certain altitude. 


; TED 
SOLUTION. Together with the relation T'uR? = constant, \ 
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§57. Convective instability of a fluid at rest 


If the Rayleigh number is gradually increased in a given configuration of a fluid and 
solid walls, a point is reached when the fluid at rest becomes unstable with respect to 
infinitesimal perturbations.t This gives rise to convection; the transition from pure 
thermal conduction in the fluid at rest to the convective regime takes place continuously. 
The dependence of the Nusselt number on & therefore has only a kink at the transition, 
not a discontinuity. 

The theoretical determination of the critical value 2 „is to be carried out as described in 
§26. The treatment will be repeated here for the case now in question. 

We write 

T’=T'o+t, p =potpw, (57.1) 


where T’, and p'o refer to the fluid at rest; t and w are perturbations. T'o and p’y satisfy the 
equations 


AT’) = 2T'o/dz? =0, dp'o/dz = pBgT'o. 


The first of these gives T’) = — Az, where A is a constant; in the case considered here, 
where the fluid is heated from below, A > 0. 

In equations (56.4) and (56.5), the small quantities are v (the unperturbed velocity is 
zero), t and w. Omitting quadratic terms and considering perturbations which vary with 
time as e ™®, we get the equations 


—iov = — grad w+vAv—frg, 
—iwt—Av,=yxAt, divv=0. 


It is useful to write these in dimensionless form, measuring lengths in terms of h, 
frequencies of v/h?, velocities of v/h, pressures of pv?/h?, and temperatures of Ahv/y. In the 
rest of this section and in the Problems, all symbols denote the appropriate dimensionless 
quantities. The equations become 


—iwv = —gradw+Avt+Bu, (57.2) 
—iwtP = At+v,, (57.3) 
div v = 0, (57.4) 


n being a unit vector in the z-direction, vertically upwards. The dimensionless parameters 
& and P now appear explicitly. If the solid surfaces bounding the fluid are kept at constant 
temperatures, the following conditions must be satisfied there}: 


v=0, t=0. (57.5) 
Equations (57.2) — (57.4) with the boundary conditions (57.5) determine the 
eigenfrequencies «. When AR<G&,, their imaginary parts y=im ow <0, Sand, ‘the 


perturbations are damped. The value “of & „1S given by the point at which, with increasing 
&, an eigenfrequency with y > 0 first appears; at # = R, y passes through zero. 


+ This is not to be confused with the convected instability discussed in 828 


i We are considering the simplest boundary conditions, appropriate to perfectly conducting walls. When the 
conductivity of the walls is finite, the equation of heat transfer in the wall has to be included. Cases where the fluid 
has a free surface will also not be discussed. Here it would, strictly speaking, be necessary to take into account the 
deformation of the surface by the perturbation and the resulting surface tension forces. 
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The problem of convective instability of a fluid at rest has the particular feature that all 
the eigenvalues iq are real, so that the perturbations decay or are amplified monotonically, 
without oscillations. Accordingly, the stable flow resulting from the instability of the fluid 
at rest is steady. We shall show this for a fluid occupying a closed cavity with the boundary 
conditions (57.5) at its walls.f 

We multiply equations (57.2) and (57.3) by v* and t* respectively, and integrate them 
over the volume of the cavity. On integrating by parts{ for the terms v* - Av and t*A t, and 
noting that the integrals over the cavity surface are zero on account of the boundary 
conditions, we find 


— io [ië dV = f — jeurl v|? + Zro*,) dV, 


0 Pe (57.6) 
—iwP | lt]? dV = |- \grad t|? + t*v,) dV. | 


Subtracting from these the complex conjugate equations gives 


—i(a + @*) {we dV = R fe, —t*v,) dV, 


—i(w +w*) P fier dV = — fer. —t*v,) dV. 


Lastly, we multiply the second equation by 2 and add, obtaining 

re œ fave + AP |r|?) dV = 0. 
Since the integral is positive definite, it follows that re a = 0, as was to be proved.} + When 
A < 0 (the fluid is heated from above), formally corresponding a ee < 0, the integral can 


be zero, and iw may be complex. 
Let us now return to the equations (57.6). Multiplying the second equation by 2 and 
adding, we find for the growth rate y = — iœ the expression 


—y=J/N, (57.7) 


t We follow V. S. Sorokin (1953) in this derivation and in the subsequent formulation of the variational 
principle. 
t Using the equations 


t*At = div (t* grad 1) —|grad 17, 
v> grad w = div (wy). 


t+ Mathematically, this proof amounts to showing that equations (57.2)— (57.4) are self-adjoint. Physically, 
the result can be interpreted as follows. Leta perturbation cause a fluid element to move upwards, say. It is then 
surrounded by cooler fluid, and its temperature is reduced by conduction, but remains above that of the 


mm. mm fn nm mara 
environment. The buoyancy force on it is therefore upwards, and it continues to move in the same direction, more 


slowly or more quickly according to the relation between the temperature gradient and the dissipative 
coefficients. In either case, there is no “restoring force” and therefore no oscillations. When a free surface is 
present, a restoring force is provided by surface tension, which seeks to smooth the deformed surface; if this force 
is taken into account, the statements made are no longer correct. 
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where 
J= fr (curl v)? + 2 (grad t)? — 2Arv,] dV, 


(57.8) 
N= fe + #Pr”) dv; 


vand t are assumed to be real. It is well known that the eigenvalue problem for self-adjoint 
linear differential operators allows a variational formulation based on expressions having 
the form (57.7), (57.8). Regarding J and N as functionals of v and t, we make J an 
extremum under the constraints div v = Oand N = 1, the latter acting as a “normalization 
condition”. Following the general rules of the variational calculus, we form the variational 
equation 

6J + yôN — | 2wô(div v) dV = 0, (57.9) 
where the constant y and the function w(r) act as undetermined Lagrange multipliers. 
Calculating the variations (with integration by parts, using the boundary conditions 
(57.5)) and equating to zero the expressions with the independent variations dv and ôt, we 
in fact get equations (57.2) and (57.3). The value of J calculated from this variational 
problem determines, by (57.7), the lowest value of —y = —y,, that is, the growth rate of 
the most rapidly amplified perturbations (or the decay rate of the least rapidly damped 
ones, depending on the sign of y). 

According to its derivation, the critical value 2 „defines the limit of stability with respect 
to infinitesimal perturbations. For the case of convective instability of a fluid at rest, 
however, this value proves to be also the limit of stability with respect to any finite 
perturbations. That is, when # < 2 „there are no solutions of the equations of motion, 
other than the state of rest, which do not decay in the course of time. We shall now prove 
this result (V. S. Sorokin 1954). 

For finite perturbations, the equations of motion have to be written in the form 


ov/Ot = —gradw+ Av + &tn— (v - grad) v, 


Pot/ét = At+v,—Pv-gradt, (57.10) 


which differ from (57.2) and (57.3) by containing non-linear terms. We carry out with these 
equations just the same operations as we did with (57.2) and (57.3) when deriving (57.6) 
and (57.7). Since div v = 0, the non-linear terms reduce to divergences: 


v-(v-grad)v = div(3v’v), 71(v-grad)r = div(}t*v), 
and give zero when integrated. We therefore arrive at the relation 
3dN/dt = — 


which differs from yN = —J (57.7) only by having the time derivative instead of the 
product yN. According to the variational principle formulated above, — J < y, N for any 
functions v and t. Hence 


dN(t)/dt < 2y, N(t), 


t When referring to perturbations with finite amplitude we mean here those for which the non-linear terms in 
(56.4) and (56.5) cannot be neglected, while at the same time the conditions imposed when deriving these 
equations are still satisfied. 
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whence 
N(t) < N(Q)e2"" (57.11) 


Below the critical value (Æ < &#,,), all growth rates are negative in the linear theory, 
including the largest one y,. It therefore follows from (57.11) that N(t) > Oas t > œ, and, 
since the integrand in N is positive definite, the functions v and 1 tend to zero also. 

Let us now return to the calculation of #,. Since all the eigenvalues iw are real, the 
equation y = 0 for 2 = &,, implies that œ = 0. The value of @, is then found as the 
smallest eigenvalue of # in the equations 


Av—gradw+ Arn = 0, 
(57.12) 
At=-—v,, divv= 0; 

this probiem too can have a variational formulation (see Probiem 2). Note that P does not 
appear in the equations (57.12) or in the boundary conditions. Thus the critical Rayleigh 
number which they yield for a given configuration of the fluid and the solid walls is 
independent of the fluid substance. 

The simplest problem, which is also of theoretical importancef, is that of the stability of 
a layer of fluid between two infinite horizontal planes, of which the upper one is 
maintained at a lower temperature than the other.} 

Here it is convenient to reduce (57.12) to a single equation. Taking the curl curl = 
grad div— A of the first equation, then the z-component, and using the other two 
equations, we get 


Att = RA, (57.13) 
where A , = ĝ?/ôx? + 6?/dy? is the two-dimensional Laplacian. The boundary conditions 
on the two planes are 

t=0, v,=0, odv,/dz =O and 1; 
the last is equivalent to v, = v, = 0 for ali x and y, by the equation of continuity. From the 
second equation (57.12), the conditions on v, can be replaced by conditions on higher 
derivatives of t: 


07 ar Ot 
ae ee 
We seek z in the form 
t=f(z)o(x,y), g=e™s (57.14) 


where k is a vector in the xy-plane, obtaining for f(z) the equation 
d? 5 3 
—>—k 2f=0. 
( a? ) f+ Aak’f=0 


The general solution is a linear combination of coshyz and sinhyz, where u? = 
k? — RI k3 Yi, with the three different values of the cube root. The coefficients in this 


t First proposed experimentally by H. Bénard (1900) and discussed theoretically by Rayleigh (1916). 
ł It has been shown by A. Pellew and R. V. Southwell (1940) that iw is real in this case. 
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combination are determined by the boundary conditions, which lead to a system of 
algebraic equations, and the condition for these to be compatible yields a transcendental 
equation whose roots determine the functions k = k,(#), n= 1, 2, .... The inverse 
functions # = #,(k) have minima for certain values of k, and the smallest of these gives 
P a- t The value is found to be 1708, and the corresponding value of the wave number k „is 
3-12 in units of 1/h (H. Jeffreys 1928). 

Thus a horizontal layer of fluid with thickness h and a downward temperature gradient 
A becomes unstabie when{ 


BgAh? /vy > 1708. (57.15) 


When # > 2 there is steady convective flow, periodic in the xy-plane. The whole space 
between the planes is divided into adjacent identical cells, in each of which the fluid moves 
in closed paths without passing from one cell to another. The outlines of these cells on the 
bounding planes form some kind of lattice. The value of k „ determines the periodicity of 
this lattice but not its symmetry; the linearized equations of motion allow in (57.14) any 
function $(x, y) that satisfies the equation (A ,—k?)d = 0. The uncertainty cannot be 
eliminated in the linear theory. There must evidently be a “two-dimensional” structure of 
the flow, having in the xy-plane only a one-dimensional periodicity, as a system of parallel 


bands.tt 


PROBLEMS 


PROBLEM 1. Find the critical Rayleigh number for the occurrence of convection in a fluid in a vertical 
cylindrical pipe along which a constant temperature gradient is maintained; the pipe walls are (a) perfectly 
conducting or (b) perfectly insulating (G. A. Ostroumov 1946). 

SOLUTION. We seek a solution of (57.2) — (57.4) in which the convective velocity v is everywhere parallel to the 
axis of the pipe (the z-axis) and the flow pattern does not vary along this axis, i.e. v, = v, t and Qw/0z depend only 
on the coordinates in the plane of the pipe cross-section.§ The equations become 


Ow/dx = Ow/dy =0, Aw = —Wt+éw/dz, At =», 


where # = BgAR*/yv and R is the pipe radius. From the first two, it follows that w/dz = constant; eliminating t 
from the others, we find A,?v = £v. On the walls of the pipe (r = 1) we must have v = 0 and t = 0 for case a, 
ét/ér = 0 for case b. In addition, the total mass flux through a cross-section of the pipe must be zero. 

The equation has solutions of the form J, (kr) cos nọ and I, (kr)cosn@, where J, and I, are Bessel functions with 
real and imaginary argument respectively, kt = 2, r and ¢ are polar coordinates in the pipe cross-section. The 
onset of convection corresponds to the solution for which £ is least. This is found to be the solution with n = 1: 


v = vo cos ġ (J, (kr) (k) — I (kr) J, (k)], 
t = (vo/R*) cos [J (kr)I, (k) + L (kr 1(k)), 


t The details of the calculations are given by G. Z. Gershuniand E. M. Zhukhovitskii in Convective Stabilit yof 
Incompressible Fluids, Jerusalem 1976, and also in the books by Chandrasekhar and by Drazin and Reid cited in 
§27. 

Í For a given value of A, this condition is always satisfied when h is sufficiently large. To avoid 
misunderstanding, ii should be mentioned that we are concerned here oniy with vaiues of h for which the fiuid 
density does not vary significantly in the gravitational field. The condition is therefore not applicable to tall 
columns of fluid. For these, the condition derived in §4 should be used, and shows that convection may be absent 
for any column height if the temperature gradient is not too great. 

tt The theoretical indications are that just above @, only this structure is stable with respect to small 
perturbations, “three-dimensional” prismatic structures are unstable. The experimental results depend 
considerably on the conditions used, including the shape and size of the side walls, and are not definite. The three- 
dimensional hexagonal structure seems to be due to the influence of surface tension at the upper free surface and 
the temperature dependence of the viscosity; in the theory given here, v has of course been treated as a constant. 

§ The equations also have solutions periodic in the z-direction, which contain a factor e"“*. These, however, all 
give higher values of #,,. It should be noted that the solution under consideration with k = 0 also satisfies the 
exact (not linearized) equations (57.10), since the non-linear terms (v-grad)v and v- grad t vanish identically. 
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with the gradient dw/dz = 0. The flow described by these formulae is antisymmetrical about a vertical plane 
through the pipe axis bisecting the cavity; the fluid descends in one half and rises in the other. The solution shown 


satisfies the condition v = 0 for r = 1. In case a, the condition t = 0 leads to J, (k) = 0; its smallest root gives 
KH, = k* = 216. In case b, the condition ôt/ôr = 0 leads to 


Jo(k) bo 2 
Ji) hk k 
The smallest root gives #,, = 68. 


PROBLEM 2. Formulate a variational principle for the problem of @ eigenvalues with equations (57.12). 


SOLUTION. We put the equations in a more symmetrical form by replacing t by a new function t = ty R, 
again changing the unit of temperature measurement. Then 
/ Rin = grad w— Av, ./@v,= — At", divv=0. 
Proceeding as in the derivation of (57.7), we find J R = J/N, where 


J= +f (curl v)? + (grad 7)?7]dV, N= f v,t dV; 


N is positive, as is easily seen by converting it to @ -tf (grad t)? dV. The variational principle is formulated as 
requiring an extremum of J under the constraints div v = 0 and N = 1. The minimum of J determines the 
smallest eigenvalue of 1/2. 


CHAPTER VI 


DIFFUSION 


§58. The equations of fluid dynamics for a mixture of fluids 


Throughout the above discussion it has been assumed that the fluid is completely 
homogeneous. If we are concerned with a mixture of fluids whose composition is different 
at different points, then the equations of fluid dynamics are considerably modified. 

We shall discuss here only mixtures with two components. The composition of the 
mixture is described by the concentration c, defined as the ratio of the mass of one 
component to the total mass of the fluid in a given volume element. 

In the course of time, the distribution of the concentration through the fluid will in 
general change. This change occurs in two ways. Firstly, when there is macroscopic motion 
of the fluid, any given small portion of it moves as a whole, its composition remaining 
unchanged. This results in a purely mechanical mixing of the fluid; although the 
composition of each moving portion of it is unchanged, the concentration of the fluid at 
any point in space varies with time. If we ignore any processes of thermal conduction and 
internal friction which may also be taking place, this change in concentration is a 
thermodynamically reversible process, and does not result in the dissipation of energy. 

Secondly, a change in composition can occur by the molecular transfer of the 
components from one part of the fluid to another. Th equalization of the concentration by 
this direct change of composition of every small portion of fluid is called diffusion. 


Diffusion is an irreversible process, and is, like thermal conduction and viscosity, one of 
the sources of energy dissipation in a mixture of fluids. 


cas Mee Nt VI viwa ARP eras Sak GH aiian w Wk Ainoana 


We denote by p the total density of the fluid. The equation of continuity for the total 
mass of the fluid is, as before, 


0p /0t + div (pY) = 0. (58.1) 


It signifies that the total mass of fluid in any volume can vary only by the movement of fluid 
into or out of that volume. It must be emphasized that, strictly speaking, the concept of 
velocity itself must be redefined for a mixture of fluids. By writing the equation of 
continuity in the form (58.1), we have defined the velocity, as before, as the total 


moamentim of unit mace af Anid 
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The Navier-Stokes equation (15.5) is also unchanged. We shall now derive the 
remaining equations of fluid dynamics for a mixture of fluids. 

In the absence of diffusion, the composition of any given fluid element would remain 
unchanged as it moved about. This means that the total derivative dc/dt would be zero, i.e. 
the equation dc/dt = ðc/ôt + v- gradc = 0 would hold. This equation can be written, 


Pod 


using (58.1), as 
0(pc)/0t + div (pev) = 
227 
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i.e. as an equation of continuity for one of the components of the mixture (pc being the 
mass of that component in unit volume). In the integral form 


ð 
z pedV = - dpev-at 


it shows that the rate of change of the amount of this component in any volume is equal to 
the amount of the component transported through the surface of that volume by the 
motion of the fluid. 

When diffusion occurs, besides the flux pev of the component in question as it moves 
with the fluid, there is another flux which results in the transfer of the components even 
when the fluid as a whole is at rest. Let i be the density of this diffusion flux, i.e. the amount 


of the EOP ses ee by diffusion through unit area in unit time.f Then we have 
for the rate of change of the amount of the component in any volume 


ð 
$ focar = = -focv-at-di-at, 


O(pc)/dt = — div (pcv) — divi. (58.2) 


or, in differential form, 


Using (58.1), we can rewrite this equation of continuity for one component in the form 


p(ĉc/ðt + v- grad c) = — divi. (58.3) 


nant 


To derive another equation, we repeat the arguments given in §49, bearing in mind that 
the thermodynamic quantities for the fluid are now functions of the concentration also. In 
calculating the derivative 0($ pv? + pe)/dt (in §49) by means of the equations of motion, we 
had to transform the terms pôe/ôt and — v» grad p. This transformation must now be 
modified, because the thermodynamic relations for the energy and the heat function now 
contain an additional term involving the differential of the concentration: 


de = T ds + (p/p”)dp + u dc, 
dw = T ds + (1/p)dp + udc, 


where yp is an appropriately defined chemical potential of the mixture. f Accordingly, an 


+ The sum of the flux densities for the two components must be pv. If the flux density for one component is 
pcv +i, that for the other component is therefore p(1 —c)v — i. 
t It is known from thermodynamics (see SP 1, §85) that, for a mixture of two substances, 


dee Tda — pdy d» 
uc ™ I Uo per + pt, dry, + #2372, 


where n,, n, are the numbers of particles of the two substances in unit mass of the mixture, and 44, #2 are the 
chemical potentials of the substances. The numbers n,, nz satisfy the relation n,m, + n,m, = 1, where m, and m, 
are the masses of the two kinds of particle. If we introduce as a variable the concentration c = n,m,, we have 


de = T ds — pav (#- -#2 )de 


1 mM 
Comparing this with the relation given in the text, we see that the chemical potential x is related to p, and u, by 
Hi py 


m my, 
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additional term pydéc/dt appears in the derivative pde/dt. Writing the second thermo- 
dynamic relation in the form 


dp = pdw— pT ds — pu dc, 


we see that the term — v- grad p will contain an additional term pyv-gradc. 
Thus we must add pu(0c/ét + v -grad c) = — pdivi to the expression (49.3). The result 
is 


G . 
g er” + pe) = —div[ pv(jv? +w)— v-o +q] + 


ô 00; 
+or(F + y-grads )—o'y Se + divq—ypdivi. (58.4) 


We have replaced — x grad T by a heat flux a, which ma y depend n 1 1 
temperature gradient but also on the concentration gradient (see . the 


sum of the last two terms on the right can be written 
div q — u div i = div (q — pi)+i-grad p. 


The expression pY ($v? + w) — v-a’ + q which is the operand of the divergence operator 
in (58.4) is, by the definition of q, the total energy flux in the fluid. The first term is the 
reversible energy flux, due simply to the movement of the fluid as a whole, while the sum 
—v-o'+qis the irreversible flux. When there is no macroscopic motion, the viscosity flux 
v-o is zero, and the heat flux is simply q. 

The equation of conservation of energy is 


ô : 
3 20r’ + pe) = —div[pv(}v? + w)—v-o'+q]. (58.5) 
Subtracting from (58.4), we obtain the required equation 
{Os 1 P | \ , Ôv; A: Yo 2 ek =) d (58 6) 
J = tY. grats |} =o ,—- — div 1)—1°grad j, : 
BEN i T (q—pi)—i-gradp (58.6) 


which is a generalization of (49.4). 

We have thus obtained a complete system of equations of fluid dynamics for a mixture 
of fluids. The number of equations in this system is one more than for a single fluid, since 
there is one more unknown function, namely the concentration. The equations are the 
equation of continuity (58.1), the Navier-Stokes equations, the equation of continuity 
(58.2) for one component, and equation (58.6), which determines the change in entropy. It 
must be noticed that equations (58.2) and (58.6) as they stand determine only the form of 
the corresponding equations of fluid dynamics, since they involve the undetermined fluxes 
i and gq. These equations become determinate only when i and q are replaced by 
expressions in terms of the gradients of concentration and temperature. The correspond- 
ing expressions will be obtained in §59. 

For the rate of change of the total entropy of the fluid, a calculation entirely similar to 
that of §49, but using (58.6) in place of (49.4), gives the result 

q- ni) grad T . fi- grad u 


5 [esar = Pa leg ai ee (58.7) 


where we have omitted, for brevity, the viscosity terms. 
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§59. Coefficients of mass transfer and thermal diffusion 


The diffusion flux i and the heat flux q are due to the presence of concentration and 
temperature gradients in the fluid. It should not be thought, however, that i depends only 
on the concentration gradient and q only on the temperature gradient. On the contrary, 
each of these fluxes depends, in general, on both gradients. 

If the concentration and temperature gradients are small, we can suppose that i and q 
are linear functions of grad » and grad T. The fluxes q and i are independent of the 
pressure gradient (for given grad H and grad T ), for the : same reason as that given with 
regard to q in §49. Accordingly, we write i and q as 


i= —a gradu — f grad T, q= —dgradu—ygrad T + pi. 


There is a simple relation between the coefficients B and 6, which is a consequence o ofa 
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Symmetry principie jor ine kinetic coefficients. 1nis symmetry principie iS as tOu0WS (s ee 
SP1, §120). 

Let us consider some closed system, and let x4, x2, . . . be some quantities characteriz- 
ing the state of the system. Their equilibrium values are determined by the fact that, in 
statistical equilibrium, the entropy S of the whole system must be a maximum, i.e. we must 
have X, = 0 for all a, where X, denotes the derivative 


= — ĝS/ðx,. (59.1) 


We assume that the system is in a state near to equilibrium. This means that all the x, are 
very little different from their equilibrium values, and the X, are small. Processes will 
occur in the system which tend to bring it into eauilibrium. The anantities x_ are functions 


occur in the system which tend to bringit into equilibrium., The quantities x, are functions 
of time, and their rate of change is given by the time derivatives X,; we express the latter as 
functions of X,, and expand these functions in series. As far as terms of the first order we 


have 


i= — E Va Xs. (59.2) 


Onsager’s symmetry principle for the kinetic coefficients states that the ya (called the 
kinetic coefficients) are symmetrical with respect to the suffixes a and b: 


Yab = Yba- (59.3) 
The rate of change of the entropy S is 


Now let the x, themselves be different at different points of the system, i.e. each volume 
element have its own values of the x,. That is, we suppose the x, to be functions of the 
coordinates. Then, in the expression for S, besides summing over a we must integrate over 
the volume of the system: 


$=- | È X,%.0V. (59.4) 
It is usually true that the values of the X, at any given point depend only on the values of the 


X, at that point. In this case we can write down the relation between x, and X, for each 
point in the system, and obtain the same formulae as previously. 
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In the problem under consideration we take as the x, the components of the vectors i 
and q — pi. Then we see from a comparison of (58.7) and (59.4) that the X, are respectively 
the components of the vectors (1/7 ) grad and (1/T ?) grad T. The kinetic coefficients y,, 
are the coefficients of these vectors in the equations 


. grad u grad T 
= —aT P\_ BT? 
tn -ar(E pe) 00 (rs) 


pix or (BMH) _ pa (ered T 
q—pi= or (NH) yr (a7) 


By the symmetry of the kinetic coefficients, we must have BT ? = ôT, or 6 = BT. This is the 
required relation. 
We can therefore write the fluxes i and q as 


i= — g grad u — f grad T, } 


q = — fT grad p — y grad T + pi, (59.5) 


with only three independent coefficients a, f, y. It is convenient to eliminate grad 4 from 
the expression for the heat flux, replacing it by i and grad 7. Then we have 


i= —& grad u — f grad T, (59.6) 
q = (u+ BT/a)i — x grad T, 

where 
k= y—f?T/a. (59.7) 


If the diffusion flux iis zero, we have pure thermal conduction. For this tp be so, T and u 
must satisfy the equation « grad u + $ grad T = 0, or adu + BdT = 0. The integration of 


this equation gives a relation of the form f(c, T)=0 which does not contain the 


coordinates explicitly. (The chemical potential is a function of the pressure, as well as of c 
and 7, but in equilibrium the pressure is constant.) This relation determines the 
dependence of the concentration on the temperature which must hold if there is no 
diffusion flux. Moreover, for i = 0 we have from (59.7) 


q= —k grad T, 


so that x is just the thermal conductivity. 
Let us now change to the usual variables p, T and c. We have 


grad u = (0u /ðc),r grad c +(0u/OT X, p grad T+ (du/dp), rgrad p. 
In the last term we use the thermodynamic relation 
dọ = —sdT + V dp+ udc, (59.8) 
where @ is the Gibbs free energy per unit mass, and V is the specific volume, obtaining 


(ôu/ôp). r= 0’p/dp dc = (6V/Ac), r 


232 Diffusion §59 
Substituting grad yu in (59.6) and putting 


E, 
p \ ee jp,r (59.9) 


pkrD/T = a(ðu/ðT ),, p +B, 


kp = p(0V/ðc), 7/(Ou/Oc), T (59.10) 

we obtain 
i = — pD(gradc + (k,/T)gradT + (k,/p)gradp], (59.11) 
q = (k;(6u/0c), -— T (Ou/6T ),,, + wli— « grad T. (59.12) 


The coefficient D is called the diffusion coefficient or mass transfer coefficient; it gives the 
diffusion flux when only a concentration gradient is present. The diffusion flux due to the 
temperature gradient is given by the thermal diffusion coefficient k „D; the dimensionless 
quantity k,is called the thermal diffusion ratio. 

The last term in (59.11) need be taken into account only when there is a considerable 
pressure gradient in the fluid (caused by an external field, say). The coefficient k, D may be 
called the barodiffusion coefficient; we shall discuss it further at the end of this section. 

In a single fluid there is, of course, no diffusion flux. Hence it is clear that k, and k, must 
vanish in each of the two limiting cases c = 0 and c = 1. 

The condition that the entropy must increase places certain restrictions on the 
coefficients in formulae (59.6). Substituting these formulae in the expression (58.7) for the 
rate of change of the entropy, we find 


2 
2 ee [ea TVi ya [ave ... (59.13) 


ot 


Hence it is clear that, besides the condition x > 0 which we already know, we must have 
also « > 0. Bearing in mind that the derivative (u/0c), -is always positive according to 
one of the thermodynamic inequalities (see SP1, §96), we therefore find that the diffusion 
coefficient must be positive: D > 0. The quantities kand k,, however, may be either 
positive or negative. 

We shall not pause to write out the lengthy general equations obtained by substituting 
the above expressions for i and q in (58.3) and (58.6). We shall take only the case where 
there is no significant pressure gradient, while the concentration and temperature of the 
fluid vary so little that the coefficients in the expressions (59.11) and (59.12) may be 
supposed constant, although they are in general functions of c and T. Furthermore, we 
shall suppose that there is no macroscopic motion in the fluid except that which may be 
caused by the temperature and concentration gradients. The velocity of this motion is 
proportional to the gradients, and the terms in equations (58.3) and (58.6) which involve 
the velocity are therefore quantities of the second order, and may be neglected. The term 
—i-grad z in (58.6) is also of the second order. Thus we have péc/ét + divi = 0, pTôs/ôt 
+ div(q — pi) = 0. 

Substituting for i and q the expressions (59.11) and (59.12) (without the term in grad p), 
and transforming the derivative s/t as follows: 


Os Os a, Os\ Oc _ OT du\ ac 
at NOT). p ôt \dc),,0t Tot \OT),. at 
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(since by (59.8) (ds/dc), r= —6°/dcOT = —(dp/6T), .), we obtain after a simple 
calculation 


ôc/ðt = D[Ac+t (k;/T) AT], (59.14) 
OT /dt — (k;/cp) (O4/Oc), Oc /Ot = XAT. (59.15) 


This system of linear equations determines the temperature and concentration distri- 
butions in the fluid. 

There is a particularly important case where the concentration is small. When the 
concentration tends to zero, the diffusion coefficient tends to a finite constant, but the 
thermal diffusion coefficient tends to zero. Hence k, is small for small concentrations, and 
we can neglect the term k} A T in (59.14), which then becomes the diffusion equation 


éc/at = DAc. (59.16) 


The boundary conditions on the solution of (59.16) are different in different cases. At 
the surface of a body insoluble in the fluid the normal component of the diffusion flux i = 
— pD grad c must vanish, i.e. we must have 0c/dn = 0. If, however, there is diffusion from a 
body which dissolves in the fluid, equilibrium is rapidly established near its surface, and 
the concentration in the fluid adjoining the body is the saturation concentration co; the 
diffusion out of this layer takes place more slowly than the process of solution. The 
boundary condition at such a surface is therefore c = Co. Finally, if a solid surface absorbs 
the diffusing substance incident on it, the boundary condition is c = 0; an example of such 
a case is found in the study of chemical reactions at the surface of a solid. 

Since the equations of pure diffusion (59.16) and of thermal conduction are of exactly 
the same form, we can immediately apply all the formulae derived in §§51 and 52 to the 
case of diffusion, simply replacing T by c and y by D. The boundary condition for a 
thermally insulating surface corresponds to that for an insoluble surface, while a surface 
maintained at a constant temperature corresponds to a soluble surface from which 
diffusion takes place. 


In particular, we can write down, by analogy with (51.5), the following solution of the 
diffusion equation: 
(y, t) ~“ (—r?/4Dt) (59.17) 
c(y, t) = —— exp (-r . . 
8p(xDt) 


This gives the distribution of the solute at any time, if at time t = 0 it is all concentrated at 
the origin (M being the total amount of the solute). 

There is an important comment to be made regarding the above discussion. The 
expressions (59.5), or (59.11) and (59.12), are the first non-vanishing terms in an expansion 
of the fluxes in terms of the derivatives of the thermodynamic quantities. It is known from 
kinetic theory (see PK, §§5, 6, 14) that such an expansion is microscopicaily (for gases) one 
in powers of l/L, the ratio of the molecular mean free path | to the characteristic distance 
L for the problem. Including terms in higher-order derivatives would imply including 
quantities of higher order in this ratio. The terms next after those shown in (59.5), formed 
from derivatives of the scalars u and T, would involve third-order derivatives, grad Ap 
and grad ^ T; there are certainly much less than those already included, in the ratio (I/L)?. 

The expressions for the fluxes may, however, also contain terms involving velocity 
derivatives. With the first-order derivatives 0v,/0x, we can construct only tensor quantities; 
these form the viscous stress tensor which appears in the momentum flux density tensor. 
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Vectors can be formed from the second-order derivatives. For example, the diffusion flux 
density vector contains terms 


i’ = pA, Av + pA, grad div v. (59.18) 


The condition that these terms be small in comparison with those which already appear 
in (59.11) and (59.12) leads to further conditions on the validity of the latter. For example, 
if it is meaningful to retain the grad p term in (59.11) while omitting the terms (59.18), we 
must have 


D(p2—p,)/pL > AU/L?, 


where p, — p; is a characteristic pressure drop over the distance L, and U is a characteristic 
velocity drop; in this estimate, we have put k, ~ 1 (see Problem). According to kinetic 
theory, D and 4 can be expressed in terms of quantities describing the thermal motion of 
the gas molecules. It is evident from dimensional considerations that 4/D ~ | /v,, where v; 
is the mean thermal velocity of the molecules. Using also the fact that the gas pressure 
p ~ pv è, we obtain the condition 


P2— Py > pu Ul/L. (59.19) 


This is by no means necessarily satisfied. On the contrary, in the important case of 
steady flow at low Reynolds numbers, the grad p and Av terms in the diffusion flux have 
the same order of magnitude (Yu. M. Kagan 1962). For this flow, the pressure gradient is 
related to the velocity derivatives by (20.1): 


we assume that the gas may be regarded as incompressible. The kinematic viscosity is 
v ~ vrl, and this equation therefore gives 
P2— Pi ~ pvU/L ~ pv, Ul/L, 


instead of the inequality (59.19). Since Av is expressible directly in terms of grad p by 
(20.1), the need to include the grad p and Av terms at the same time signifies that the 
barodiffusion coefficient k, is replaced by an effective coefficient 

(Kae = kp — pAs/pvD. (59.21) 


Note that it is therefore a kinetic quantity and not a purely thermodynamic one like k, in 
(59.10). 


PROBLEM 
Determine the barodiffusion coefficient for a mixture of two perfect gases. 


SOLUTION. We have for the specific volume V = kT (n, +n2)/p (the notation is that used in the second 
footnote to §58), and the chemical potentials are (see SP 1, §93) 


Hı = fi(p, T)+ Tlog[m/(m +n2)), 
M2 = f2(p, T)+ Tlog[n/(n, + n2)). 
The numbers n, and n, are expressed in terms of the concentration of the first component by n,m, = c, 


aabavslatian ff 4m 


mm, = i—c. A calculation using formula (59.10) gives 


k, = (mọ —m,)c(1 -o|- = +< |. 
m2 m, 
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§60. Diffusion of particles suspended in a fluid 


Under the influence of the molecular motion in a fluid, particles suspended in the fluid 
move in an irregular manner (called the Brownian motion). Let one such particle be at the 
origin at the initial instant. Its subsequent motion may be regarded as a diffusion, in which 
the concentration is represented by the probability of finding the particle in any particular 


volume element. To determine this probability, therefore, we can use the solution (59.17) 
of the diffusion eauation. The nossihility of this procedure is due to the fact that. for 
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diffusion in weak solutions (i.e. when c < 1, which is when the diffusion equation can be 
used in the form (59.16)), the particles of the solute hardly affect one another, and so the 
motion of each particle can be considered independently. 

Let w(r, t) dr be the probability of finding the particle at a distance between r and r + dr 
from the origin at time t. Putting in (59.17) M/p = 1 and multiplying by the volume 
4nr? dr of the spherical shell, we find 


1 
t)dr = —r? 2dr. 
w(r, t)dr IJa exp(—r*/4Dt)r* dr (60.1) 
Let us determine the mean square distance from the origin at time t. We have 
2! 2 
CS | r°w(r, t)dr. (60.2) 
0 
The result, using (60.1), is 
r? = 6Dt. (60.3) 


Thus the mean distance travelled by the particle during any time is proportional to the 
square root of the time. 

The diffusion coefficient for particles suspended in a fluid can be calculated from what is 
called their mobility. Let us suppose that some constant external force f (the force of 
gravity, for example) acts on the particles. Ina steady state, the force acting on each particle 
must be balanced by the drag force exerted by the fluid on a moving particle. When the 
velocity is small, the drag force is proportional to it and is v/b, say, where b is a constant. 
Equating this to the external force f, we have 


vy = Df, (60.4) 


ie. the velocity acquired by the particle under the action of the external force is 
proportional to that force. The constant b is called the mobility, and can in principle be 
calculated from the equations of fluid dynamics. For example, for spherical particles with 
radius R, the drag force is 6mnRv (see (20.14)), and therefore the mobility is 


b = 1/6xnR. (60.5) 


For non-spherical particles, the drag depends on the direction of motion; it can be 
written in the form a,,v,, where a; is a symmetrical tensor (see (20.15)). To calculate the 
mobility we have to average over all orientations of the particle; if a,, a,, a, are the 


nrincinal values of the symmetrical tensor a... then 
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b= (eti) (60.6) 
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The mobility b is simply related to the diffusion coefficient D. To derive this relation, we 
write down the diffusion flux i, which contains the usual term — pD gradc due to the 
concentration gradient (we suppose the temperature constant), and also a term involving 
the velocity acquired by the particle owing to the external forces. This latter term is 
evidently pcv = pcbf. Thust 


i= — pD grad c + pcbf. (60.7) 
This can be rewritten as 
pD 
= ———— grad u + pcbf, 
(pu/0c);, 
where yu is now the chemical potential of the suspended particles (which act as the solute). 
The dependence of this potential on the concentration (in a weak solution) is 


u= Tlogc+(p, T) 
(see SP 1, §87), so that 


i= —(pDc/T ) grad p + pcbf. 


In thermodynamic equilibrium, there is no diffusion, and i must be zero. On the other 
hand, when an external field is present, the condition of equilibrium requires + U to be 
constant throughout the solution, where U is the potential energy of a suspended particle 
in that field. Then grad u = — grad U = —f, and the equation i = 0 gives 


D = Tb. (60.8) 
This is Einstein’s relation between the diffusion coefficient and the mobility. 
Substituting (60.5) in (60.8), we find the following expression for the diffusion coefficient 
for spherical particles: 
D = T/6nnR. (60.9) 


Besides the translatory Brownian motion and diffusion of suspended particles, we may 
consider also their rotary Brownian motion and diffusion. Just as the translatory diffusion 
coefficient is calculated in terms of the drag force, so the rotary diffusion coefficient can be 


expressed in terms of the moment of the forces on a particle executing a rotary movement 
in the fluid. 


PROBLEMS 


PROBLEM 1. Particles execute Brownian motion in a fluid bounded on one side by a plane wall; particles 
incident on the wall “adhere” to it. Determine the probability that a particle which is at a distance x, from the wall 


at time t = 0 will have adhered to it after a time t 
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SOLUTION. The probability distribution w(x, t) (where x is the distance from the wall) is determined by the 
diffusion equation, with the boundary condition w = 0 for x = 0 and the initial condition w = 6(x — x9) for 
t = 0. Such a solution is given by formula (52.4) when T is replaced by w, x by D, and wo (x’) in the integrand 
by 6(x’—x,). We then obtain 


w(x, D= saa {exp[ — (x — xo)’/4Dt] — exp[ — (x + xo)”/4Dt]}. 


t Here c may be defined as the number of suspended particles per unit mass of the fluid, and i as their number 
flux density. 
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The probability of adhering to the wall per unit time is given by the diffusion flux Dôw/ôx for x = 0, and the 
required probability W (t) over the time t is 


W() =D f [éw/dx],, =o dt. 
0 


Substituting for w, we find 
W (t) = 1 —erf[xo/2 /(D9]. 


PROBLEM 2. Determine the order of magnitude of the time t during which a particle suspended in a fluid turns 
through a large angle about its axis. 


SOLUTION. The required time t is that during which a particle in Brownian motion moves over a distance of 
the order of its linear dimension a. According to (60.3) we have t ~ a?/D, and by (60.9) D ~ T/na. Thus 
3 
t~na/T. 


CHAPTER VII 


SURFACE PHENOMENA 


§61. Laplace’s formula 


In this chapter we shall study the phenomena which occur near the surface separating 


two continuous media (in reality, of course, the media are separated by a narrow 
transitional! laver, but this is so thin that it mav be regarded as a surface). If the surface of 
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separation is curved, the pressures near it in the two media are different. To determine the 
pressure difference (called the surface pressure), we write down the condition that the two 
media be in thermodynamic equilibrium together, taking into account the properties of 
the surface of separation. 

Let the surface of separation undergo an infinitesimal displacement. At each point of the 
undisplaced surface we draw the normal. The length of the segment of the normal lying 
between the points where it intersects the displaced and undisplaced surfaces is denoted by 
6¢. Then a volume element between the two surfaces is 6¢d f, where df is a surface element. 
Let p, and p, be the pressures in the two media, and let ô¢ be reckoned positive if the 
displacement of the surface is towards medium 2 (say). Then the work necessary to bring 
about the above change in volume is 


[Cr +pnscas 


The total work ôR done in displacing the surface is obtained by adding to this the work 
connected with the change in arca of the surface. T his pari of the work is proportionai to 
the change ôf in the area of the surface, and is «ôf, where « is called the surface-tension 


coefficient. Thus the total work is 
ôR = for — pr) Cd f+ adf. (61.1) 


The condition of thermodynamic equilibrium is, of course, that ôR be zero. 

Next, let R, and R, be the principal radii of curvature at a given point of the surface; we 
reckon R, and R, as positive if they are drawn into medium 1. Then the elements of length 
dl, and dl, on the surface in its principal sections receive increments (6¢/R,)dl, and 
(6C/R,)dl, respectively when the surface undergoes an infinitesimal displacement: here 
di, and dl, are regarded as elements of the circumference of circles with radii R, and R3. 
Hence the surface element df= dl, dl, becomes, after the displacement, 


dl, (1+6¢/R,)dl,(1+060/R2) = dl, dl,(1+6C/R, +6C/R2), 


Le. it changes by d€df(1/R, + 1/R2). Hence we see that the total change in area of the 
surface of separation is 
1 1 
ôf = | ô | — +— ]df. 61.2 
if | 4 ( R, x) VE (61.2) 
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Substituting these expressions in (61.1) and equating to zero, we obtain the equilibrium 


condition in the form 


This condition must hold for every infinitesimal er of the surface, i.e. for all 5¢. 
Hence the expression in braces must be identically equal to zero: 


Pı- P2 = (e+e) (61.3) 


This is Laplace’s formula, which gives the surface pressure.t We see that, if R; and R, are 
positive, p, — p2 > 0. This means that the pressure is greater in the medium whose surface 


isconvex. If R; = R, = 0, ie. the surface of separation is plane, the pressure is the same in 


either medium, as we should expect. 

Let us apply formula (61.3) to investigate the mechanical equilibrium of two adjoining 
media. We assume that no external forces act, either on the surface of separation or on the 
media themselves. Then the pressure is constant in each body. Using formula (61.3), wecan 
therefore write the equation of equilibrium as 


1 1 
R, + R,” = constant. (61.4) 


Thus the sum of the curvatures must be a constant over any free surface of separation. If 
the whole surface is free. the condition (61 A) means that it must be snherical (for instance 
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the surface of a small drop, for which the effect of gravity may be neglected). If, however, 
the surface is supported along some curve (for instance, a film of liquid on a solid frame), 
its shape is less simple. 

When the condition (61.4) is applied to the equilibrium of thin films supported on a solid 
frame, the constant on the right must be zero. For the sum 1/R, + 1/R, must be the same 
everywhere on the free surface of the film, while on opposite sides of the film it must have 
opposite signs, since, if one side is convex, the other side is concave, and the radii of 
curvature are the same with opposite signs. Hence it follows that the equilibrium condition 
for a thin film is 


1 1 
R, + RT 0. (61.5) 
Let us now consider the equilibrium condition on the surface of a medium in a 
gravitational field. We assume for simplicity that medium 2 is simply the atmosphere, 
whose pressure may be regarded as constant over the surface, and that medium 1 is an 
incompressible fluid. Then we have p, = constant, while p,, the fluid pressure, is by (3.2) 
pı = constant — pgz, the coordinate z being measured vertically upwards. Thus the 


equilibrium condition becomes 


1 PE: gpz 
—+— +m = t. 61.6 
R, TR + i constan (61.6) 


t The proof given here differs from that in SP 1, §156, essentially only in that here we are considering a surface 
of separation having any shape, not necessarily spherical. 


FM-1 
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It should be mentioned that, to determine the equilibrium form of the surface of the 
fluid in particular cases, it is usually convenient to use the condition of equilibrium, not in 
the form (61.6), but by directly solving the variational problem of minimizing the total free 
energy. The internal free energy of an incompressible fluid depends only on the volume of 
the fluid, and not on the shape of its surface. The latter affects, firstly, the surface free energy 
fa dfand, secondly, the energy in the external field (gravity), which is gp f z dV. Thus the 
equilibrium condition can be written 


a fy +gp |- dV = minimum. (61.7) 


The minimum is to be determined subject to the condition 


which expresses the fact that the volume of the fluid is constant. 
The constants «, p and g appear in the equilibrium conditions (61.6) and (61.7) only in 
the form «/gp. This ratio has the dimensions cm. The length 


a = \/(2a/9p) (61.9) 


is called the capillary constant for the substance concerned. The shape of the fluid surface 
is determined by this quantity alone. If the capillary constant is large compared with the 
dimension of the medium, we may neglect gravity in determining the shape of the surface. 

In order to find the shape of the surface from the condition (61.4) or (61.6), we need 
formulae which determine the radii of curvature, given the shape of the surface. These 
formulae are obtained in differential geometry, but in the general case they are somewhat 
complicated. They are considerably simplified when the surface deviates only slightly from 
a plane. We shail derive the appropriate formula directly, without using the general results 
of differential geometry. 

Let z = C(x, y) be the equation of the surface; we suppose that ¢ is everywhere small, i.e. 
that the surface deviates only slightly from the plane z = 0. As is well known, the area fof 
the surface is given by the integral 


B ôt 2 ot 2 
NEE E Joo 
or, for small ¢, approximately by 
2 2 
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The variation df is 


_ [fae ade al at 
of = ies eat dx dy. 


t For water (e.g.), a = 0-39 cm at 20°C. 
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Integrating by parts, we find 


2 2 
of = - (Z; T i) oe dxdy. 


Comparing this with (61.2), we obtain 
1 aie re e7¢ 
R, aie \ Ox? toy? J: 


(61.11) 


This is the required formula; it determines the sum of the curvatures of a slightly curved 
surface. 

When three adjoining media are in equilibrium, the surfaces of separation are such that 
the resultant of the surface-tension forces is zero on the common line of intersection. This 
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condition implies that the surfaces of separation must intersect at angles (called angles of 


contact) determined by the values of the surface-tension coefficients. 

Finally, let us consider the question of the boundary conditions that must be satisfied at 
the boundary between two fluids in motion, when the surface-tension forces are taken into 
account. If the latter forces are neglected, we have at the boundary between the fluids 
N, (62,ik — 91, i) = 0, which expresses the equality of the forces of viscous friction on the 
surface of each fluid. When the surface tension is included, we have to add on the right- 
hand side a force determined in magnitude by Laplace’s formula and directed along the 
normal: 


This equation can also be written 


1 1 
(Pi — P2) ni = (6's, ix — O'2, ik) M rafi +z) ni. (61.13) 


If the two fiuids are both ideal, the viscous stresses o’ , are zero, and we return to the simple 
equation (61.3). 

The condition (61.13), however, is still not completely general. The reason is that the 
surface-tension coefficient « may not be constant over the surface (for example, on account 
of a variation in temperature). Then, besides the normal force (which is zero for a plane 
surface), there is another force tangential to the surface. Just as there is a body force 
— grad p per unit volume in cases where the pressure is not uniform, so we have here a 
tangential force f, = grad « per unit area of the surface of separation. In this case we take 
the positive gradient, because the surface-tension forces tend to reduce the area of the 
surface, whereas the pressure forces tend to increase the volume. Adding this force to the 
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right-hand side of Cquauion (01.13), we obtain the boundary condition 


1 1 i i ôx 
[ps pa—a( et) |= nazon: (61.14) 


the unit normal vector n is directed into medium 1. We notice that this condition can be 
satisfied only for a viscous fluid: in an ideal fluid, o’; = O and the left-hand side of equation 
(61.14) is a vector along the normal, while the right-hand side is in this case a tangential 
vector. This equality cannot hold, except of course in the trivial case where both sides are 
zero. 
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PROBLEMS 


PROBLEM 1. Determine the shape of a film of liquid supported on two circular frames with their centres ona 
line perpendicular to their planes, which are parallel; Fig. 41 shows a cross-section of the film. 


ty 
7 

| 
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SOLUTION. The problem amounts to that of finding the surface having the smallest area that can be formed by 
the revolution about the line r = Oof a curve z = z(r) which passes between two given points A and B. The area of 
a surface of rotation is 


22 
f=2n | F (r,r')dz, F =r( +r}, 
Zi 


where r' = dr/dz. The first integral of Euler’s equation for the problem of minimizing such an integral (with F 
independent of z) is 


F —r' oF /ér' = constant. 
In the present case, this gives 
r=c (l +r?) 


whence we have by integration r = c, cosh[ {z — cz)/c;, ]. Thus the required surface (called a catenoid) is tha 
formed by the revolution of a catenary. The constants c, and c} must be chosen so that the curve r (z) passes 
through the given points A and B. The value of c, depends only on the choice of the origin of z. For the constant 
c,, however, two values are obtained, of which the larger must be chosen (the smaller does not give a minimum of 
the integral). 

When the distance h between the frames increases, it reaches a value for which the equation for the constant c, 
no longer has a real root. For greater values of h, only the shape consisting of one film on each frame is stable. For 
example, for two frames with equal radius R the catenoid form is impossible for a distance h between the frames 
greater than 1-33 R. 


PROBLEM 2. Determine the shape of the surface of a fluid ina gravitational field and bounded on one side by a 
vertical plane wall. The angle of contact between the fluid and the wall is @ (Fig. 42). 
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SOLUTION. We take the coordinate axes as shown in Fig. 42. The plane x = O is the plane of the wall, and z = 0 
is the plane of the fluid surface far from the wall. The radii of curvature of the surface z = z(x)are R, = œ, R, = 
—(1+2z'2)3/z”, so that equation (61.6) becomes 


2z z” 
z — 0+2) = constant, (1) 


where a is the capillary constant. For x = œ we must have z = 0, 1/R, = 0, and the constant is therefore zero. A 
first integral of the resulting equation is 


1 z? 
Jarr 4 5 


From the condition at infinity (z = z’ = 0 for x = œ) we have A = 1. A second integration gives 


= 0), we have z’ = —cot@ 
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where h = a / (1 — sin 8) is the height to which the fluid rises at the wall itself. 


PROBLEM 3. Determine the shape of the surface of a fluid rising between two parallel vertical flat plates (Fig. 
43). 


SOLUTION. We take the yz-plane half-way between the two plates, and the xy-plane to coincide with the fluid 
surface far from the plates. In equation (1) of Problem 2, which gives the condition of equilibrium and is therefore 
valid everywhere on the surface of the fluid (both between the plates and elsewhere), the conditions at x = 00 
again give the constant as zero. In the integral (2), the constant A is now different according as |x| > 4d or 
|x| < 4d (the function z(x) having a discontinuity for |x| = 4d). For the space between the plates, the conditions 
are z’ = 0 for x = 0 and z’ = cot@ for x = 4d, where @ is the angle of contact. According to (2) we have for the 
heights zo = z(0) and z, = z(4d): zo = a,/(A — 1), z, = a,/(A —sin6). Integrating (2), we obtain 

z ay (A —cosé) 
(A —2z?/a?) dz i | cosé dé 


J Jd- cose)’ 


=*= | Jü- a-z] 
Zo 1 0 
where č is a new variable related to z by z = aJ (A — cos č). This is an elliptic integral, and cannot be expressed in 
terms of elementary functions. The constant A is found from the condition that z = z, for x = $d, or 
4n-0 
cos č dé 
d=a LL, 
| /(A -cosé) 
o 
The formulae obtained above give the shape of the fluid surface in the space between the plates. As d — 0, A tends 
to infinity. Hence we have for d < a 


4n-6 
d = —— ( cosé dé = — cos 
VA J VA 


or A = (a?/d*) cos” @. The height to which the fluid rises is z) = z, x (a?/d) cos 6; this formula can also be 
obtained directly, of course. 
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PROBLEM 4. A thinnon-uniformly heated layer of fluid rests under gravity on a horizontal plane solid surface; 
its temperature is a given function of the coordinate x in the plane, and (because the layer is thin) may be 
supposed independent of the coordinate z across the layer. The non-uniform heating results in the occurrence of 
a steady flow, and its thickness ¢ consequently varies in the x-direction. Determine the function ¢ (x). 


SOLUTION. The fluid density p and the surface tension a are, together with the temperature, known functions 
of x. The fluid pressure p = py + pg({ — z), where po is the atmospheric pressure (the pressure on the free surface); 
the variation of pressure due to the curvature of the surface may be neglected. The fluid velocity in the layer may 


be supposed everywhere paralici to the x-axis. The equation of motion is 
nd? v/62” = dp/dx = g[d(pl)/dx — z dp/dx]. (1) 


On the solid surface (z = 0) we have v = 0, while on the free surface (z = {) the boundary condition (61.14) must 
be fulfilled; in this case it is ņ[dv/dz]; =; = da/dx. Integrating equation (1) with these conditions, we obtain 


nv = gz ( — $2) d (pl) /dx —$9z (30? — 2?) dp/dx — z da/dx. (2) 


Substituting (2), we find 


which determines the function ¢ (x). eee we obtain 


g = s- fo -tda + = (3) 
If the temperature (and therefore p and a) varies only slightly, then (3) can be written 


C? = Co? (Po/P)}?+3 (a — a0)/ p9, 
where ¢o is the value of ¢ at a point where p = po and a = a. 


§62. Capillary waves 


Fluid surfaces tend to assume an equilibrium shape, both under the action of the force 
of gravity and under that of surface-tension forces. In studying waves on the surface of a 
fluid in §12, we did not take the latter forces into account. We shall see below that 
capillarity has an important effect on gravity waves with short wavelength. 

As in §12, we suppose the amplitude of the oscillations small compared with the 
wavelength. For the velocity potential we have as before the equation ^¢ = 0. The 
condition at the surface of the fluid is now different, however: the pressure difference 
between the two sides of the surface is not zero, as we supposed in §12, but is given by 
Laplace’s formula (61.3). 

We denote by ¢ the z coordinate of a point on the surface. Since ¢ is small, we can use the 
expression (61.11), and write Laplace’s formula as 


al t @ 5 
P— Po = KEN a2 Pans ðy? . 
y 
Here p is the pressure in the fluid near the surface, and po is the constant external pressure. 


For pw erab uie, seeording: o (12. 2), 
p = —pgl— p0g/at, 
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obtaining 


Ti) ae are ; 
palt+p=-—a (5 T = 0; 


for the same reasons as in §12, we can omit the constant po if we redefine ¢. Differentiating 
this relation with respect to t, and replacing ô¢/ôt by 0¢/0z, we obtain the boundary 
condition on the potential ¢: 


d 2 I (2, #4 
PI a, Pa *Bz\ ax?” By? 


) =0 for z=0. (62.1) 
Let us consider a plane wave propagated in the direction of the x-axis. As in §12, we 


obtain a solution in the form @ = Ae* cos (kx — wt). The relation between k and @ is now 
obtained from the boundary condition (62.1), and is 


œw? = gk + ak3/p (62.2) 


(W. Thomson 1871). 

We see that, for long wavelengths such that k < yy (gp/a), or k < 1/a (where a is the 
capillary constant), the effect of capillarity may be neglected, and we have a pure gravity 
wave. In the opposite case of short wavelengths, the effect of gravity may be neglected. 
Then 


œ? = ak3/p. (62.3) 


Such waves are called capillary waves or ripples. Intermediate cases are referred to as 
capillary gravity waves. 

Let us also determine the characteristic oscillations of a spherical drop of incom- 
pressible fluid under the action of capillary forces. The oscillations cause the surface of the 
drop to deviate from the spherical form. As usual, we shall suppose the amplitude of the 


one 
1 
oscillations to be small. 


We begin by determining the value of the sum 1/R,+1/R, for a surface slightly 
different from that of a sphere. Here we proceed as in the derivation of formula (61.11). 
The area of a surface given in spherical polar toordinatest r, 0, @ by a function r = r (0, $) 


is 
2r R 3 , 
i =| | J I +(35) + ara (38) |rsine ao ag. (62.4) 


A spherical surface is given by r = constant = R (where R is the radius of the sphere), and a 
neighbouring surface by r = R +¢, where ¢ is smaili. Substituting in (62.4), we obtain 


approximately 
( at 1 fat?) . 
[fera T talg) } sin 0 dé dọ. 
0 


+ In the remainder of this section ¢ denotes the azimuthal angle, and we denote the velocity potential by w. 


f= 


P 
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Let us find the variation ôf in the area when ¢ changes. We have 


2R R 


acdst 1 atst. 
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Integrating the second term by parts with respect to 0, and the third by parts with respect 
to ġ, we obtain 


2r n 
es 1 ae ; 
ôf = | [O sind TAC noz )- int 362 ôç sind dé dọ. 


If we divide the expression in braces by. R(R + 20), the resulting coefficient of d¢df 


mN ANA ic ia it 
= d¢R(R + 20) sin? dé dọ in the integrand is, by formula (61.2), just the required sum of 


the curvatures, correct to terms of the first order in ¢. Thus we find 


1 1 2 X 1 1 @¢ 1 af. 6 
—+— = --+4-— (-55 — = O— j}. 62.5 

RI'R, R R? ae taala 36 (6%) 
The first term corresponds to a spherical surface, for which R; = R, = R. 


The velocity potential y satisfies Laplace’s equation Aw = 0, with a boundary 
condition at r = R like that for a plane surface: 


E a a E Oe | 
Pan "YR R? R?|sind 06\9"” a0) t sinza ag? |f * 


The constant pp + 2a/R can again be omitted; differentiating with respect to time and 
putting 0(/ot = v, = Ow /dr, we have finally the boundary condition on Ņ: 


wy af ôy af 1 3f. õpi 1 yN 
Pat RY? or +a | sind 30( 884 6)” sin?0 dg? |f 


for r=R. (62.6) 


We shall seek a solution in the form of a stationary wave: y = e ‘“' f(r, 0, @), where the 
function f satisfies Laplace’s equation, A f = 0. As is well known, any solution of Laplace’s 
equation can be represented as a linear combination of what are called volume spherical 
harmonic functions r'Y,,,(0,@), where Y,,(0,) are Laplace’s spherical harmonics: 
Yim (8, $) = P" (cos6)e'"*. Here P?” (cos6) = sin” 0 d™ P, (cos@)/d (cos@)” is what is called 
an associated Legendre function, P,(cos@) being the Legendre polynomial of order I. As is 
well known, l takes all integral values from zero upwards, while m takes the values 0, + 1, 
+2,..., L 
Accordingly, we seek a particular solution of the problem in the form 


y = Ae~'*'r' P™ (cos) e'™?. (62.7) 

The frequency w must be such as to satisfy the boundary condition (62.6). Substituting the 
expression (62. 7) and using the fact that the spherical harmonics Yin satisfy 

d ô sind vim \+ = 8? Y,m 

in 00 06 sin? 0 ag? 


™ + 1(1+1) Ym = 0, 
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we find (cancelling y) 
pœ? + lao[2—I(i+1)]/R*? = 0, 
or 
2 = al(l— 1) (1+ 2)/pR? (62.8) 


(Rayleigh 1879). 

This formula gives the eigenfrequencies of capillary oscillations of a spherical drop. We 
see that it depends only on /, and not on m. To a given l, however, there correspond 2/ + 1 
different functions (62.7). Thus each of the frequencies (62.8) corresponds to 2/+ 1 
different oscillations. Independent oscillations having the same frequency are said to be 
degenerate; in this case we have (21 + 1)-fold degeneracy. 

The expression (62.8) vanishes for! = Qand / = 1. The value ] = 0 would correspond to 


radial oscillations, i.e. to spherically symmetrical pulsations of the drop; in an incom- 
pressible fluid such oscillations are clearly impossible. For / = 1 the motion is simply a 
translatory motion of the drop as a whole. The smallest possible frequency of oscillations 


of the drop corresponds to l = 2, and is 
Onin = / (8a/p R*). (62.9) 


PROBLEMS 


surface of a , liquid with depth h. 


SOLUTION. Substituting in the condition (62.1) ¢ = A cos(kx — wt) cosh k(z +h) (cf. §12, Problem 1), we 
obtain w? = (gk + ak? /p) tanh kh. For kh > 1 we return to formula (62.2), while for long waves (kh < 1) we have 
w? = ghk? + ahk*/p. 


PROBLEM 2. Determine the damping coefficient for capillary waves. 
SOLUTION. Substituting (62.3) in (25.5), we find y = 2nk?/p = 2nw*3/p'392°, 


PROBLEM 3. Find the condition for the stability of a horizontal tangential discontinuity in a gravitational 
field, taking account of surface tension (the fluids on the two sides of the surface of discontinuity being supposed 
different (W. Thomson 1871). 


SOLUTION. Let U be the velocity of the upper fluid relative to the lower. On the original flow we superpose a 
perturbation periodic in the horizontal direction, and seek the velocity potential in the form 
$ = Ae* cos (kx — wt) in the lower fluid, 
¢' = A’e~™ cos (kx — wt) + Ux in the upper fluid. 


For the lower fluid we have on the surface of discontinuity v, = 0¢/0z = 0¢/0t, where ¢ is a vertical coordinate in 
the surtace of discontinuity, and for the upper fluid 


v’, = 06'/dz = UdE/dx + a /at. 
The condition of equal pressures in the two fluids at the surface of discontinuity is 
pag /at + pgl — a6? /dx? = p'dg' /dt + p'gl +4p'(v? — U?) 


only terms of the first order in A’ need be retained in expanding the expression v’? —U?. We seek the 
displacement ¢ in the form [ = asin(kx — wt). Substituting ¢, 4’ and [in the above three conditions for z = 0, we 
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obtain three equations from which a, A and A’ can be eliminated, ‘leaving 
IPU [ee k*pp'U* | ak? | 
pt+p pt+p' (+p? PHP 
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In order that this expression should be real for all k, it is necessary that 
U* < 4ag(p— p')(p +p} p. 
If this condition does not hold, there are complex œw with a positive imaginary part, and the motion is unstable. 


§63. The effect of adsorbed films on the motion of a liquid 


The presence on the surface of a liquid of a film of adsorbed material may have a 
considerable effect on the hydrodynamical properties of the surface. The reason is that, 
when the shape of the surface changes with the motion of the liquid, the film is stretched or 
compressed, i.e. the surface concentration of the adsorbed substance is changed. These 
changes result in the appearance of additional forces which have to be taken into account 
in the boundary conditions at the free surface. 

Here we shall consider only adsorbed films of substances which may be regarded as 
insoluble in the liquid. This means that the substance is entirely on the surface, and does 
not penetrate into the liquid. If the adsorbed substance is appreciably soluble, it is 
necessary to take into account the diffusion of it between the surface film and the volume of 
the liquid when the concentration of the film varies. 

When the adsorbed material is present, the surface-tension coefficient « is a function of 
the surface concentration of the material (the amount of it per unit surface area), which we 
denote by y. If y varies over the surface, then the coefficient « is also a function of the 
coordinates in the surface. The boundary condition at the surface of the liquid therefore 
includes a tangential force, which we have already discussed at the end of §61 (equation 
(61.14)). In the present case, the gradient of « can be expressed in terms of the surface 
concentration gradient, so that the tangential force on the surface is 


f; = (Oa/Oy) grad y. (63.1) 


It has been mentioned in §61 that the boundary condition (61.14), in which this force is 
taken into account, can be satisfied only for a viscous fluid. Hence it follows that, in cases 
where the viscosity of the liquid is small, and unimportant as regards the phenomenon 
under consideration, the presence of the film can be ignored. 

To determine the motion of a liquid covered by a film we must add to the equations of 
motion, with the boundary condition (61.14), a further equation, since we now have 
another unknown quantity, the surface concentration y. This further equation is an 
equation of continuity, expressing the fact that the total amount of adsorbed material in 
the film is unchanged. The actual form of the equation depends on the shape of the surface. 
If the latter is plane, then the equation is evidently 


Oy /Ot + d(yv,)/Ox + d(yv,)/dy = 0, (63.2) 


where all quantities have their values at the surface (taken as the xy-plane). 

The solution of problems of the motion of a liquid covered by an adsorbed film is 
considerably simplified in cases where the film may be supposed incompressible, i.e. we 
may assume that the area of any surface element of the film remains constant during the 
motion. 

An example of the important hydrodynamic effects of an adsorbed film is given by the 
motion of a gas bubble in a viscous liquid. If there is no film on the surface of the bubble, 
the gas inside it moves also, and the drag force exerted on the bubble by the liquid is not the 
same as the drag on a solid sphere with the same radius (see §20, Problem 2). If, however, 
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the bubble is covered by a film of adsorbed material, it is clear from symmetry that the film 
remains at rest when the bubble moves. For a motion in the film could occur only along 
meridian lines on the bubble surface, and the result would be that material would 
continually accumulate at one of the poles (since the adsorbed material does not penetrate 
into the liquid or the gas); this is impossible. Besides the velocity of the film, the gas velocity 
at the surface of the bubble must also be zero, and with this boundary condition the gas in 
the bubble must be entirely at rest. Thus a bubble covered by a film moves like a solid 
sphere and, in particular, the drag on it (for small Reynolds numbers) is given by Stokes’ 
formula. This result is due to V. G. Levich. 


PROBLEMS 


PROBLEM 1. Two vessels are joined by a jong deep channel with width a and length į, with piane parallel walis. 
The surface of the liquid in the system is covered by an adsorbed film, and the surface concentrations y, and y, of 
the film in the two vessels are different. There results a motion near the surface of the liquid in the channel. 
Determine the amount of film material transported by this motion. 


SOLUTION. We take the plane of one wall of the channel as the xz-plane, and the surface of the liquid as the xy- 
plane, so that the x-axis is along the channel; the liquid is in the region z < 0. There is no pressure gradient, so that 
the equation of steady flow is (cf. §17) 


ðv v 
ay? T” m 


where v is the liquid velocity, which is evidently in the x-direction. There is a concentration gradient dy/dx along 
the channel. At the surface of the liquid in the channel we have the boundary condition 


nov/dz =da/dx for z=0. (2) 
At the channel walls the liquid must be at rest, i.e. 
v=0 for y=0 and y=a. (3) 
The channel depth is supposed infinite, and so 
v=0 for z>-o. (4) 


Particular solutions of equation (1) which satisfy the conditions (3) and (4) are 
v, = constant x exp [ (2n + 1)2z/a] sin (2n + I) ay/a, 
with n integral. The condition (2) is satisfied by the sum 


4a da © exp[(2n+1)2z/a] sin (2n + 1)ny/a 
= yn? dx iy (2n +1)? f 


The amount of film material transferred per unit time is 


f 8a? / 2 1 da 
Q= | rlet-0 dy= ie (È ahi ; 
o 


the motion being in the direction of « increasing. The value of Q must obviously be constant along the channel. 
Hence we can write 


i ay 


= constant | di ! f da 
— = S =z- — = — $ 
vax des ea 


0 az 


where a, = a(7,), %2 = a (y2), and we assume that «, > «,. Thus we have finally 
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PROBLEM 2. Determine the damping coefficient for capillary waves on the surface of a liquid covered by an 
adsorbed film. 


SOLUTION. Ifthe viscosity of the liquid is not too great, the stretching (tangential) forces exerted on the film by 
the liquid are small, and the film may therefore be regarded as incompressible. Accordingly, we can calculate the 


energy dissipation as if it took place at a solid wall, i.e. from formula (24.14). Writing the velocity potential in the 
form 


¢ = do eikx— iat 9 —kz 
we obtain for the dissipation per unit area of the surface 


Exin = — Vena) ikbo!?. 
The total energy (also per unit area) is 


E=p | 1? dz = 4p [ko |*/k. 
The damping coefficient is (using (62.3)) 
2 œ lón? ae aa 
Y= 2/201 pi/6 z 2 2P“ 


The ratio of this quantity to the damping coefficient for capillary waves on a clean surface (§62, Problem 2) is 
(ap/ky?)'/*/4, /2, and is large compared with unity unless the wavelength is extremely short. Thus the presence 
of an adsorbed film on the surface of a liquid leads to a marked increase in the damping coefficient. 


CHAPTER VIII 


SOUND 


§64. Sound waves 


We proceed now to the study of the flow of compressible fluids, and begin by 
investigating small oscillations; an oscillatory motion with small amplitude in a 


compreccthle Amid ic called a cound wane At each noint in the fluid a cound wave cance 
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alternate compression and rarefaction. 

Since the oscillations are small, the velocity v is small also, so that the term (v- grad)v in 
Euler’s equation may be neglected. For the same reason, the relative changes in the fluid 
density and pressure are small. We can write the variables p and p in the form 


P=Po +p, P= pot p, (64.1) 


where po and po are the constant equilibrium density and pressure, and p’ and p’ are their 
variations in the sound wave (p’ < po, p’ < po). The equation of continuity ĉp/ôt + div (py) 
= 0, on substituting (64.1) and neglecting small quantities of the second order (p’, p’ and v 
being of the first order), becomes 


dp'/dt + po div v = 0. (64.2) 


Euler’s equation 


Ov/dt + (1/po)gradp’ = 0. (64.3) 


The condition that the linearized equations of motion (64.2) and (64.3) should be 
applicable to the propagation of sound waves is that the velocity of the fluid particles in the 
wave should be small compared with the velocity of sound: v < c. This condition can be 
obtained, for example, from the requirement that p’ < pọ (see formula (64.12) below). 

Equations (64.2) and (64.3) contain the unknown functions v, p’ and p’. To eliminate one 
of these, we notice that a sound wave in an ideal fluid is, like any other motion in an ideal 
fluid, adiabatic. Hence the small change p’ in the pressure is related to the small change p’ in 


tha danoaity hy 
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P’ = (0p/po) sp”. (64.4) 
Substituting for p’ according to this equation in (64.2), we find 
Op’ /Ot + po(Gp/dpo),divy = 0. (64.5) 


The two equations (64.3) and (64.5), with the unknowns v and p’, give a complete 
description of the sound wave. 
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In order to express all the unknowns in terms of one of them, it is convenient to 
introduce the velocity potential by putting v = grad ġ. We have from equation (64.3) 


p = —pe¢/at, (64.6) 


which relates p’ and @ (here, and henceforward, we omit for brevity the suffix in pọ and py). 
We then obtain from (64.5) the equation 


a/at? 2A =0, (64.7) 


Y 3 


which the potential @ must satisfy; here we have introduced the notation 


c = /(0p/ðp) (64.8) 


An equation having the form (64.7) is called a wave equation. Applying the gradient 
operator to (64.7), we find that each of the three components of the velocity v satisfies an 
equation having the same form, and on differentiating (64.7) with respect to time we see 
that the pressure p’ (and therefore p’) also satisfies the wave equation. 

Let us consider a sound wave in which all quantities depend on only one coordinate (x, 
say). That is, the flow is completely homogeneous in the yz-plane. Such a wave is called a 
plane wave. The wave equation (64.7) becomes 


ð?ġp/ðx? — (1/c2)62/dt? = 0. | (64.9) 


To solve this equation, we replace x and t by the new variables č = x —ct,n = x + ct. It is 
easy to see that in these variables (64.9) becomes 47¢/dndé = 0. Integrating this equation 
with respect to č, we find 0¢/0n = F (n), where F (n) is an arbitrary function of n. 
Integrating again, we obtain = f,(¢)+/2(n), where fı and fz are arbitrary functions of 
their arguments. Thus 

b =f, (x —ct)+f,(x + ct). (64.10) 


The distribution of the other quantities (p’, p’, v) in a plane wave is given by functions 
having the same form. 


: at’ rn an 
To be definite, we shall discuss the density, p’ = fı (x — ct) + fa(x + ct). For example, let 


Ja =0, so that p' = f,(x —ct). The meaning of this solution is evident: in any plane 
x = constant the density varies with time, and at any given time it is different for different 
x, but it is the same for coordinates x and times t such that x —ct = constant, or x 
= constant + ct. This means that, if at some instant t = 0 and at some point the fluid 
density has a certain value, then after a time t the same value of the density is found at a 
distance ct along the x-axis from the original point. The same is true of all the other 
quantities in the wave. Thus the pattern of motion is propagated through the medium in 
the x-direction with a velocity c; c is called the velocity of sound. 


Thus f,(x —ct) represents what is called a travelling plane wave propagated in the 
positive direction of the x-axis. It is evident that f(x + ct) represents a wave propagated in 
the opposite direction. 

Of the three components of the velocity v = grad ¢ ina plane wave, only v, = 0¢/0x is 
not zero. Thus the fluid velocity in a sound wave is in the direction of propagation. For this 
reason sound waves in a fluid are said to be longitudinal. 

In a travelling plane wave, the velocity v, = vis related to the pressure p' and the aensity 
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pina simple Manner. r uting $ =f (x — ct), we find ù = OY/ OX =f: "(x = ci} and p = 


— pdgp/dt = pcf'(x — ct). Comparing the two expressions, we find 
v = p'/pc. (64.11) 
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Substituting here from (64.4) p' = cp’, we find the relation between the velocity and the 
density variation: 
v = cp'/p. (64.12) 


We may mention also the relation between the velocity and the temperature oscillations 
in a sound wave. We have 7” = (é7/0p),p’ and, using the well-known thermodynamic 
formula (ôT/ðp); = (T/c, (V/T), and formula (64.11), we obtain 


T' = cBTv/c,, (64.13) 


where $ = (1/V)(0V/0T), is the coefficient of thermal expansion. 
Formula (64.8) gives the velocity of sound in terms of the adiabatic compressibility of 
the fluid. This is related to the isothermal! compressibility by the thermodynamic formula 


(Op/Op), = (c,/c,)(Op/Op) > (64.14) 


Let us calculate the velocity of sound in a perfect gas. The equation of state is pV = p/p 
= RT/p, where R is the gas constant and yp the molecular weight. We obtain for the 
velocity of sound the expression 


c = ./(RT/w), (64.15) 


where y denotes the ratio c, /c,. Since y usually depends only slightly on the temperature, 
the velocity of sound in the gas may be supposed proportional to the square root of the 
temperature.t For a given temperature it does not depend on the pressure. f 

What are called monochromatic waves are a very important case. Here all quantities are 


just periodic (harmonic) functions of the time. It is usually convenient to write such 


functions as the real part of a complex quantity (see the beginning of §24). For example, we 
put for the velocity potential 


$ = re[ġo(x, y, ze"), (64.16) 
where w is the frequency of the wave. The function ġo satisfies the equation 
A bo + (w7/c7)bo = 0, (64.17) 


which is obtained by substituting (64.16) in (64.7). 

Let us consider a monochromatic travelling plane wave, propagated in the positive 
direction of the x-axis. In such a wave, all quantities are functions of x — ct only, and so the 
potential is of the form 


$ = re{A exp[ —iw(t —x/c)]}, (64.18) 


where A is a constant called the complex amplitude. Writing this as A = ae"* with real 
constants a and a, we have 


ġo = acos(wx/c — œt + a). (64.19) 


The constant a is called the amplitude of the wave, and the argument of the cosine is called 
the phase. We denote by n a unit vector in the direction of propagation. The vector 


k = (w/c)n = (27/å)n (64.20) 


t It is useful to note that the velocity of sound in a gas has the same order of magnitude as the mean thermal 
velocity of the molecules. 


t The expression c? = p/p for the velocity of sound in a gas was first derived by Newton (1687). The need for 
the factor y was shown by Laplace. 
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is called the wave vector, and its magnitude k the wave number. In terms of this vector 
(64.18) can be written 


$ = re{ A exp[i(k -r — œt) ] }. (64.21) 


Monochromatic waves are very important, because any wave whatsoever can be 
represented as a sum of superposed monochromatic plane waves with various wave 
vectors and frequencies. This decomposition of a wave into monochromatic waves is 
simply an expansion as a Fourier series or integral (called also spectral resolution). The 
terms of this expansion are called the monochromatic components or Fourier components of 
the wave. 


PROBLEMS 


PROBLEM 1. Determine the velocity of sound in a nearly homogeneous two-phase system consisting of a 
vapour with small liquid droplets suspended in it (a “wet vapour”), or a liquid with small vapour bubbles in it. The 
wavelength of the sound is supposed large compared with the size of the inhomogeneities in the system. 


SOLUTION. In a two-phase system, p and T are not independent variables, but are related by the equation of 
equilibrium of the phases. A compression or rarefaction of the system is accompanied by a change from one 
phase to the other. Let x be the fraction (by mass) of phase 2 in the system. We have 


s = (1—x)s, + x52, 
V= a -xW +xV2, 


where the suffixes 1 and 2 distinguish quantities pertaining to the pure phases 1 and 2. To calculate the derivative 
(eV /ép), we transform it from the variables p, s to p, x, obtaining (@V/dp), = (oV/ép), 
— (6V/0x),(Gs/dp),/(ds/6x),. The substitution (1) then gives 


() = pee | 4a] Ft | (2) 
P/s dp s-s, dp dp s,—s, dp 


(1) 


The velocity of sound is obtained from (1) and (2), using formula (64.8). 

Expanding the total derivatives with respect to the pressure, introducing the latent heat of the transition from 
phase I to phase 2 (q = T (s2 —5,)), and using the Clapeyron—Clausius equation for the derivative dp/dT along 
the curve of equilibrium (dp/d7 = q/T(V, — V) see SP1, §82), we obtain the expression in the first brackets in 


(2) in the form 
(< Va au V3 Tep2 ‘ 
ie = js (ery 
ép E q ôT x 2 1) g ( 2 1) 


The second bracket is transformed similarly. 
Let phase 1 be the liquid and phase 2 the vapour; we suppose the latter to be a perfect gas, and neglect the 


specific volume V’, in comparison with lV. If x < 1 (a liquid containing some bubbles of vapour), the velocity of 
sound is found to be 


c = qup V, /RT (cp T), (3) 


where R is the gas constant and u the molecular weight. This velocity is in general very small; thus, when vapour 
bubbles form in a liquid (cavitation), the velocity of sound undergoes a sudden sharp decrease. 
If 1—x <1 (a vapour containing some droplets of liquid), we obtain 


1 wh 2 eT 
5 ==--+4. (4) 


Comparing this with the velocity of sound in the pure gas (64.15), we find that here also the addition of a second 
phase reduces the value of c, though by no means so markedly. 

As x increases from 0 to 1, the velocity of sound increases monotonically from the value (3) to the value (4). For 
x = Qand x = 1 it changes discontinuously as we go from a one-phase system to a two-phase system. This has the 
result that, for values of x very close to zero or unity, the usual linear theory of sound is no longer applicable, even 
when the amplitude of the sound wave is small; the compressions and rarefactions produced by the wave are in 
this case accompanied by a change between a one-phase and a two-phase system, and the essential assumption of 
a constant velocity of sound no longer holds good. 
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PROBLEM 2. Determine the velocity of sound in a gas heated to such a high temperature that the pressure of 
equilibrium black-body radiation becomes comparable with the gas pressure. 
SOLUTION. The pressure is p = nT +4aT7~*, and the entropy is 
s = (1/m)log(T4/n) + aT 3/n. 


In these expressions the first terms relate to the particles, and the second terms to the radiation; n is the number 
density of particles, m their mass, and a = 4n? /45 h? c? (see SP1, §63).t The density of matter is not affected by the 
black-body radiation, so that p = mn. The velocity of sound, denoted here by u to distinguish it from that of light, 


is given by 
220.8) _ 8,3) je s) 
ôlp,s) ô(n, T)| ôn, T)? 
where the derivatives have been written in Jacobian form. Evaluating the Jacobians, we have 


; =| 2a*T® | 
u = — 1 Fe ay x 
5n(n + 2aT >`) 


§65. The energy and momentum of sound waves 


Let us derive an expression for the energy of a sound wave. According to the general 
formula, the energy in unit volume of the fluid is pe + 49v?. We now substitute p = pọ +p’, 
& = £ + &, where the primed letters denote the deviations of the respective quantities from 
their values when the fluid is at rest. The term $p'v? is a quantity of the third order. Hence, 
if we take only terms up to the second order, we have 


O(pe) 0? (pe) 
1,2 
Poto +p’ = +p = 5 + Spor. 
Apo Po 
The derivatives are taken at constant entropy, since the sound wave is adiabatic. From the 


thermodynamic relation de = = Tds — pdV = Tds+(p/p*)}dp we have [0(pe)/dp], = € 
+ p/p = w, and the second derivative is 
[07 (pe)/dp], = (Ow/dp), = (Gw/ép),(Op/dp), = c?/p. 
Thus the energy in unit volume of the fluid is 
Pofo + Wop’ + 3c" p'*/po +4 pov’. 

The first term (p £9) in this expression is the energy in unit volume when the fluid is at 
rest, and does not relate to the sound wave. The second term (wop’) is the change in energy 
due to the change in the mass of fluid in unit volume. This term disappears in the total 


energy, which is obtained by integrating the energy over the whole volume of the fluid: 
since the total mass of fluid is unchanged, we have 


foar =o. 


Thus the total change in the energy of the fluid caused by the sound wave is given by the 
integral 


(ero? +2c?p’?/po)AV. 
The integrand may be regarded as the density E of sound energy: 


E = tpov" + 4c"p"/po. (65.1) 


{+ The temperature is in energy units, as elsewhere in this book. 
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This expression takes a simpler form for a travelling plane wave. In such a wave 
p’ = pov/c, and the two terms in (65.1) are equal, so that 


E = pov. (65.2) 


In general this relation does not hold. A similar formula can be obtained only for the (time) 
average of the total sound energy. It follows immediately from a well-known general 


theorem of mechanics. that the mean total notential enerav of a system executing small 


RARE wira VR AEA AAUEEEEW Oy Lart CEE SAAUEEES UL SEE piwara WEEE py VR & OY Ue wees Wek wwe tess Saran 


oscillations is equal to the mean total kinetic energy. Since the latter is, in the case 


considered, 
z x y, 


we find that the mean total sound energy is 


| Fav = | povtdV. (65.3) 


Next, let us consider some volume of a fluid in which sound is propagated, and 
determine the flux of energy through the closed surface bounding this volume. The energy 
flux density in the fluid is, by (6.3), pv ($v? + w). In the present case we can neglect the term 
in v*, which is of the third order. Hence the energy flux density in the sound 
wave is pwv. Substituting w = wo + w, we have pwy = wopv + pw’v. For a small change w 
in the heat function we have w = (dw/ép),p’ = p'/p, and pwy = wopv+ p’v. The total 
energy flux through the surface in question is 


T + p’v)-df. 


The first term here is the energy flux due to the change in the mass of fluid in the volume 
considered. We have already omitted the corresponding term wop’ (which gives zero on 
integration over an infinite volume) in the energy density. Hence, to find the energy flux, 
whose density is given by (65.1), we should omit this term, and the energy flux is simply 


r «df. 


We see that the sound energy density flux is represented by the vector 


q = p’v. (65.4) 
It is easy to verify that the expected relation 
ae ôt + div(p’v) = 0 (65.5) 


holds. In this form the equation gives the law of conservation of the sound energy, with the 
vector (65.4) taking the part of the energy flux density. 
In a travelling plane wave (left to right) the pressure variation is related to th 


= rnan whara io taban unth tha annroanriata cian T 
p = Cpod, Where v = v, 1S taken Witn tne appropriate sign. Introducing t he unit vector m 


the direction of propagation of the wave, we obtain 


0 
< 
oO 
8. 
8. 
< 
eg 
wet 


q = cpov’n = cEn. (65.6) 
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Thus the energy flux density in a plane sound wave equals the energy density multiplied by 
the velocity of sound, a result which was to be expected. 

Let us now consider a sound wave which, at any given instant, occupies a finite region of 
space nowhere bounded by solid walls (a wave packet), and determine the total momentum 
of the fluid in the wave. The momentum of unit volume of fluid is equal to the mass flux 
density j = pv. Substituting p = pọ +’, we have j = pov +p’v. The density change is 
related to the pressure change by p’ = p’/c?. Using (65.4), we therefore obtain 


j= pov+q/c’. (65.7) 


If the viscosity of the fluid is not significant in the phenomena under consideration, we can 
assume potential flow in a sound wave, and write v = grad ġ; it should be emphasized that 
this result is not a consequence of the approximations made in deriving the linear 
equations of motion in §64, since a solution such that curl v = 0 is an exact solution of 
Euler’s equations. We therefore have j = po grad @ + q/c”. The total momentum in the 
wave equals the integral f jdV over the volume occupied by the wave. The integral of 
grad ġ can be transformed into a surface integral, 


| rad odV = foar 


and is zero, since ġ is Zero outside the volume occupied by the wave packet. Thus the total 
momentum of the wave packet is 


fiav = (1/c°) faar. (65.8) 
This quantity is not, in general, zero. The existence of a non-zero total momentum means 
that there is a transfer of matter. We therefore conclude that the propagation of a sound- 
wave packet is accompanied by the transfer of fluid. This is a second-order effect (since q is 
a second-order quantity). 

Finally, let us consider a region of space unlimited in length but finite in cross-section (a 
wave train with finite aperture), and calculate the mean value of the pressure change p’ ina 
sound wave. In the first approximation, corresponding to the usual linearized equations of 
motion, p’ is a function which periodically changes sign, and the mean value of p’ is zero. 
This result, however, may cease to hold if we go to higher approximations. If we take only 
second-order quantities, p' can be expressed in terms of quantities calculated from the 
linear sound equations, so that it is not necessary to solve directly the non-linear equations 
of motion obtained when terms of higher order are taken into account. 

A characteristic property of the sound in question is that the difference between the 
velocity potentials ¢ at different points remains finite when the distance between them 
increases without limit (and the same is true of the difference in the values of ¢ at a given 
point in space at different times): this difference is 

2 


o2-G1 = $r «dl, 
1 
which can be taken along any path between the points 1 and 2, and the property stated is 
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obvious if we note that a path can be chosen which lies along the wave irain but outside it. 


ł Essentially similar arguments have been used in deriving (65.8) from the proposition that ¢ = 0 everywhere 
far from a wave packet. 
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We therefore start from Bernoulli’s equation: w + 4v? + 6¢/0t = constant, and average 
it with respect to time. The mean value of the time derivative 0¢/0t is zero.t Putting also 
w = W +w and including wo in the constant, we obtain w’ + 4v? = constant. Since the 
constant is the same in all space, and w' and v are zero far from the wave train, the constant 
must evidently be zero, so that 


Substituting this in (65.9) gives 


p’ = —4pov? +p’? /2poc? = —4 pov” + p° c?/2po, (65.10) 
which determines the required mean value. The expression on the right is a second-order 
quantity, and is calculated by using the p’ and v obtained from the solution of the 
linearized equations of motion. The mean density is 


p’ = (ĉp/ôp)p' + 4(0’p/ép”),p”. (65.11) 
Since the cross-section of the wave train is finite, it cannot be regarded as exactly a plane 
wave, but if the linear size of the cross-section is sufficiently great relative to the sound 
wavelength, there may be a very close approximation to a plane wave. In a travelling plane 
wave, v = cp'/po, So that v= c?p'?/po?, and the expression (65.10) is zero, i.e. the mean 
pressure variation in a plane wave is an effect of higher order than the second. The density 
variation p’ = 4(0? p/ép”),p’” is not zero, however. t In the same approximation, we have 
for the mean value of the momentum fiux density tensor in a travelling plane wave p 
+ puyy, = p + Povir. The first term is zero. In the second term, we introduce the unit 
vector n in the direction of propagation of the wave (the same as the direction of v, apart 
from sign), and, using (65.2), obtain for the momentum flux density 


IT x = Ënn, (65.12) 


If the wave is propagated in the x-direction, only the component IT,, = E is not zero. 
Thus, in this approximation, there is only an x-component of the mean momentum flux, 
and this is transmitted in the x-direction. 

It should be emphasized once more in connection with the discussion in the preceding 
paragraph that the wave train has a limited cross-section. For a sirictly plane wave, the 
results would not be valid; in particular, p' might not be zero even in the quadratic 
approximation (see §101, Problem 4). This arises, formally, because for a strictly plane 


+ By the general definition of the mean value, we have for the mean derivative of any function f(t) 


— 1 d ofi 
rae Yg OI 
Ve= SBE di 2T 
— T B 
t We may mention that the derivative (ô?p/ôp*), is in fact always negative, and therefore p’ < 0 in a travelling 
wave. 


